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PREFACE, 



-•«•- 



XT has long been a favorite plan of the author to make a 
-■- Practical Algebra — a Book combining the important 
principles of the Science, with their application to methods 
of business. 

Several years have elapsed since he began to gather and 
arrange materials for this object. Many of the more 
important parts have been written and re-written and 
again revised, till they have found embodiment in the book 
now offered to the public 

In the execution of this plan, clearness and brevity in the 
definitions and rules have been the constant aim, 

A series of pi-actical problems, applying the principles 
already explained, has been introduced into the fundamental 
rules, thus relieving the monotony of the abstract operations, 
and illustrating their use. 

The principles are gradually developed, and explained in 
A manner calculated to lead the pupil to a full understanding 
of the difficulties of the science, before he is aware of their 
txistence. 

The rules are deduced from a careful analysis of practical 
problems involving the principles in question — ^a feature so 
extensively approved in the authox^B Senea oi kfi^xcL'^^^Esa** 



IV PREFACE. 

The arrangement of subjects is consecutive and logical, 
their relation and mutual dependence being pointed out by 
frequent references. 

The examples are numerous, and have been selected with 
a view to illustrate and familiarize the principles of the 
Science; while puzzles, calculated to waste the time and 
energy of the pupil, have been excluded. 

Special attention has also been given to Factoring, 
Generalization, and the application of Algebra to business 
Formulas. 

• In these and other respects, it is believed, some advance 
is made beyond other books of the kind. While adapted 
to beginners, it covers as much ground aa the majority of 
students master in their Mathematical course. 

In presenting this book to the public, the author ventures 
to hope it may receive the approval so generously bestowed 
upon his former publications. 

J. B. THOMSON, 

Bbookltn, N. Y., Septy 1877. 



NOTE. 

At the suggestion of several teachers, an Appendix has been added 
to the present edition of the Practical Algebra, containing a selection 
of CoUege Examination Problems used for admission to Yale, Harvard, 
and other coUeges. These are preceded by a collection of examples of 
a similar character, calculated to make expert<j in Algebra. 
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ALGEBRA. 



CHAPTER I. 

INTRODUCTI ON. 

Art 1. Algebra* is the art of computing by letters and 
signs. These letters and signs are called Symbols. 

2. Quantity is anything which can be measured; as 
distance, weight, time, number, &c 

3. A Measure of a quantity is a unit of that quantity 
established by law or custom, as the Standard Unit. 

Thus, the measure of distance is the yard ; of weight, the Troy 
pound; of time, the mean solar day, etc. 

NOTATION. 

4. Quantities in Algebra are expressed by letters, or 
by a combination of letters and figures ; as, a, J, c, iXy 
4y, 52;, etc. 

The first letters of the alphabet are used to express known 
quantities; the last letters, those which are unknown. 



Questions.— X. Wbat is alg^ebra ? Letters and signs called ? 2. Quantity? 3. A 
measure ? 4. How arc quantities expressed ? 

• From the Arabic al and gabron, reductioii oi '^%x\;& \ft ^ n^'W^'^. 
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5. The Letters employed have no fixed numerical 

value of themselves. Any letter may represent any num- 
ber, and the same letter may represent different numbers, 
subject to one limitation ; the same letter must always stand 
for the same number throughout the same problem. 

6. The Relations of quantities, and the operations to 
be performed, are expressed by the same signs as in Arith- 
metic. 

7. The Sign of Addition is a perpendicular cross, 
called ^Zt^s;* as, +• 

Thus, a-\-h denotes the sum of a and h, and is read, " a plus h" or 
•'a added to 6." 

8. The Sign of Subtraction is a short, horizontal ^ 
line, called minus; f as, — . 

Thus, a — b shows that the quantity after the sign is to be subtract 
ed from the one before it, and is read, " a minus b" or " a less 6." 

9. The Sign of Multiplication is an oblique 
cross; as, x. 

Thus, axb shows that a and b are to be multiplied together, and is 
read, "a times 6," " a into 6," or "a multipHed by b." 

10. Multiplication is also denoted by a period be- 
tween the factors ; as, a • b. 

But the multiplication of letters is more commonly ex- 
pressed by writing them together, the signs being omittei 

Thus, ^dbc is equivalent to5xax&xc. 

11. The Sign of Division is a short, horizontal 
line between the points of a colon ; as, -r-. 

Thus, «-^6 shows that the quantity before the sign is to be divided 
by the one after it, and is read, " a divided by 6." 

5. Value of the letters f 6. Relations of quantities expressed ? 7. Describe the 
sign of addition. 8. Subtraction. 9. Multiplication, zo. How else denoted ? 

* Tlie Latin tenn plus, signifies more. 
f The Lotin minus, signifies less* 
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12. Division is also denoted by writing the divisof 
under the dividend, with a short line between them. 

Thus, T shows that a is to be divided by h, and is equivalent to a-i^K 

13. The ^gn of Equality is two shorty horizontal 
lines^ equal and parallel; as^ =• 

Thus, a = & shows that the quantity before the sign is equal to the 
quantity after it, and is read, ** a equals h" or " a is equal to W 

14. The Sign of Inequality is an acute angle, with 
the opening turned toward the greater quantity; as, ><• 

Thus, a > & shows that a is greater than 6, and a < 5 shows tliat a 
18 less than & 



15. The Parenthesis ( ), or Vineuliim , 

indicates that the included quantities are taken collectively, 
or as one quantity. 

Thus, 3(a + h) and a + h x $, each denote that the sum of a and h 
is multiplied by 3. 

16. The Double or Ambiguous Sign is a combi- 
nation of the signs j9Zw5 and minus; as, ±. 

Thus, a±h shows that & is to be added to or subtracted from a, and 
is lead, " a plus or minus h" 

17. The character .*. , denotes hence, therefore. 

18. JEvery quantity is supposed to be preceded by the 
sign plus or minus. When no sign is prefixed, the sign -f 
is always understood. 

19. Idke Signs are those which are all plus, or ah 
minus ; as, + a + b + c, or — a? — y — «. 

20. Unlike Signs include both pltcs and minus; as, 
a — J + c and — x + y — z. 

XI. Describe the sign of division? 12. How else denoted? 13. The sign ol 
equality? 14. Of inequality? 15. Use of a parenthesis or vinculum? x6. Double 
wiini ? !?• Sign for " hence," etc ? 18. By what \s eycty c^x^&iAiV.^ \itw«^'^^ 'SN^w^tv 
Qune i* cxpreotted, what is anderetood? iq. Like a\^A^ «». "^TMJka^ 
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21. A Coefficient'*' is a number or letter prefixed to a 
quantity, to show how matiy times the quantity is to be 
taken. Hence, a coefficient is a multiplier or factor. 

Coefficients may be numeral, literal, or mixed. 

Thus, in sa, 5 is a numeral coefficient ota;mbe,bisB, literal co 
efficient otc; in ^dx, 3(7 is a mixed coefficient of x. 

When no numeral coefficient is expressed, i is always 
understood. 

Thus, scff means ixff. 



EXERCISES IN NOTATION. 

22. To express a Statement by Algebraic Symbols. 

It is required to express the following statement ii\ 
algebraic symbols : 

I. The product of a, i, and c, divided by the sum of c and 
d, is equal to the difference of x and y, increased by the 
product of a multiplied by 7. 

Ans. « X J X c -7- (c + rf) = {x — y) + ya. 
aic 
c 



^^ T .7 = (^ -- ^) + 7^- Hence, the 



Rule. — For the words, substitute the signs which indicate 
the relations of the quantities and the operations to ie per* 
formed. 

Express the following by algebraic symbols: 

2. The sum of 4c, d, and m, diminished by $x, equals the 
product of a and i. 

3. The product of ^c and d, increased by the quotient of 
a divided by h, equals the product of x and y, 

SI. A coefficient? When no coefficient is expressed, what is understood! 
sa. How translate a statement from common langnage into algebraic symbols ? 

* Coefficient, Latin, can, with, and efflcere, to effect ; literally, a 
cooper a tor. 
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4. The quotient of 3S divided by $c, increased by 4771, 
equals the sum of c and 6dy diminished by the product of 
'ja and x, 

5. If to the difference between a and S, we add the 
product of X into y, the sum will be equal to m multiplied 
by 6n. 

6. The difference between x and y, added to the sum of 
\a and i minus m, equals the product of c and d, increased 
by 15 times m. 

^" These and the following exercises should be snpplemented by 
iictation, until the learner becomes familiar with them. 

23. To translate Algebraic Expressions into Common 

Language. 

Express the following statement in common language: 

Substituting words for signs, we have the sum of a and i, 
divided by d, equals twice the product of a, h, and c, dimin- 
ished by the sum of x and y, increased by the quotient of 
d divided by the product of a and i, Ana, Hence, the 

EiJLE. — For the signs indicating the given relations and 
operations^ substitute words. 

Express the following in common language: 

2. ^- a — ft = V- axy — 4ca. 

X c 

2fi + c ^ zed ^ c 

3« . , /^a — hcd 

5 a; 4 

aic — a: . . cdh h- x 

^ 4axy a^b __ x + y 2a -^d 
Sa X " a 3^ * 

93. How truDBUte a^braic exprcaslona \nto comTXlOTi\KI^sQAle^^ 
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ALGEBRAIC OPERATIONS. 

24. An Algebraic Operation is combining quanti- 
ties according to the principles of algebra. 

25. A Theorem is a statement of a principle to be 
proved. 

25. a. A Problem is something proposed to be done, as 
a question to be solved. 

26. The JEquality between two quantities id denoted 
by the sign = . (Art 13.) 

27. .The ]Expre88ion of JEquality between two 
quantities is called an Mquation. Thus, 15 — 3 = 7 + 5 
is an equation. 

PROBLEMS. 

28. The following problems are solved by combining the 
preceding principles with those of Arithmetic. 

I. A and B found a purse containing 12 dollars, and 
divided it in such a manner that B's share was three times 
as much as A's. How many dollars did each have ? 

By Amthmetic. — A had i share and B 3 shares ; now i share 4- 
3 shares are 4 shares, which are equal to 12 dollars. If 4 shares equal 
12 dollars, i share is equal to as many dollars as 4 is contained times 
in 12, which is 3. Therefore, A had 3 dollars, and B had 3 times as 
much, or 9 dollars. 

By Algebra.— We represent opkbation. 

A's share by x, and form an •*-'®t a? = A s snare, 

equation by treating this letter then ^X = B's share, 

as we treat the answer in proving and o: + 3iC = 12 dollars, 

an operation. If a; represent A's that is, 4a? = 1 2 dollars, 

share, 30? will represent B's, and jjence X= 7. dol. A. 

aj+3a; = i2 dollars, the sum of ' j i ^ -d 

both. Unitmg the terms, we 3^ = 9 ^oL, B. 

have the equation, 4:c = 12 dollars. To remove the coefficient 4, we 

94. Wbat is an algebraic operation ? 25. A problem ! A B<dation f 36. Equality 
denoted? 37. The expression of equality called? 
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divide both sides of the equation by it. For, if equals are divided by 
equals, the quotients are equal. Therefore, a; = 3 dollars, A's share, 
and 3aj = 9 doUars, B's share. (Ax. 5.) 

Proof. — By the first condition, 9 dollars, B's share = 3 times 3 dol- 
lars, A's share. By the second condition, 9 doUars + 3 dollars = 
12 dollars, the sum found. Hence, 

29. When a quantity on either side of the equation has a 
coefficient, that coefficient may be removed, iy dividing 
every term on ioth sides of the equation hy it 

2. A and B together have 15 pears, and A has twice as 
many as B : how many has each ? 

By Algebra. — ^If x represents operation. 

B*8 number, 2X will represent A's, Let X = B's number; 

and X+2X, or yc, wiU represent ^^^^ 2a; = A's " 

the number of both. Dividing , 

both sides by the coefficient 3, we ^^^ 3^ — ^5 P^ars. 

have x=s pears, B's number, and • * • ^ = 5 P^ars, 13 s. 

20? = 10 pears, A's. 20; == 10 pears, A's. 

Note.— It is advisable for the learner to solve each of the follow- 
ing problems by Arithmetic and by Algebra. 

3. A lad bought an apple and an orange for 8 cents, pay- 
ing 3 times as much for the orange as for the apple. What 
was the price of each ? 

4. A farmer sold a cow and a ton of hay for 40 dollars, 
the cow being worth 4 times as much as the hay. What 
was the value of each ? 

5. The sum of two numbers is 36, one of which is 3 times 
the other. What are the numbers ? 

6. A, B, and C have 28 peaches; B has twice as ro.any as 
C, and A twice as many as B. How many has each ? 

7. A father is 3 times the age of his son, and the sum of 
their ages is 48 years. How old is each ? 

29. How remove a coeffideatl 
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8. A and B trade in company, and gain loo dollars. II 
A puts in 4 times as much as B, what will be the gain of 
each? 

9. The sum of three numbers is 90. The second is twice 
the first, and the third as many as the first and second: 
what are the numbers ? 

10. A cow and calf were sold for 63 dollars, the cow being 
worth 8 times as much as the calf. What was the value of 
each? 

11. A man being asked the price of his horse, replied 
that his horse, saddle and bridle together were worth 
126 dollars; that the saddle was worth twice as much as 
the bridle, and the horse 7 times as much as both the otherr 
What was each worth ? 

12. A man bequeathed ^36,000 to his wife, son and 
daughter, giving the son twice as much as the di?jghter, 
and the wife 3 times as much as the son and daughter. 
What did each receive ? 

13. The sum of three numbers is 1872 • the second is 
3 times the first, and the third equals the o^ner two. What 
are the numbers ? 

POWERS AND ROOTS. 

30. A Power is the product of two or more equal 
&ctors. 

Thus, the product 2 x 2, is the 9quare or second i)ower of 2 : 
a; X a; X ^ 18 the cvbe or third power of x, 

31. The Index or Exponent of a power is a figure 

or letter placed at the right, above the quantity. 

Thus, a' denotes a, or ihe first power. 

a' " a X a; the square, or second power. 
«• " ax ax a, the cttbe, or third power, etc. 

32. A Hoot is one of the equal factors of a quantity. 



30. What it a power? 31* Huw denoted? 
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33. Roots are denoted by the Radical Sign ^/^ 

prefixed to the quantity, or by a fractional exponent placed 
after it. 

Thus, ^y/a, a*, op ^/a denote the square root of the quantity a ; 
^/a shows that the cube root of a is to be extracted, etc. 

34. The Index of the Root is the figure placed 
dver the radical sign. The index of the square root is 
usually omitted. 

(For negative indices, see Arts. 256, 258.) 

Bead the following examples: 

1. a^ + z<^ 7* 4(« — *)^. 

2. 48 — A 8. a2 + 2ah + 1^. 
Z' a + V — c 9. Va + h. 

4* a^ — y + f/^. 10. \^a^ — ^. 

5. 2^ + s^-^z. II. 2a* + A 

6. 3 (a2 _|- J). 12. ^^ + 2tf\ 

Write the following in algebraic language : 

13. The square of a plus the square of J. 

14. The square of the sum of a and b, 

15. The sum of a and by minus the square of c. 

16. The square root of a, plus the square root of iK. 

17. The cube root of x, minus the fifth power of y. 
iS, The cube root of a, plus the square of S. 

ALGEBRAIC EXPRESSIONS. 

J5. An Algebraic Expression is any quantity ex"» 
pressed in algebraic language ; as, 3a, sa — 7 J, etc. 

36. The Terms of an algebraic expression are those 
parts which are connected by the signs + and — . 

Thus, in a+&, there are two terms ; in a;+y x z — a there are three. 

33. A root? 33. How denoted? 34. What is the flgare placed ox«x\bAT«J^<ia3^ 
iign caUed ? 35. What is an algebraic ezpresttiont 36. 11& \Aim«\ 
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Note.— Letters combined by the signs x or -«- do not constitute 
separate terms. Such it combination, to form a term, must have the 
sign + or — prefixed to it, and the operations indicated b^ the signs 
X or -!- must be performed before the terms can be added to or sub- 
tracted from the preceding term. (Art. 36.) Thus, a+bxch&a two 
terms, bxc forming one term and a the other. 

37. The IMmensians of a term are its several literai 
factors. 

38. The Degree of a term depends on the number of 
its literal factors, and is always equal to the sum of theii 
exponents. 

Thus, db contains tvjo factors, a and h, and is of the second degree. 
a^x contains three factors, a, a, and x, and is of the third degree. 
¥q? contains five factors, 6, 6, a?, x, ar, and is of the fifth degree. 

39. The Numerical Value of an algebraic expres- 
sion is the number which it represents when its terms are 
combined as indicated by the signs. (Art. 36.) 

40. To Find the Numerical Value of an algebraic expression. 

1. If a = 5, i = 7, and a? = 9, what is the value of 
6a + Sb + $x? 

Analysis. — Since a = 5, 6a must 
equal 6 times 5, or 30 ; since 6 = 7, 8& 
must equal 8 times 7, or 56 ; and since 
^ = 9» 3^ must equal 3x9, or 27. Now 
30 + 56 + 27=113. Therefore, the value 
of the given expression is 113. Hence^ Ans. 1 13 

the 

Rule. — For the letters^ substitute the figures which the 
letters represent, and perform the operations indicated by 
the signs. 

2. If J = 3, c = 5, and e? = 8, what is the value of 
Sb + jc + ed'^ 

Suggestion, i 5 + 35 4- 48 = 98, ^rw. 

37. The dimeiiBionB of a terra? 38. Degree? 39. Nmnerical valaeof an alg&» 
brnic expreeeion ? 40. How fonu^^ 
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Find the numerical value of the following expressions, 
when tf = 2, J = 3, t? = 4, rf = 5, and a; = 6. 

3. 4a + 6ab + 5c = how many ? . Ans. 64. 

4. {a + b) X c xd — (x -h c) = how many ? 

5. {x ^a) + ax+ {c -7- a) = how many ? 

6. a; -> 2 + (c? — (;) + Jc — a; = how many? 

7. da;— (a X c) + (a X J) + a; = how many? 

8. d + (a? X a) + « — a; + c = how many? 

CLASSIFICATION OF ALGEBRAIC QUANTITIES, 

41. Quantities in Algebra are primarily divided into 
known and unknotvn. 

42. A Known Quci/ntity is one whose value is given. 
An Unknotvn Quantity is one whose value is not 

given. 

These quantities are subdivided into like and unlike, posi- 
tive and negative, simple, compound, monomials, etc. 

43. Xdke Quantities are those which are expressed 
by the same power of the same letters; as, a and 2a, 
20^ and o:^, 

44. Unlike Quantities are those which are expressed 
by different letters, or by diflferent powers of the same let- 
ters ; as 2a: and 3^, 2a: and a?. 

Note. — An exception must be made in cases where letters are re- 
garded as coefficients. Thus, aa^ and ba^ are like quantities, when a 
and b are considered coefficients. 

45. A Positive Quantity is one that is to be added, 
and has the sign + prefixed to it ; as, 4a + 3S. 

46. A Negative Quantity is one that is to be sub* 
tractedy and has the sign — prefixed to it; as, 4a — 3^. 

41. How are qnantities in Algebra primarily divided 7 43. A known quantity? 
Unknown? 43. Like qoantitics? 44. Unlike? 45. A positive qnantity? 46. A 
nqcaUve? 



\ 
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47. The terms Positive and Negative denote oppo- 
siteness of direction in the use of the quantities to which 
they are applied. If lines running North from any point 
are positive^ those running South are negative, li future 
time is positive, past time is negative j if credits are positive, 
debts are negative, etc. 

48. A Simple Quantity is a single letter, or several 
letters written together without the sign + or — ; as, a, 
ab, dxy. 

49. A Compound Quantity is two or more simple 
quantities connected by the sign + or — ; as 3a f 4b, 

50. A Monomial ♦ has but one term ; as, a, 38. 

51. A Sinomial \ has two terms ; as, a + ^, a — b. 

Notes. — i. The expression a — 6 is often called a residual , because 
it denotes that which remains after a part is subtracted. 
2. A birwniial is sometimes called a polynomial. 

52. A Trinomial % has three terms ; as, a + J — c. 

53. A Polynomial\ has two or more terms; as, 
a + b — c + X. 

54. An Homogeneous Polynomial has all its 

terms of the same degree. 

Thus, 2db +cd-\- sajy is homogeneous ; but ^ahc + c' + 505 is not. 

55. The Meeiproeal of a quantity is a unit divided by 
that quantity. 

Thus, the reciprocal of a is - ; the reciprocal of a+6 is — — r • 

47. Wbat do the terms positive and negative denote f 48. A simple quantity.' 
49. A componnd? 50, A monomial? 51. A binomial? Note. The expression 
a — b called? sa. A trinomial? 53. A polynomial? 54. When homogeneous^ 
55. The reciprocal of a quantity ? 

* Greek, monos, single, and name, term, having one term. 
f Latin, bis, two, and nome, name (a hybrid), two terms. 
t Greek, treis, three, and iwme, name, having three terms. 
I Greek, polus^ many, and ruymej name, having many terms. 
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FORCE OF THE SIGNS. 

56. Mach term of an algebraic expression is preceded 
by the sign + or — , expressed or understood. (Art i8.) 

The Force of each of these signs is limited to the term 
Vfhich. follows it;as, 7 + s— 3 = 12 — 3 = 9; 15 — 6 + 8 
= 9 + 8=17. 

57. If a term, preceded by the sign + or — , is combined 
with other letters by the sign x or -f-, each of these let- 
ters forms a part of that term, and the operations indicated, 
taken in their order, must be performed before any part of 
the term can be added to or suMracted from any other term. 

Thus, the expression 12+4 x 2, shows that 4 is to be multiplied by 
2 and tlie product added to 12, and is equal to 20. 

In like manner, the expression 16 — 8-5-2, shows that 8 is to bo 
divided by 2 and the quotient subtracted from 16, and is equal to 12. 

58. If two or more terms joined by + or — are to be 
subjected to the same operatioriy they must be connected by 
a parenthesis or vinculum. 

Thus, ifa + &ora — Jistobe multiplied or divided by e, the oper- 

ations are indicated by (a -1-6) x e, or cifl+h) ; (a — 6) -«- c, or • 

c 

EXERCISES. 

1. 50 + s X 2 = what number? 

2. 50 — 5 X 2 = what number ? 

3. «(? + 4^ X 2 = what ? 

4. 5J — 6cZ -^ 3 = what ? 

S- 15 + S X 3 + 10 -^ 2 = what? 

6. 18 — 2 X 4 -5- 2 + 10 = what ? 

7. 32; + 8y -5- 4 -f a X 5 = what ? 

8. 6J — ye? X a: + 9« -^ 3 = what ? 

9. {I + c) X ary = what ? 



56. By what are all a^brsic terms preceded ? The toTce ot eayc^Xiol \Xik»«>^ %Vs(»t\ 
S7- OftbeeiguB x and -t-f sS. Of the parentheeltt and YVncw\\ici^ 
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la 3a; X sy -^ 22? + a = what? 

11. {b — a) -^xy + 2Z=. what ? 

12. 3a; + icy + 22 X 3y = what ? 

13. The diifereuce of x and y, multiplied by a less ^, and 
the product divided hjd = what ? 

Find the value of the following expressions, in which 
a = 3, J = 4, c = 2, a; = 6, y = 8, and z=z 10: 

14. a + (axx)-i'C + yxz=z what? 

15. 2b'i'{X'-l) + a X b X y -{- 2z = what? 

AXIOMS. 

59. An Axiom is a self-evident truth. 

1. Things which are equal to the same thing, are equal to 
each other. 

2. If equals are added to equals, the sums are equal. 

3. K equals are subtracted from equals, the remainders 
are equal 

4. If equals are multiplied by equals, the products are 
equal. 

5. If equals are divided by equals, the quotients are equal. 

6. If a quantity is multiplied and divided by the same 
quantity, its value is not altered. 

7. If the same quantity is added to and subtracted from 
another quantity, the value of the latter is not altered. 

8. The whole is greater than its part. 

9. The whole is equal to the sum of all its parts. 

10. Like powers and like roots of equal quantities, ar© 
equal. 

Note. — The importance of thoroughly understanding the deflnu 
turns and principles cannot be too deeply impressed upon the mind of 
the learner. Tbe questions at the foot of the page are designed to 
direct his attention to the more important points. Teachers, of course, 
irUl not Ijie conQned to theiQ. 



CHAPTER II. 

ADDITION. 

60. Addition in Algebra is uniting two or more quan- 
tities and reducing them to the simplest foim. 

61. The Result is called the Sum' or Amount 

62. Quantities expressed by ktters are regarded as 
concrete quantities. Hence, their coefficients may be added, 
subtracted, multiplied, and divided like concrete numbers. 

Thus, 3a and 4a are ja, 4b and $h are gb, as truly as 3 apples and 
4 apples are 7 apples, or as 4 busliels and 5 bushels are 9 bushels. 

PRINCIPLES.* 

63. i^ Like quantities only can he united in one term, 
2°. The sum of two or more quantities is the same in 

whatever order they are added. 

CASE I. 

64. To Add like Monomials which have like signs. 

s. What is the sum of 1508 + i$ai + igab ? 

Analysis.— These terms are Hke quantities operatioi. 

and have like signs. (Art 19.) We therefore + ^Sab 

add the coefficients, to the sum annex the com- ^. i^ab 

mon letters, and prefix the common sign. The 1 jq^J 



result, + 47ab, is the answer required. (Ax. 9.) 



+ 47aby Ans. 



(b. What is additiiouf 6x. The reealt caUed 7 63. How are qaantitieB expreesed 
by letters regarded f 63. First principle ? Second 7 

♦ The expressions 1°, 2% 3°, etc., denote Jirst, aeocmd, tli\Td,,^\f;,, 



24 ADDITION. 

2. What is the sum of — 142:^, — i6xy, and — i8ay? 

Analysis. — Since tliese tenns are like quan- — ^A^y 

tities, and have like signs, we add them as i6xy 

before, and prefix the sign — to the result, for i8a*«/ 

the reason that all the quantities have the 

sign -. Hence, the — A'^^Vy -4w& 

EuLE. — Add the coefficients ; to the sum annex the com* 
mon letters, and prefix the common sign. 



(3.) 


(4.) 


(5) 


(6.) 


(7.) 


3«* 


s«y 


7fl? 


— yforf 


-4^ 


5«* 


Sxy 


3a' 


— Zbcd 


— 3^ 


6ab 


xy 


40* 


^ Sbcd 


— ^y^ 


yab 


y^y 


c? 


— Sbcd 


— 8a:y 



8. Add 5^52 _|_ 17^52 + 23a^. 

9. Add — Sabx^y^ — s^bx^y^— 2Sahx^y^. 

10. Add sf^dm^ + Wdm^ + ^Wdm^ + Wdm\ 

1 1. If 3a + 5a + a + 7a = 48, to what is a equal ? 
Solution. 3a + 5a 4- a + 7a= i6a ; hence, a= 48 -^- 16, or 3. JLtw, 

12. If 4SC + 9^c + 2bc + 5SC = 80, to what is he equal? 

13. If xy + 3a:y + <^xy + 40;^ = 65, to what is xy equa) ? 

CASE II. 
65. To Add like Monomials which have Unlike signs. 

14. What is the sum of ^ab — yib — *iab + 9«S + Mb 
— Sab? 

Analysis. — For convenience in operation. 

adding, we write the n^a^ice terms ^ab — ^ab 

one under another in the right- gab — jab 

hand column, with the sign — be- ^^^ g^j 

fore each, and the positive terms 

in the next column on the left. ^oaZ^ — l8aj = 2ab, Ans. 

We then find the sum of the coefficients of the positive and negative 

■■>■ I — — w 

^* Sow m)cl wQQQ^ialH w))ic|i liave like eigxia ? 
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terms separately ; and taking the less smu from the greater, the result 
2ab, is the answer. Hence, the 

Rule. — I. Write the jjositive and negative terms in sepa- 
rate columns with their proper signs, and find the sum of the 
coefficients of each column separately, 

II. From the greater subtract the less ; to the remainder 
prefix the sign of the greater, and annex the common letters. 

Note — ^If two equal quantities have opposite signs, thej balance 
each other, and maj be omitted. 

15. Add 4<? + 3d — $d + 6d — 2d. Ans. 6d. 

16. Add — $x + 6x + Sx — 3X + gx — yx, 

17. Add 3rt5c + i2abc — 6abc + $abc — loabc — ^dbc. 

18. Add 25 — 55 + 45 — 65 — 75. 

19. Add — 6y + 4y — 8y — 9y + 8y — y. 

20. Add 4m + idm — S/n — 9m + $m — lom. 

21. If 6ab + I4a5 — "jab + i$ah — i2a5 + iGab = 32, to 
what is ab equal ? 

22. To what is bed equal, if bed — ^bcd + ^bcd + ^bcd 
— Sbcd= 75? 

Remark. — The sum in Arithmetic is always greater than any of its 
parts. But, in Algebra, it will be observed, the sum of a positive 
and negative quantity is always less than the positive quantity. It is 
thence called Algebraic Sum. 

66. Unlike Quantities cannot be united in one term^ 
Their sum is indicated by writing them one after another, 
with their proper signs. (Art. 63, Prin. i.) 

Thus, the sum of "jg and ^d is neither log nor lod, any more than 
7 guineas and 3 dollars are 10 guineas or 10 dollars. Their sum is 
7ff + 3^' (Art. 63, Prin. i.) 

67. Polynomials are added by uniting like quantities, 
as in adding monomials. 

65. How add monomialB having unlike sigiiB ) Bern. 'WYaX. \% \x^<6 Oil ^^ %:<QKfik.\!^ 
Mtbrneticf In AJgebn t 66. How add unlike qu)MiU\i«%^ e>i, ^o\|iSk55TO5«^\ 

S 
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23. What is the sum of the polynomial ^db — 3& + 4d 
— 3^5 — 5^^ + 4^ — ^ — 2c/; and ^^ + c/ + 2a^ + i ? 

Analysis. — For operation. 

convenience, we 3^^ — 3^ + 4^ — 3^ — ^ 

write the quanti- — ^ab + J — 2c/ + 4a: 

ties so that like 2ah -\- d 4- ha 

terms shall stand 7- ^^—^ 

one under another, — 2& + 3c/ + x + hg -- c, Ans. 

and uniting those which are alike, the result is —Tb+sd+x+bg—c, 

68. From the preceding illustrations and principles we 
deduce the following 

GENERAL RULE. 

. L Write the given quantities so thai like terms shall stand 
one under another. 

n. Unite the terms which are alike, and to ths result 
annex the unlike terms with their proper signs. (Art 65.) 

1. Add 5a — ^a + 6a + ja + ga + 2b — 3d 

2. Add Smn + ;^mn — 4mn + gmn — xy + be. 

3. Add ^bc — jbc + xy — mn -f iibc + gbc. 

4. Add $ab — 37WW — a6 + ^ab -\- 2Z — ^ab + db. 

5. Add 2,^y — xy + ab—'jxy + b + Sxy — xy + i^xy. 

69. Compound Quantities inclosed in a paren- 
thesis, are taken collectively, or as one quantity. Hence, if 
the quantities are alike, their coefficients and exponents are 
treated as the coefficients and exponents of like monomials. 
(Art. 64.) 

6. What is the sum of 3 (a + ^) + 5 {a-\-b) + 7 {a+l) ? 
Solution. 3{a+b) and 5 (a + 6) and 7 (a + &) are 1 5 (a + 6). Am. 

7. Add 13 {a-{-b) + is{a + b)-T{a + b). 

8. Add 8c {x — «/) + 7c (x--y) — $0 {^—y) + 9o{x—y)- 

9. Add ^aVxy + ^^a^/xy — ^a^/xy + 6aVxy. 

10. Add 5 Va + 3'\/a — 2>Va + 9\/a — 3'v/«. 

11. Add 2>^/x — y — 2tVx — y + sVx — y. 

Tho jj^eneral rale for addition? 69. How add qaantities inclnded in a pareu- 
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70. The sum of unlike quantities having a common letter 
or letters, may be expressed by inclosing the other letters, 
with their signs and coefficients, in a parenthesis, and an- 
nexing or prefixing the common letter or letters to the result 

12. What is the sum of saa? + ^hx — 4cx? 

Solution, saa; + shx—^cx = (5a + 36—40) x, or x (5a + 36— 4^)- -^ /«. 

13. Add 7a — 6ba + ida —- 37/ia. 

14. Add a*y + 3y — 2cy — $my. 

15. Add 9W + ahm — ^cm + ^dm. 

16. Add 1302; — 3Ja; + co; — 3^2? + mz* 

17. Add aa:^ + hxy — cxy. 

PROBLEMS. 

7X. Problems requiring equal quantities to be added to each 

side of the equation* 

1. A has 3 times as many marbles as B, lacking 6; and 
both together have 58. How many has each ? 

Analysis. — If x represents operation. 

B's number, then will 3a;— 6 Let X = B's No. ; 

represent A's, and a; +30;— 6 ^J^en XX 6 = A's *' 

= 58. the Bum of both. To x + 3^ - 6 = 58, both. 

remove —6, we add an equal 

positive quantity to each side ^ + S^ — ^ + ^ = 5^ + ^ 

of the equation. (Axiom 2.) 4X =z 64 

Uniting the terms, we have iCrr: 16, B's No, 

40?= 64, and X = 16, B*s, and 3a; — 6 = 42, A's " 

3 times 16—6, or 42 = A's No. 

72. When a negative quantity occurs on either side of an 

equation, that quantity may be removed .by adding an equal 

positive quantity to both sides. 

Note. — In forming the equation, we treat x as we do the answer 
in proving an operation. 

2. A kite and a ball together cost 46 cents, and the kite 
cost 2 cents less than twice the cost of the ball. What was 
the cost of each ? 

TUX How maj the sum of nnlike qoastitleB w^VcYl ^"ve t^ ^Tia(i<3iii\^XXiBt\A «v 
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3. In a basket there are 75 peaches and pears ; the num- 
ber of pears being double that of the peaches, wanting 3. 
How many are there of each ? 

4. The sum of two numbers is 85, and the greater is 
S times the less, wanting 5. What are the numbers ? 

5. A certain school contains 40 pupils, and there are 
twice as many girls, lacking 5, as boys. How many are 
there of each ? 

6. If 44a; + 65a: — 24 = 85, what is the value of x ? 

7. If 72; — 3 + 2a: = 60, what is the value of a: ? 

8. If 4y + 2y + 5y — 7 = 70, what is the value of y ? 

9. The whole number of votes cast for A and B at a cer- 
tain election was 450 ; A had 20 votes less than 4 times the 
number for B. How many votes had each ? 

10. The sum of two numbers is 177 ; the greater is 3 less 
than 4 times the smaller. What are the numbers ? 

1 1. What is the value of y, if 4^ + 3y + 2iy — 12 = 60 ? 

12. A lad bought a top and a ball for 32 cents; the price 
of the ball was 3 times that of the top, minus 4 cents. 
What was the price of each ? 

13. A man being asked the price of his saddle and bridle, 
replied that both together cost 40 dollars, the former being 
4 times the price of the latter, minus 5 dollars. What was 
the price of each ? 

14. A lad spent a dollar during a holiday, using three 
times as much of it in the afternoon as in the morning, 
minus 4 cents ; how much did he spend in each part of the 
day? 

Find the value of x in the following equations : 

15. 3a? + 6a; + 4a; -f 5a: — 8 = 154. An8, 9. 

16. 2a? + 5a: + 3a; — 10 = 130. 

17. 4a; + 3-'?^ + 7^ — 12 = 86. 

18. \ox — 4a; + 9a; — 25 = 155. 

19. 15a? — 7a; — 2a? — 60 = 300. 
"0. iSa? — 4a; + a; — 75 = 225. 



OHAPTEE III. 

SUBTRACTION. 

73. Subtraction is finding the difference between two 
qnantities. 

The Minuend is the quantity from which the subtrac- 
tion is made. 
The Subtrahend is the quantity to be subtracted. 
The difference is the result found by subtraction. 

74. Since quanhities expressed by letters are regarded as 
concrete, the coefficient of one letter may be subtracted from 
that of another, like concrete numbers. (Art. 62.) 

Thus, 7a — 3a = 4a ; 86 — 5& = 3&. 

Principles. 

75. I®. Lihe quantities only can he subtracted one from 
another. 

2°. Tlie sum of the difference and suitrahend is equal to 
the minuend. 

3°. Subtracting a positive quantity is equivalent to add- 
ing an equal negative one. 

Thus, let it be required to subtract +4 from 6+4. 

Taking 4-4 from 6+4, leaves 6. 
Adding —4 to 6 + 4, we have 6 + 4—4. 
But (Ax. 7) 6 + 4—4 is equal to 6. 

4®. Subtracting a negative quantity is the same as adding 
an equal positive one. 

73. Define enbtraction. The Minuend. Subtrahend. Difference. 75. Name the 
4ln>t principle. Second. UlaetratePrin. 3uyuu;\ic\>\ack\>odx^ \SraA\x«XA^Tai. v 
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Thus, let it be required to subtract —4 fiom 10— 4. 

Taking —4 from 10 -4, leaves 10. 
Adding +4 to 10—4, we have 10—4+4. 
But (Ax. 7) 10—4+4 is equal to 10. 

Again, if the assets of an estate be $500, and the liabilities $300, 
the former being considered positive and the latter negative^ the net 
value of the estate will be $500— $300 = $200. Taking $50 from the 
assets has the same effect on the haianee as adding $50 to the liabUitiei. 
In like manner, taking $50 from the liabiliHes has the same effect af 
adding $50 to the assets. 

76. To Find the I>iffer€nce between two like Quantities. 

This proposition includes three classes of exampleefy as 
will be seen in the following illnstrations: 



I. From 2$a subtract 17a. 

Remark. — i. In this example the signs are 
alike, and the subtrahend is less than the min- 
uend. Subtracting a positive quantity is 
equivalent to adding an equal negative on& 
(Prin. 3.) We therefore change the sign of 
the subtrahend, and then unite the terms as in addition. Thm^ 



OFSRATIOV. 

25^ Minnend. 
— lya Subtrahend. 

Sa DiffiBrence. 



2. From 4a subtract 70. 

Remark. —2. In this example the edgns 
are alike, but the subtrahend is greater than 
the minuend. Changing the sign of the sub- 
trahend, and uniting the terms as before, the 
subtrahend cancels the minuend, and haa 
—3a left. (Prin. 3.) 

3. From 45^5 subtract — 2gab, 

Remark. — 3. In this example the signs 
aie unlike. Subtracting a negative quantity 
is the same as adding an equal positive one. 
(Prin. 4.) Changing the sign of the sub- 
trahend and proceeding as before, we have 
\Sab + 2qab = 7406. Ans. 



OFBBATION. 

4(1 Minnend. 
^- 7 a Sabtrahend, 

<— 3a Difference 



qhsatioh. 

4Sab Minuend. 
•\' 2gai Subtrahend. 

740^9 Ans. 



76. Uow find the difference between two like quantities f 
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4. Prom gbc + yrf — sx, take 35c + 2d — 4X. 

Analysis. — In subtraction of opkbatioh. 

polynomials, for convenience, we p}^ _[. yd ex 

place like tenns under each other. ^j^ 2d -\- dX 

Then, changing the signs of all the r 

terms in the subtrahend, we unite ^^^ + 5^ — ^f -^W^- 

them as before. 

77. Prom the preceding illastrations and principles we 
deduce the following 

GENERAL RULE. 

L Write the subtrahend under the mimiend, placing like 
terms one under a^iother. 

IL Change the signs of all the terms of the subtrahend, or 
suppose them to be changed, from + to — , or from — to 
+, and tJien proceed as in addition. (Art 75, Prin. 3, 4.) 

Notes. — i. Unlike quantities can be subtracted only by cfianging 
the signs of all the terms of the subtrahend, and then writing them 
after the minuend. (Art. 66.) 

2. As soon as the student becomes familiar with the principles of 
subtraction, instead of actually changing the signs of the subtrahend, 
he may simply suppose them to be changed. 

EXAMPLES. 

1. From 43c + d, take 2$c + d. Ans. iSc. 

2. From 49a;, take 232; + 3. Ans. 26X — 3. 

9 "Prnm oSlTyii'x ffl.lrA T.i'r«/«. 



3. Prom 2Sxyz, take i4xyz. 

4. Prom — 43aS, take + 19^5. 

5. From 4ab, take — 150*. 

6. From 430;^, take + i6xy. 



,2 



(7.) (8.) (9.) (10.) 

Prom 2oae 42aa^ 37 a^ — 292:2^ 

Take —230^ saa;^ — i4d ^b + i5^V 

77. Qeneral rule for sabtractiouf Xfote» Ho^ eublTaic\.TaklV&!& <]^v»si\X>^«^. 





(i8.) 


From 


'jxy — 8a 


Take 


Zxy — 2a 
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("•) (I2) (13) (14.) 

Prom 3ia% i^dbofi —33^%? 41^^ 

Take — yg^ft ipoSa;^ + 447/1^ — 122;^ 

15. A is worth $100^ and B owes I50 more than he is 
worth. What is the difference in their pecuniary standing? 

16. What is the difference in temperature, when the ther« 
mometer stands 15 degrees above zero, and when at 10 
degrees helow ? 

17. By speculation, A gained on a certain day I275, and 
B lost $145. What was the difference in the results of theii 
operations ? 

(19.) (20.) 

8S2 + 7am 132^ — 7^ 

— 5^ — ^am — sa^ — 8y^ — 6fl 

21. From i^ah + d — x, subtract 5m — yn. 

22. From gcd — ahy take 2m — ^n — ^y. 

23. From 13m — 15, take — s/w + 8. 

24. From "jx^ — 5a; + 15, take — 50^ + 8a: + 15. 

25. From igah — 2t? — 76?, take ^ah — 15c — 8dL 

26. From a, take h — c, and prove the work. 

27. From II (a + J), take S (a + h). 

28. From 17 (a — J + .r), take 8 (a — J + «). 

29. Subtract — 18 (a + J) from — 13 (a + h). 

30. Subtract 21 (a:^ _ y) from 14 (aj^ — y), 

31. A and B formed an equal partnership and made 
lijooo. B's share by right was li,ooo — $500; but wish- 
ing to withdraw, he agreed to subtract $100 from his share. 
What would A^s share be ? 

32. What is the difference of longitude between two 
places, one of which is 23 degrees due east from the meridian 
of Washington, the other 37 degrees due west? 

Remark.— The mbtraTiend, in Algebra, is often greater than the 
minuend, and the difference between a positive and negative quantity 
greater than either of them. It is thence called Algebraic I>if* 
1^ ference. 
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78. The Difference of unlike qnantities which haye a 
common letter or letters may be indicated by enclosing all 
the other Utters, with their coefficients and signs^ in a 
parenthesis, and annexing , ov prefixing the common letter 
or letters to the resnlL 

33. From ^anif take 2lnu 

Akaltbib. yxm = 3a times m, and 2bm = ob timfis m ; thereioie, 
3tfm— 2&i» = iyjt^Tb) m, or m (3a— 2&). Ana. 

34. Prom 2ba^, take ca? — &^. 

35. Prom aby, take cy + dy — rcy. 

36. Prom 7a^ take Jtf^ — caK 

37. Prom a&c, take sex + dx + mx. 

38. Prom 8a:y, take a&ry — cxy + ttoy. 

39. Prom sac + Swc, take 3a(? — dc. 

APPLICATIONS OF THE PARENTHESIS. 

79. A parenthesis, we have seen, shows that the quanti- 
ties inclosed by it are taken collectively, and subjected to 
the operation indicated by the sign which precedes it. 
(Art 15.) 

80. A parenthesis haying the sign + prefixed to it^ may 
be removed from an expression^ if the signs of the included 
terms remain unchanged. 

Thus, a— 6+(c— d+a) = a— 6+c— tf +a. Hence, 

81. Any number of terms may be inclosed in a parenthe- 
sis and the sign + placed before it, if the sigtis of the 
inclosed terms remain unchanged. 

Thus, a+6— c+d = a+(&— c+d), ora+6+(— c+(f). 

NoTB.— -This prindple affords a convenient method of indicating 
the addition of polynomials. (Art. 67.) 



78. How rabtract unlike quantities baying a common leUei OT\&\.\ftT«\ i^.''^^r>DaX 
It Xb(b o\^% oiM jmreathMiM t 80, How removed wlien tki« i\vv -v \& v(«Axa&.xo>9u 
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2. What is the sum of — 142;^, — i6xy^ and — i8ary? 

Analysis. — Since these terms are like quan- — ^A^y 

tities, and have like signs, we add them as i6xtl 

before, and prefix the sign — to the result, for iSari/ 

the reason that all the quantities have the . — 

sign — . Hence, the — A^xy^ Ans. 

EuLE. — Add the coefficients ; to the sum annex the com* 
mon letters^ and prefix the common sign. 



(3-) 


(4.) 


(S) 


(6.) 


(7.) 


Zab 


s^y 


7fl? 


— ihcd 


-4^ 


s«* 


Sxy 


3a' 


-- ^hcd 


-3^ 


6ab 


xy 


4a* 


•^Sbcd 


- ^y^ 


yab 


Zxy 


€? 


— Sbcd 


— 8aY 



8. Add 5a¥ + lyaS^ + 2sat^. 

9. Add — Saba^f — sabaPy^— 2Sabx^f. 

10. Add sb^dm^ + Wdm^ + ^mm^ + Sb^dm^ 

11. If 3a + 5a + a+ Ta = 48, to what is a equal ? 
Solution. ^a^^-S(l+a+^a=lta ; hence, 0=48-8-16, or 3. Ana. 

12. If 45c + gbc + 2bc + $bc = 80, to what is be equal ? 

13. If xy + ^xy + ^xy + 4xy = 65, to what is xy equal ? 

CASE II. 
65. To Add like Monomials which have Unlike signs. 

14. What is the sum of 50} — $ab — yoJ -f gab + bob 
^Sab? 

Analysis. — For convenience in operation. 

adding, we write the negative terms Sab — ^ab 

one under another in the right- gab — yab 

hand column, with the sign — be- ^^j g^j 

fore each, and the positive terms 

in the next column on the left. ^oa^ — iSab = 2ab, Ans. 

We then find the sum of the coefficients of the positive and negative 
^ Sow (KI4 mQQOiuialb wUicU ))ftTe U)^e eigxtB ? 
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terms separately ; and taking the less stun from the greater, the result 
2ab, is the answer. Hence, the 

Rule. — I. Write the positive and negative terms in sepa* 
rate columns with their proper signs, and find the sum of the 
coefficients of each column separately, 

II. From the greater subtract the less j to the remainder 
prefix the sign of the greater, and annex the common letters. 

Note — ^If two equal quantities have opposite signs, they balance 
each other, and may be omitted. 

15. Add 46? + 3c? — srf + 6rf — 2d. Ans. 6d, 

16. Add — $x + 6x + Sx — 3X + gx— *jx. 

17. Add ^ahc + i2atc — 6aic + $ahc — loahc — ^ahc. 

18. Add 2& — 55 + 45 — 6S — 75. 

19. Add --6y + 4y — Sy--gy + Sy — y. 

20. Add 4m + i6m — Sm — 9m + 5m — 10m. 

21. If 6ab + i4ab — jab + iscib — i2ab + i6ab = 32, to 
what is ab equal ? 

22. To what is bed equal, if bed — s^^ + 4^^^ + 4^^^ 
•^^bcd= 75? 

Remark. — The sum in Arithmetic is always greater than any of its 
parts. But, in Algebra, it wiU be observed, the sum of a positive 
and negative quantity is always less than the positive quantity. It is 
thence called Algebraic Sutn. 

66. Unlilce Quantities cannot be united in one term^ 
Their sum is indicated by writing them one after another, 
with their proper signs. (Art. 6^, Prin. i.) 

Thus, the sum of ^g and ^d is neither log nor lod, any more than 
7 guineas and 3 dollars are 10 guineas or 10 dollars. Their sum is 
19 + 3<^. (Art. 63, Prin. i.) 

67. Polynomials are added by uniting like quantities, 
as in adding monomials. 

65. How add monomJAJa haying unlike eigiia) Item. 'WYaX. \% tro^A Oil ^^ ^^vmN!^ 
Arithmetic T In AJgebn t 66. How add unlike qu)MiU\i«%^ ^. ^s^jDSfVii3^\ 

8 



26 ADDITION, 

23. What is the sum of the polynomial 30^ — 3^ + 4^ 
— 3a?; — $ab + 4X — c — 2d; and bg + d + 2ab + b? 

Analysis. — For operation. 

convenience, we ^db — 3b + 4d — 3a? — C 

write the quanti- ^ ^ab -|- b — 2d -\- 4X 

ties so that like 2ab + d -\- bg 

terms shall stand .^-—- — — ^— — ^-_^— _ ^^^— 
one under another, - 2b -{- 3d + x + bg - C, Ans, 

and uniting those which are alike, the result is — 26+3<f+a;+8gr— c. 

68. From the preceding illustrations and principles we 
deduce the following 

GENERAL RULE. 

. L Write the given quantities so thai like terms shall stand 
one under another. 

n. Unite the terms which are alike, and to the result 
annex the unlike terms with their proper signs. (Art 65.) 

1. Add 5a — 3a + 6a + ya + ga + 2b — 3d. 

2. Add Smn + 3mn — 4mn + gmn — xy + be. 

3. Add 3bc — jbc -\- xy — mn + iibc + gbc. 

4. Add $ab — 3mn — ab -\- 3ab -\- 2Z — ^ab + ah. 

5. Add 3xy ^xy + ab— jxy + b -{- Sxy — xy + i3xy. 

69. Compound Quantities inclosed in a paren- 
thesis, are taken collectively, or as one quantity. Hence, if 
the quantities are alike, their coefficients and exponents are 
treated as the coefficients and exponents of like monomials. 
(Art. 64.) 

6. What is the sum of 3 {a + b) + 5 {a+b) + 7 {a+l) ? 
Solution. 3 (^ + 6) and 5 (a + 6) and 7 (a + 6) are 1 5 (a + b). Am. 

7. Add 13 {a-{-b) + is{a + b)-T{a-\- b). 

8. Add 8c (x — «/) + 7c {x—y) — 5c {x—y) + 9^(0:— y). 

9. Add 3aVxy + ^^a^/xy — ^a'^/xy + 6aVxy. 

10. Add s-v/a + 3\/a — 8'v/a + 9\/a — 3V«- 

11. Add 2^^/x — y — 3VX — y + sVx — y. 

68. The general rale for addition? 69. How add qaantities incladed in a parea- 
tee/ti/ 



PROBLEMS. /87 

70. The sum of unlike quantities having a common letter 
or letters, may be expressed by inclosing the other letters, 
with their signs and coefficients, in a parenthesis, and an- 
nexing or prefixing the common letter or letters to the result 

12. What is the sum of ^ax + ^hx — 4cx ? 

Solution, saa; + 362?— 4ca; = (5a + 3b— 4c) x, or x (50 + 2/>—4c]. AnL 

13. Add 7a — 6ba + zda — - 3ma. 

14. Add aly + 3^ — 2cy — ^my. 

15. Add 9m + ahm — *icm + 3rfm. 

16. Add 1302; — ^x ■\- ex — 2i^x + ms^ 

17. Add aa:y + hxy — cxy. 

PROBLEMS. 

71. Problems requiring equal quantities to be added to each 

side of the equation* 

1. A has 3 times as many marbles as B, lacking 6; and 
both together have 58. How many has each ? 

Analysis. — ^If x represents operation. 

B*s number, then will 3a;— 6 Let X = B's No.; 

represent A's, and x^y^-t ^j^^n 3a; - 6 = A's '' 

= 58, the Bum of both. To ^ + 3^ _ 6 = 58, both, 

remove —6, we add an equal ^ ^ 

positive quantity to each side 2? + 3a: — 6 + 6 = 58 + 6 

of the equation. (Axiom 2.) 4^ = 64 

Uniting the terms, we have x=z 16, B's No. 

4a; = 64, and a? = 16, B's, and 3a; — 6 = 42, A's " 
3 times 16—6, or 42 = A's No. 

72. When a negative quantity occurs on either side of an 
equation, that quantity may be removed.by adding an equal 
positive quantity to both sides. 

Note. — In forming the equation, we treat a; as we do the answer 
in proving an operation. 

2. A kite and a ball together cost 46 cents, and the kite 
cost 2 cents less than twice the cost of the ball. What was 
the cost of each ? 

70. How may the iom of unlike qaaotitlea wMcki Yuive «k ^Tia&syEiVXXetX^^ «v 



S8 ADDITION". 

3. In a basket there are 75 peaches and pears ; the num- 
ber of pears being double that of the peaches, wanting 3. 
How many are there of each ? 

4. The sum of two numbers is 85, and the greater is 
5 times the less, wanting 5. What are the numbers ? 

5. A certain school contains 40 pupils, and there are 
twice as many girls, lacking 5, as boys. How many are 
there of each ? 

6. If 44a: + 65a; — 24 = 85, what is the value of x ? 

7. If 7a? — 3 + 2a; = 60, what is the value of a: ? 

8. If 4y + 2y + 5y — 7 = 70, what is the value of y ? 

9. The whole number of votes cast for A and B at a cer- 
tain election was 450 ; A had 20 votes less than 4 times the 
number for B. How many votes had each ? 

10. The sum of two numbers is 177 ; the greater is 3 less 
than 4 times the smaller. What are the numbers ? 

1 1. What is the value of y, if 4y 4- 3y + 2jy — 12 = 60 ? 

12. A lad bought a top and a ball for 32 cents ; the price 
of the ball was 3 times that of the top, minus 4 cents. 
What was the price of each ? 

13. A man being asked the price of his saddle and bridle, 
replied that both together cost 40 dollars, the former being 
4 times the price of the latter, minus 5 dollars. Wliat was 
the price of each ? 

14. A lad spent a dollar during a holiday, using three 
times as much of it in the afternoon as in the morning, 
minus 4 cents ; how much did he spend in each part of the 
day? 

Find the value of x in the following equations : 

15. 3a: + 6a; + 4a; + sa: — 8 = 154. Arts. 9. 

16. 2a; + 5a; + 3a: — 10 = 130. 

17. 4a; + 3a; + 7a; — 12 = 86. 

18. loa: — 4a; + 9a: — 25 = 155. 

19. 15a? — 7a; — 2a; — 60 = 300. 
«o. 18a; — 4a; + a; — 75 = 225. 



OHAPTEE III. 

SUBTRACTION. 

73. Subtraction is finding the difference between two 
quantities. 

The Minuend is the quantity from which the subtrac- 
tion is made. 
The Subtrahend is the quantity to be subtracted. 
The Difference is the result found by subtraction. 

74. Since quanhities expressed by letters are regarded as 
concrete, the coefficient of one letter may be subtracted from 
that of another, like concrete numbers. (Art 62.) 

ThuB, 7a — 3a = 4a ; 86 — 56 = 3&, 

Principles. 

75. I®. Like quantities only can be subtracted one from 
another. 

2°. The sum of the difference and subtrahend is equal to 
the minuend. 

3°. Subtracting a positive quantity is equivalent to add- 
ing an equal negative one. 

Thus, let it be required to subtract +4 from 6+4. 

Taking 4-4 from 6 + 4, leaves 6. 
Adding —4 to 6 + 4, we have 6 + 4—4. 
But (Ax. 7) 6+4—4 is equal to 6. 

4®. Subtracting a negative quantity is the same as adding 
an equal positive one. 

73. Define Bnbtraction. The Minuend. Snbtrahcnd. Difference. 75. Name the 
4ln>t principle. Second. UloBtrate Prin. 3 uyou iho blackboOiX^ ^u^\x«Xa^ta« v 
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ThoB, let it be required to subtract —4 fiom 10—4, 

Taking —4 from 10 -4, leaves 10. 
Adding +4 to 10—4, we have 10—4+4. 
But (Ax. 7) 10—4+4 is equal to 10. 

Again, if the assets of an estate be $500, and the liabilities $300, 
the former being considered posttive and the latter negative, the net 
value of the estate will be $500— $300 = $200. Taking $50 from the 
assets has the same effect on the balance as adding $50 to the liabilities. 
In like manner, taking $50 from the liabiHHes has the same effect as 
adding $50 to the assets, 

76. To Find the IHfference between two like Quantities. 

This proposition includes three classes of examples^ as 
will be seen in the following iUnstrations: 



I. From 25a subtract 17a. 

Remark. — i. In this example the signs are 
alike, and the subtrahend is less than the min- 
uend. Subtracting a positive quantity is 
equivalent to adding an equal negative ona 
(Prin. 3.) We therefore change the sign of 
the subtrahend, and then unite the terms as in addition. Thus, 
asa— i7a = 8a. 



OFBRATIOH. 

25^ Minnend. 
— lya Subtiahesd. 

Sa Difference. 



2. From 4a subtract 70. 

Hemabk.^2. In this example the signs 
are alike, but the subtrahend is greater than 
the minuend. Changing the sign of the sub- 
trahend, and uniting the terms as before, the 
subtrahend cancels the minuend, and has 
—3a left. (Prin. 3.) 

3. From 4sai subtract — 2gai* 

Rbmabk. — 3. In this example the signs 
aie unlike. Subtracting a negative quantity 
is the same as adding an equal positive one. 
(Prin. 4.) Changing the sign of the sub- 
trahend and proceeding as before, we have 
4506 + 2qab = 7406. Ans, 



OPERATION. 

4(1 Minnend. 

— J a Subtraliend, 

— $a Difference. 



dlRATION. 

45 ad Minuend. 
-f~ 2gab Subtrahend. 

74^5, Ans. 



76. IIow find the difference between two like qoantitiee f 
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4. From 9JC + jd — 5a?, take 3^? + 2^ — 40:. 

Analysis. — In sabtraction of ofkbatioh. 

poljiiomials, for eontenienee, we nj^ _[. ^^ ex 

place like terms under each other. ^^ 2d A- AX 

Then, changmg the signs of all the 

terms in the subtrahend, we unite ^^ + 5^ — ^> ^'^* 

them as before. 

77. From the preceding fllustrations and principles we 
deduce the following 

GENERAL RULE. 

L Write the subtrahend under the mmnend, placing like 
terms one under another. 

IL Change the signs of all the terms of the subtrahend, or 
suppose them to be changed, from + to — , or from — fo 
+, and then proceed as in addition. (Art. 75, Prin. 3, 4.) 

Notes. — i. TTnlike quantities can be subtracted only by changing 
the signs of all the terms of the subtrahend, and then writing them 
after the minuend. (Art. 66.) 

2. As soon as the student becomes familiar with the principles of 
subtraction, instead of actuaUy changing the signs of the subtrahend, 
he may simply suppose them to be changed. 

EXAMPLES. 

1. From 43c + dy take 25^? + d. Ans. iSc. 

2. From 49a?, take 23a; + 3. Ans. 26X — 3. 



3. From 22>xyzy take is^xyz. 

4. From — 43^5, take + 19a J. 

5. From 40^, take — 150^. 

6. From 430?^, take + i6xy. 



(7.) (8.) (9.) (l^) 

Prom 2oac 42aa^ 37«'* — 29^^^ 

Take —230^ saa^ — i4a ^b + iS^Y 

77. General mle for eubtractiottf ^ou, Hovr AubtTfikiaTaAVaL^ q33A£lN.\>\^. 





(i8.) 


From 


ixy — 8a 


Take 


Zxy — 2a 
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(ll.) (I2.) (13.) (14.) 

From 3ia% igaba^ — 33^^ 4^^ 

Take — 7a^i ipafo^ + 447/1^ — i2a;»y 

15. A is worth $100, and B owes $50 more than he is 
worth. What is the difference in their pecuniary standing ? 

1 6. What is the difference in temperature, when the ther« 
mometer stands 15 degrees above zero, and when at lo 
degrees below ? 

17. By speculation, A gained on a certain day $275, and 
B lost 1145. What was the difference in the results of their 
operations ? 

(19.) (20.) 

8J2 + 'jam 132^— 7^ 

— 5^ — 9am — 53;^ — 8y^ — 6fl 

21. From 1 3a J + d — Xy subtract 5m — ^n. 

22. From gcd — aby take 2m — 3W — 4y. 

23. From 13m — 15, take — 5^ + 8. 

24. From 70^ — s^ + i5> ^^^ — 5a? + 8a; + 15. 

25. From igah — 2c — 7 J, take ^ah — 15^ — Sd. 

26. From a, take J — e;, and prove the work. 

27. From II (a + J), take 5 (« + J). 

28. From 17 {a — b + x), take 8 (a — 5 + «). 

29. Subtract — 18 (a + 5) from — 13 (« + i). 

30. Subtract 21 (a^ — y) from 14 (a:^ — y). 

31. A and B formed an equal partnership and made 
$1,000. B's share by right was $1,000 — 1500; but wish- 
ing to withdraw, he agreed to subtract $100 from his share. 
What would A^s share be ? 

32. What is the difference of longitude between two 
places, one of which is 23 degrees due east from the meridian 
of Washington, the other 37 degrees due west? 

Rbmare. — The svbtrahendy in Algebra, is often greater than the 
minuend, and the difference between a positive and negative quantity 
greater than either of them. It is thence called Algebraic Dif* 
ference. 



SUBTBAOTIOK. S3 

78. The Difference of nnlike qnantitiee which have a 
common letter or letters may be indicated by enclosing aU 
the other letters, with their coefficients and signs, in a 
parenthesis, and annexing, or prefixing the- common letter 
or letters to the result. 

33. From $am, take 2im. 

AnaiiTbis. yun = 3a tunes m, and 2bm = 2& times m ; theieioie» 
>im— 2&m = (3a— 2&) m,Grm (30— aJ). Ans. 



34. From a&c*, take ca^ — da?. 

35. From aJy, take cy + dy-^ xy. 

36. From ya', take Jd^ — ca^. 

37. From dbx, take 3ca? + dx -\- mx. 

38. From &py, take abxy — ca:y + dxy, 

39. From sotf + imc, take sac — rfc. 



APPLICATIONS OF THE PARENTHESIS. 

79. A parenthesis, we have seen, shows that the quanti- 
ties inclosed by it are taken collectively, and subjected to 
the operation indicated by the sign which precedes it. 
(Art 15.) 

80. A parenthesis having the sign + prefixed to it, may 
be removed from an expression, if the sigfis of the included 
terms remain unchanged. 

Thus, a— 6+{c— d+«) = a^b+e^d+e. Hence, 

81. Any number of terms may be inclosed in a parenthe- 
sis and the sign + placed before it, if the signs of the 
inclosed terms remain unchanged. 

Thus, a+ 6— c +(! = «+(&— c+(f), or a+5+(— c+cf). 

NoTB. — ^This prindple affords a convenient method of indicating 
the addition of polynomials. (Art. 67.) 

78. How rabtnct unlike quantities having a common letter or lettAt^t *)^.^IYa\ 
ki tbfi ol]ject of A parentliegii f 80. How removed when \;hA ft\|pi "v \& VNAx»^\A>iu 
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82. A parenthesis having the sign — prefixed to it, may 
be removed by changing the signs of all the inclosed terms 
from + to — and — to +. 

Thus, removing it from the equal expressions, 

« — 6 — ((? — <5) I 

83. Any number of terms may be inclosed by a paren- 
thesis, and the sign — placed before it, if all the signs of 
the inclosed terms are changed. 

Thus, o— &+C— d = a— (6— c+d), or a— 6— (— c+d), etc 

Note. — This principle enables us to express a polynomial in diffeft* 
ent forms without changing its value. 

1. How express a — a; + c, using a parenthesis? 

Ans. a — X + c = a — {x -- c), ov a — {— c + x). 

2. How express a — i — a; — y + z, using a parenthesis ? 

Ans. a — b — {x -{- y — z), or 
a^b — (j/ + x — z), or 
a'-b'-{—z + x + y). 

84. When two or more parentheses occur in the same 
expression, they are removed by the same rule, beginning 
with the interior parenthesis. 

Thus, a— [&— c-(cf+a;)+e]=a— (&— c— cf— aj+e)=a— 6+c+cf+ir— «. 

Note. — Quantities may be included in more than one parenthesis^ 
by observing the preceding rules. 

Remove the parentheses from the following expressions; 

3. ab — (be — d). Ans. aib^bc + d. 

4. J — (c — rf + m). 

5. 5a: — (— y + a^ — 4d). 

6. 2a — [J + (? — (a; + y) — er|. 

7. a — (J — c) — (a — c) + t; — (a — J). 

Qf* The principles governing the signs in the use and removal of 
parentheses should be made familiar by practice. 

83. How when the eign — is prefixed? 83. How inclose tenni in a iMurenthesis 
Witti — prefixed to it} 



CHAPTER IV. 

MULTIPLICATION. 

85. Multiplication is finding the amount of a qnan.- 
tity taken or added to itself, a given number of times. 

Thns, 3 times 4 are 12, and 4 taken 3 times (4+4+4) = 12. 

The Multiplicand is the quantity to be multiplied. 
The Multiplier is the quantity by which we multiply. 
The Firoduct is the quantity found by multiplication. 

86. The Factors of a quantity are the multiplier and 
multiplicand which produce it. 

PRINCIPLES. 

87. I*. The multiplier must be considered an abstract 
quantity. 

2^ The product is of tlie same nature as the multiplicand; 
for, repeating a quantity does not alter its nature. 

3**. ITie product of two or mxyre factors is the same in 
whatever order they are multiplied. 

CASE I. 

88. To Multiply a Monomial by a Monomiaim 

I. What is the product of a multiplied by ^ ? 

Ans. a X Cf or ac. 

NOTK^The pTodnct of two or more letters, we have seen, is ex« 
pressed by writing them one after another, either with or without thi 
sign of multiplication between them. (Art 10.) 

85. Define multiplication. The mnltiplicancL Multiplier. Product. i6, Tti^ 
ton. tr, Nama Fkin. t. Fdn. 9. Prin. %, 



Ans. Sad 



36 HVLIIPLIOATIOK. 

2. If I ton of iron costs a dollars^ what will x tons cost? 

Analysis, x tons will cost x times as much as i ton ; and x times 
C dollars ore ax dollars. That is, a dollars axe taken x times, and are 
equal to a+a+a • • • . , and so on to a; terms. 

3. What is the product of 4a by 2d? 

AkaIiTSIS. — Since each coefficient and each letter opmATioK. 

in the multiplier and multiplicand is a factor, it fol- 4a 

lows that the answer must be the product of the 2& 

coefficients with all the letters of both factors an- 
nexed. Hence, the 

EuLE. — Multiply the coefficients together, and prefix the 
product to theprodtict of the literal factors. 

Multiply the following quantities: 

4. 4a& by ^x. Ans. toabx. 

5. (Ac by 70, 9. ixy by 8aJ. 

6. lahc by ^xy. ta dac by *ida. 

7. Zdm by xy. 11. tjbd by 6cm. 
& ^hcd by ixy%^ I2« ixyz by ^adf. 



SIGNS OF THE PRODUCT. 

89. The investigation of the laws that goyem the signs 
of the product, requires attention to the following 



PRINCIPLES. 

t^. Repeating a quantity does not change its sign. 
9\ The sign of the multiplier shows whether the repetition 
of the multiplicand are to be added, or subtracted. 

90. If the Signs of the factors are alike, the sign of the 
product will he positive; if unlike, the sign of the product 
will be negative. 

88. How multiply a monomlAl by a monomo;! ? 89. Name Principle i. Pria 4 
i §xlt ligni of fikcton are alike, what is the lign of the product? If unlike? 
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91. Dbmoksiraiiok. — ^Theie are four points to be 
proved: 

Firsi. That + faxto + produces +. 

Let +a be the multiplicand and +4 the multiplier. It ia plain 
iSbaX +a taken +4 times is +44. (Prin. i.) The sign of the multi- 
plier being -r , shows that the product +40, is to be added, which is 
don» by setting it down without rtin^nging its gign. (Art. 66.) 

Second. That — into + produces — • 

Let —a be multiplied by +4* Now ^a taken 4 times Is —4a ; for 
a negative quantity repeated is stiU negative, (Prin. i.) But the 
rign before the multiplier being +» shows that the negative product 
* 4a» is to be added. This also is done by setting it down without 
changing its sign. (Art 66.) 

Third. Thai + into — produces — . 

Let +a be multiplied by —4. We have seen above that + a taken 
4 times is +40. But here the sign of the multiplier being —, shows 
that the product +4^9 is to be subtracted. This jb done by changing 
Its sign from + to «, on setting it down. Thus, -k-a >^ ~4 = ^40, 
(Art 77.) 

Fourth. That — into — produces +. 

Let —a be multiplied by ^4. It has also been show^ that —a 
taken 4 times is —4a. But the sign of the multiplier berng ~, shows 
that this n^ative product ^^a, is to be subtracted. This is v^^&o done 
by changing its sign from — to +» when we set it down, '^hus, 
—a X —4 = +40. (Art 77.) Hence, universally, 

92. Factors having like signs produce -(-> ^^ unlihi 
signs — • 

13. Multiply + 408 by — icd. Ans. — 2Sabcd. 

14. Multiply — $xy by + gab. 

15. Multiply + 6ab by + yefc. 
t6. Multiply — Sxy by — igdbc. 

17. Multiply + iSabc by — 2^xy. 

18. Multiply — sS^y by — 2'jicd. 

91. Proye the first point from the blackboard. The tfcoud. Third. Fourth 
«& Bole for BigDB. 
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93. When a letter is multiplied into itself, or taken twice 
as a factor, the product is represented hj a x a, or aa; 
when taken three times, by aaa, and so on, forming a series 
of powers. But powers, we have seen, are expressed by 
writing the letter once only, with the index above it, at the 
right hand. (Art 31.) 

19. What is the product of aaa into aa? 

AnaIiTBIS. aaa xaa = aaaaa, or a\ Ans, Now aaa = a', and 
oa — a* ; but adding the exx)onent8 of a' and a^ we have a^y the same 
as before. Hence, 

94. To multiply powers of the same letter together, add 
their exponents. 

Notes. — i. AU powers of i are i, 

2. When a letter has no exponent, i is always understood. 

Multiply the following quantities: 

20. aW(? by a%c. Ans. aWc^. 

21. ic^Vhchy 2dlPy. Ans. 6(j^¥xy. 

22. ^xr^ by ^7?. sg. aS* by a J*. 

23. 6d^b by ^aV. 26. z^yz by 2xy. 

24. ah^y by ahh/. 27. 6a^l^c by ^c^Vc. 

28. If a = 3, what is the difference between 3a and a^^ 

29. K a; = 4, what is the difference between 4a; and re* ? 

95. The preceding principles illustrating monomials may 
be summed up in the following 

EuLK — Multiply the coefficients and letters of both factors 
together; to the product prefix the proper sign, and give to 
each letter its proper index. 

Note. — It is immaterial in what ordftir tne factors are taken, but it 
is more convenient, and therefore customaiy, to arrange the letters in 
alphabetical order. (Art. 87, Prin. 3.) 

30. Multiply — $xy by — 2X. 

31. Multiply 6a2J2 by — ^a^c. 

94. How mnltiply powere of the eame letter together? 95. What is the role fof 
omltiplying monomiiUs ? 
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(3«.) (33.) (34.) (3S) 

Multiply Apcy jal^ Si^jf" 40^ 

By ^ sM s^ — 7«* 

(36.) (37.) (38.) (39.) 

Multiply jajy jaiif 4aM afyi? 

By — ^JDj^ ^ab(^ — yog xyg 

CASE II. 

96. To Multiply a Foiynofniai by a MatunniaL 

1. What is the prodnct of a + J multiplied hy J ? 
Analysis.— Multiplying each term of the (xeKRArmm. 

multiplicand by tiie multiplier, we have axb d -f- 

=:a6,and6x6 = 6». The result, 06+6*. is the * 

product required. Hence, the Ans. ab + ^ 

Bulk — Multiply each term of the multiplicand hy the 
multiplier; giving each partial product its proper sign, a)id 
each letter its proper hidex. 

Multiply the following quantities : 

2. he — ad by ab. Ans. aVh — a^bd. 

3. 3flKB^ + Acd by 2c, 

4* soJ* — 2cd + a: by 30^. 

5. 4a^ — 3aJ + m^ by — 2bd. 

6. 3a' — 4J* — 2<? by — sa%. 

CASE III. 

97. To Multiply a Polynomial by a Polynomial. 

7. What is the product of a + J into a + 5 ? 

Analysis. — Since the multiplicand is to operation. 

be taken as many times as there are units in ^ + & 

the multiplier, the product must be equal to a + J 

a times a+6 added to 6 times a+h. Now ~2~Z h 
a times «+6 = a* + a6, and h times a+b 

= +06+6*. Hence, a+h times 0+6 must +0^ + 0* 
be equal to a* + 2a5+6*. Ans. a^ + 2a6 + V 

96. How multiply a poiynoinial bv a mouomlfli. 
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8. Multiply J +• 2a — 3<? by a + J. 

Analysis. — We multi- ofbratioh. 

ply each term in the multi- 2a •\- b — 36 

plicand by each term in the a -\- b 

multiplier,^ ^ving to each 2^2+ ab -^ Z^C 



-I- 2(ib +V — z^c 



product the proper sign. 

(Art. 89.) Finally, we add 

the partial products, and the Ans. ZC? + 306 — 3ac + V^ — 3^C 

result is the answer required. 

98. The various principles developed in the preceding 
cases, may be summed up in one 

GENERAL RULE. 

Multiply each term of the multiplicand by each term of 
the multiplier, giving each product its proper sign, and each 
letter its proper exponent. 

The sum of the partial products will be the true product. 

Note. — ^For convenience in adding the partial products, like terms 
should be placed under each other. 

Multiply the following quantities: 

1. za + bhjs^ + y- S* 3« + 45 — cl>yi» — y. 

2. SX + 4yhy a — b. 6. 5a: + 3y + i?; by a + J. 

3. 4J — c by zd — a. 7. jcdx — 3a5 by 2m — 3^. 

4. 6xy — 2a by J + {?. 8. Sabc + 4m by 3a: — 4y, 
9. Multiply 3a J" by Sa^J. Ans. 24a8^"+'. 

10. Multiply — yaaf* by — Sa^. Ans. sda^"*^*'. 

11. Multiply 3a Jc" by xyz"^. 

12. Multiply acd^ by iibcd*. 

13. Multiply — oic^ by — aoif". 

14. Multiply x{a + bf by c (a + bf. (Art. 15.) 

15. Multiply c (a — bf by 5 (a — b)\ 
i6. Multiply a{x+ yY by be {x + y)\ 
17. Multiply 3a; {a + J)^ by — (a + b). 



98. How multiply a polynomial by a polynomial f 
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99. When the polynomials contain different powers of the 
same letter, the terms should be arranged so that the first 
term shall contain the highest power of that letter, the 
second term the next highest power, and so on to the last 
term. This letter is called the leading Utter* 

(i8.) (19.) 



20. Multiply a^ — ab + l^hja + b. 

21. Multiply a^ — ab + lf^ by a^+ab+ V. 

22. Multiply ^■\'X •\' I bya:^ — a:+ i. 

23. Multiply Tfi^ — 2xy + 5 by a;^ + 2xy — 6. 

24. Multiply ^ax — 2ay by ^ax + 30^. 

25. Multiply d '\' hxby d -\- ex. 

100. The Multiplication of polynomials may be indi- 
cated by inclosing each factor in a parenthesis, and writing 
one after the other. 

Thus, (« + &) (a + 6) is equivalent to (a + 6) x (a + h). 

Note. — Algebraic Eixpressions are said to be developed or 
easpanded, when the operations indicated by their signs and exponents 
are performed. 

26. Develop the expression (a + 5) (e? + (?). 

-4n5. ac + hc + ad -\- bd. 
2*1. Develop {x + y){x — y). 

28. Develop (a^ + i) (« + i). 

29. Expand (a:^ ^ 2a;y + yS) (a; + y). 

30. Expand (a"» + J^) (aT + J^). 

31. Expand {x -\- y + z) {x -{- y + z). 

99. How arrange different powers of the same letter f 100. How indicate the miil> 
tlpUcation of polynomialii f 
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THEOREMS AND FORMULAS. 

101. Theorem i. — The Sqvure of the Sum of two quan- 
tities is equal to the square of the first, plus twice their 
product, plus the sqicare of the second. 

I. Let it be required to multiply 
a+ b into itself. 

AnaIiYSIS. — Each term of the multipli- ^ ? 

cand being multiplied by each term of the a -\- o 



multiplier, we have a times a+ 6 and 6 times ^ + ^^ 

a + 6, the sum of which is a* + 206 + 6*. + ao + Ir 

Hence, the Ans. 0? + lah + 6^ 

Formula. (a + Vf = a^ + 206 + l^. 

102. Theorem 2. — The Square of the Difference of two 
quantities is equal to the square of the first, minus twice 
their product, plus the square of the second. 

2. Let it be required to multiply 
^ — ibya — 5. a — h 

Analysis. — Reasoning as before, the re- 



suit is the same, except the sign of the mid- ^ — ^^ 

die term 2a&, which has the sign — instead ao -\' (r 

of +. Hence, the Ans, a^ — 2ab + J^ 

Formula. (a — • Vf = a^ _ 2ab + V^. 

103. Theorem 3. — The Product of the Sum and Differ- 
ence of two quantities is equal to the difference of their 
squares. 

3. Let it be required to multiply 
a + bhja — J. a + b 

Analysis. — This operation is similar to ^ 



the last two ; but the terms + ab and —ad, ^ + ^b 

In the partial products, being equal, balance ab (r 

each other. Hence, the Ans. a^ — ^ 

Formula. {a + 6) (a — 6) = a^ __ 52^ 

— I- 

lox. What is Theorem i ? 102. Theorem 2 ? 103. Theorem 3 f 
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104. The product of tie sum of two quantities into a third, 
is eqtcal to the su*h tf their products. 

4. Let X and y be two quantities, whose sum is to be 
mwltiplied by a. Thus, 

The product of the sum (a;+y) x a = 000+ ay 

The Bum of the prodncts of a; x a+y x a = aa-¥ay 
And ax+a^ = aX'\-aiy, Hence, the 

PoRMXTLA. a(x+y)=.ax + ay. 

105. The product of the difference of two quantities into a 
third, is equal to the difference of their products. 

5. Let X and y be two quantities^ whose difference is to be 
multiplied by a. Thus, 

The product of the difference {x—y) xa = ax^ay 

The difference of the products of a? x a— y x a = ax— ay 
And ax^ay = ax— ay. Hence, the 

FoBMULA. a(x — y) = aac — ay. 

Rbmakk. — The application of the preceding principles is so frequent 
in algebraic processes, that it is important for the learner to uiuliu 
them very familiar. 

Develop the following expressions by the preceding for- 

(4a; — i) (4a: — 1). 

(5*+ i)(5^+ 0- 
(i — a;) (i — x). 

(i + 2X) (i + 2X). 

(8ft — 3a) (8ft — 3a). 

(aft + cd) {ah -\- cd). 

iza — 2y) (3a + 2y). 

(aj2 + y){^- y). 

{X — f){x-' y2). 

(2a2 + x) {20^ — x). 



luias: 
I. 1 


[a + i){a+i). 


II. ( 


2. 


{2a + i){2a + i). 


12. ( 


3. i 


[2a — ft) (2a — ft). 


13- ( 


4- 


{x + y) (a: + y). 


14. ( 


s. < 


[x^y){x-^y). 


IS. 


6. 


(i + a:) (i — x). 


1 6. ( 


7. 


{if—y){if-y)' 


17. ( 


8. 


(4m — 3w) (4m + 3^)- 


18. (. 


9- 


(a^-y)(a^ + y). 


19. (. 


10. 


(i— 7a;)(i + ix). 


20. ( 



104. What Is the product of themyn of two qnantiiiefl into a tbird eqoal tot 
ao^ 01 the ^ermcef 
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PROBLEMS. 

106. Problems requiring eacli side of the equation to be 

multiplied by equal quantities. 

1. George has 1 third as many pears as apples, and the 
number of both is 24. How many has he of each ? 

Analysis.— If x represents the num- Let X = No. apples ; 
ber of apples, then - will represent the _ 2=: pears. 

X 

number of jxears, and «+- will equal x 

3 a? + - = 24 

24, the number of both. The denomi- 3 

nator of a; is removed by multiplying 30; + iT = 7 ^ 

each term on both sides of the equation 43? = 7 2 

by 3. (Ax. 6.) The result is 30?+ a;, or . a; = 18 apples. 

42B = 72. Hence, a; = iS, the apples, 

and i8-*-3 = 6, the pears. Hence, - = 6 pears. 

107. When a term on either side of the equation has a 
denominator^ that denominator is removed hy multiplying 
every tenn on both sides of the equation hy it. (Ax. 4.) 

2. What number is that, i seventh of which is 9 ? 

Ans, 6^. 

3. What number is that, 2 thirds of which are 24 ? 

4. A man being asked how many chickens he had, 
answered, 3 fourths of them equal 18. How many had he? 

5. What number is that, i third and i fourth of which 
are 21 ? 

Analysis. — If x represent the number, then j^^ ^ __ jr^ 

X X 

wUl - +• - = 21, by the conditions. Multiplying x X 

3 4 — I — =21 

each term on both sides by the denominators 3 3 4 

and 4 separately, we have 40?+ 30? = 252. (Ax. 4.) 4^ + 3^ = 252 

Uniting the terms, 70? = 252, and x = 36, Ans. . • . a; = 36 

Proof. J of 36 = 12, and J of 36 = 9. Now, 12 + 9 = 21. 



Z07. When a quantity on either side .of an equation hae a denominatoff how r^ 
move it? 
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6. What nnmber is that, 2 thirds of which exceed i half 
of it by 8? 

7« A general lost 840 men in battle^ which equaled 
3 serenths of his army. Of how many men did his army 
oonslst? 

8. K 3 eighths of a yacht are worth $360^ what is the 
Whole worth ? 

9* If — equals 20^ to what is x equal ? 

10. If — is equal to 20, to what is x equal ? 

%x 

11. K — is equal to 24, to what is x equal ? 

12. If — is equal to 28, to what is x equal ? 

13. Henry has 30 peaches, which are 5 sixths, the number 
of his apples. How many apples has he ? 

14. A farmer had 3 sevenths as many cows as sheep, and 
his number of cows was 30. How many sheep had he ? 
How many of both? 

15. Divide 28 pounds into two parts, such that one may 
be 3 fourths of the other. 

16. A lad having given i third of his plums to one school- 
mate, and I fourth to another, had 10 left. How many had 
he at first ? 

17. What number is that, i third and i sixth of which 
are 21? 

18. What number is that, i fourth of which exceeds 

1 sixth by 12 ? 

19. Divide 36 into two parts, such that one may be 

2 thirds of the other ? 

20. One of my apple trees bore 3 sevenths as many apples 
as the other, and both yielded 21 bushels. How many 
bushels did each yield ? 




< 



CHAPTER V. 

DIVISION. 

108. Division is finding bow many times one quan- 
tity is contained in another. 

The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the quantity found by division. 
The JBemainder is a part of the dividend left after 
division. 

109. Division is the reverse of multiplication, the divi-* 
dend answering to the product, the divisor to one of the 
factors, and the quotient to the other. 

PRINCIPLES. 

110. 1°. When the divisor is a quantity of the same kind 
as the dividend, the quotient is an abstract number. 

2°. When the divisor is a number, the quotient is a quanr 
tity of the same kind as the dividend, 

3°. The product of the divisor and quotient is equal to the 
dividend. 

4°. Cancelling a factor of a quantity , divides the quantity 
by that factor, 

CASE I. 

111. To Divide a Monomial by a Monomial. 

I. What is the quotient of abed divided by erf? 

Analysis. — The divisor cdis & factor of the divi- opbbatiok. 
dend ; therefore, if we cancel this factor, the other cd ) abcd 
factor oft, will be the quotient. (Prin. 4.) Ans. ab, 

Z08. Define divisioii. The dividend. Divisor. Quotient Remainder. 109. OT 
what is division the reveree? Explain, xxo. Name tne first principle. The second. 
Tliird. Fourth. 
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2. What is the quotient of iSab divided by 6a ? 

Analysis. — Dividing the coefficient of the divi- opbutiow. 

dend by that of the divisor, and cancelling the com- 6a ) iSab 

mon factor a. we have iSdb-i-6a = 2f>, the quotient Ans. ^b, 
required. (Prin. i.) Hence, the 

EuLE. — Divide one coefficient by the other, and to the re- 
suit annex the quotient of the literal parts. 

Divide the f oUowing quantities : 

(3.) (4.) (S.) (6.) 

2C ) ^bc 4J ) 2ohxy Sxy ) ^oxy 16b ) S2ab 

(7.) (8.) (9-) 

9W ) 4sabm 2omn ) 6obcmn 24xy ) g6mnxy 



SIGNS OF THE QUOTIENT. 

112. The rule for the signs in division is the same as 
that in multiplication. That is^ 

If the divisor and dividend have like signs, the sign of the 
qtwtient will be + ; if unlike, the sign of the quotient 
will be — . 

Thus, +a X +6 = +db; hence, +ab -^ +& = +a. 

—a X +& = —06 ; hence, —ab -*-+&= —a. 

+a X —b = — a&; hence, —ab -i b = +a. 

—a X —6 = +ab; hence, +ab -i b = —a. 

Divide the following quantities : 

10. — ^labc by — 4ab. Ans. Sc. 

11. iSdbx by — $z. Ans. 

12. 2iabc by — jai. 15. ^Sabc by — Sac. 

13. — zSbcd by — 4cd. 16. 6^bdfx by gbx. 

14. sscdm by jcm. 17. — jiacgm by 8cm. 



III. How divide a monomial by a monomial? ixa. What if the rale for tb« 
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113. To Divide Powers of the same letter. 

i8. Let it be required to divide c^ by cfi. 

Analysis. — The term a* -= aaaaa, and a' = aaa. Rejecting the 
factors aaa from the dividend, the result aa, or a*, is the quotient 
Subtracting 3, the index of the divisor, from 5, the index of the divi- 
dend, leaves 2, the index of the quotient. That is, a^-^a*^ a\ 
(Arts. 31, no. Prin. 4.) Hence, the 

BuLE. — Subtract the index of the divisor from that of the 
dividend. 

Divide the following quantities: 

19. (P by d^. 22. xyz^ by xyz\ 

20. x^ by xf^» 23. iSaff^ by 4ab. 

21. a(^ by aA 24, 6xy by $y^. 

114. The preceding principles may be summed up in 
the following 

EuLE. — Divide the coefficient of the dividend by that of the 
divisor J to the result annex the quotient of the literal factors^ 
prefixing the proper sign and giving each letter its proper 
exponent. 

Proof. — Multiply the divisor and quotient together, as in 
arithmetic. 

Note. — If the letters of the divisor are not in the dividend, the 
division is escpressed hj writing the divisor under the dividend, in the 
form of a fraction. 



gSa^lr^c-T- i2ab. 
84^0^ 4- 7cPxy. 
loSaji* -J- ga^bcfi. 
i$2Xih/ifi'r- iia^s^. 
121 m%^ -J- iim^woA 

1x3. How divide powers of the same letter? 1x4. Role for diviBion of mono- 
BuiAli f Proof? If the letters of the divlBor are not in the dividend, what is done ? 



2S- 


Wnat IS tne quotient 0; 


t Sa?cU^ 


26. 


— 24a^V^(^ -5- — sab. 


32- 


27. 


— Z^ofiy^ -^ 6xyz. 


33. 


28. 


SaW -J- ab. 


34- 


29. 


— 7a^y2 -r- — xy. 


35- 


30- 


a*S«c» -^ aWc. 


36. 


31. 


i6fl856^ ^ 8fl25*c». 


37. 
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CASB II. 
ns To Divide a JP^ynomiai by a Monomial. 

1. DiYide ab + ae + adhj a. 

Akaltbib. — Since the fkctor a enters Into cvnuTRnr. 

each tenn of the dividend, it is plain that a ) ab + ac -^ ad 

each tenA of the dividend must be divisible A fig, 2 4-^4- d 
hj this factor. Hence, the 

Bulb. — Divide each term of the dividend by the divisor, 
and connect the results by their proper signs. 

NOTB. — If a polynomial which contains the same fnxetor in eoery 
term, be divided by the other quantities connected by their signs, tha 
q;ii0tient 'will be th4xtf(Utor. 

Diyide the following quautitiea: 

2. 6a^ + loa^ — 14a by 2a. Ans. 3a* + 5a — 7. 

3. 40* — 8a^ + 12^2 by — 2(fi. Ans. —202 + 40 — 6. 
4* a^ + oc^ + oei* by o. 

5* x5«^ + as^y by 5a?y. 

6. 60^— 20 + Zah by 20. 

7. -i6Jy«+43r*by-8y. 

8. 142^ — jxf by — 7a:y. 

9. x^ + xz^xhy z. 

0. 350 + 28J —42 by —7. 

1. 1 so«&— 1 50^ by so. 

2. i6afetf+ 1 2oaP — 42:0% by —40ft 

3. 40* — 200* + Sab by 40. 

4. 30J + 150% — 270^*^ by 30J. 

5. Sa^bc — i6ai^c — 200 Jei^ by 4aic 

6. 6x{a + J)« + 90!^{a + bf by 32;; 

7. IS {x^y)^ 30 {x — y) by $. 

8. oi* (J — e?) — o^ (} — c) by ax. 

9. i8o« (o + bf — i2o« (o + bf by 60* (o + bf. 
20. o»+^ — 0^2 ^ ^+s Ijy ^^ 

ns* How divide a polynomial by a ZLtmomial r 
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CASE III. 
116. To Divide a Folynatnial by a Polynomial. 

I. Divide a? + da^b + 3al^ + l^hja^ + 2db + V. 



Analysis. — For come' operation. 



a^+2ab-{ U 



a '\' t Qaot 



rUenee, we arrange the tenns cfi + 3«^ J + 3^^ + 1^ 

BO that the first or leading cfi^2Cpi'\' aV 

letter of the divisor shall be vTL ^ i m 

the first letter of the divi- ^ ^+20^+^ 

dend. The powers of this ^^ + 20^+^ 

letter should be arranged in 

order, both in the divisor and dividend, the highest power standing 

Jirgt, the next highest next, and so on. The divisor maj be placed on 

the left of the dividend, or on the right, and the quotient under it, at 

pleasure. 

Proceeding as in arithmetic, we find the first term of the divisor is 
contained in the first term of the dividend a times. Placing the a in 
the quotient under the divisor, we multiply the whole divisor by it, 
subtract the product, and to the remainder bring down as many other 
terms as necessary to continue the operation. Dividing as before, a* 
is contained in a% +b times. Multiplying the divisor by +& and 
subtracting the product, the dividend is exhausted ; therefore a +5 is 
the quotient. Hence, the 

. EuLE. — ^I. Arrange the divisor and dividend according to 
the powers of one cf their letters; and finding how many 
times the first term of the divisor is contained in the first 
term of the dividend^ plaice the result in the quotient. 

IL Multiply the whole divisor by the term placed in the 
quotient; subtract the product from the dividend, and to the 
remainder bring down as many terms of the dividend as the 
case may require. 

Repeat the operation tiU all the terms of the divideiid are 
divided. 

Note. — If there is a remainder after all the terms of the dividend 
are brou^rht down. t>lace it over the divisor, and annex it to the quotient 

ii6. How divide a polynomial by a polynomial f If theeo if a remainder, what ii 
done with it? 
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f. Diyide 4^ + 40* + J» by 2a +b. Ans. la + b. 

3. Divide a^ + 2xy + y* by a? + y. 

4. Divide 6? — 2ai + J2 by a — J. 

5. Divide cfi — 3^2^ + 3flA3 — J^ by a — 4. 

6. Divide oc + &? + arf + M by a + J. 

7. Divide ax + hx^ad ^hd by a + & 

8. Divide 22^ + yary + 6^ by a: + 2y. 

9. Divide a« — J» by a + J. 

10. Divide a? — ^ by a? — y. 

11. Divide a* — S* by a — J. 

12. Divide 6a« + 130^ + 61^ by 2a + 3J. 

13. Divide a* — a — 6 by a — 3. 

14. Divide fl^ — 3fl2a: + 3^25? — a^^-^y a — ai 

15. Divide 6a;* — 96 by 3a? — 6. 

16. Divide a^^ + 7a; + 10 by a? + 2. 

17. Divide a? — 5a? + 6 by a; — 3. 

18. Divide c^ — 2ca; + a?^ by c^x. 

19. Divide a^+ 2db + V^ \xj a + I. 
30. Divide 22 {a — Vf by 11 (a — J). 



PROBLEMS. 

1. A father being asked the age of his son, replied, My 
age is 5 times that of my son, lacking 4 years; and the 
sum of our ages is 56 years. How old was each ? 

2. John and Frank have 60 marbles, the former having 

3 times as many as the latter. How many has each ? 

3. The sum of two numbers is 72, one of which is 5 times 
the other. What are the numbers ? 

4. A man divided 57 pears between two girls, giving one 

4 times as many as the other^ lacking 3. How many did 
each have ? 

5. Three boys counting their money, found they had 
190 cents; the second had twice as many cents a^ the first, 
and the third as many as both the others, plus 4 oenta 
How many cents had each ? 
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6. A farmer has 9 times as many sheep as cows^ and the 
number of both is 200. How many of each ? 

7. Divide 57 into two ?iaeh parts that the greater shall be 
3 times the less, plus 3. What are the numbers ? 

8. Given 2a; + 4a; + ic — 3 = 60, to find x, 

9. A and B are 35 miles apart, and travel toward each 
other, A at the rate of 4 miles an hour, and B, 3 miles. In 
how many hours will they meet ? 

lOo Given a + 5a + 6a + 2a + j = 119, to find a. 

11. Given 85 + 5} + 7* — 10 = 130, to find b. 

12. A lad having 60 cents, bought an equal number of 
pears, oranges, and banfuias; the pears being 3 cents apiece, 
the oranges 4 cents, and the bananas 5 centSo How many 
of each did he buy? 

13. A cistern filled with water has two faucets, one of 
which will empty it in 5 hours, the other in 20 hours. How 
long will it take both to empty it ? 

14. Given a: + - = 45, to find as. 

3 

15. What number is that, to iha half of which if 3 be 
added, the sum will be 8 ? 

16. Three boys have 42 marbles ; B has twice as many as 
A, and three times a^ many as A. How many has each ? 

17. If A has 2a; dollars, and B twice as many as A, and 
C twice as many as B, how many have all? 

:8. Divide 40 into 3 parts, so that the second shall be 
3 times the first, and the third shall be 4 times the first. 

19. A man divided 60 peaches among 3 boys, in such a 
manner that B had twice as many as A, and a^ many as 
A and B. How many did each receive ? 

20. Divide 48 into 3 such parts, that the second shall be 
equal to twice the first, and the third to the sum of the first 
and second ? 

21. What number is that, to three-fourths of which if 5 
oe added, the sum will be 23 ? 



CHAPTER VI, 

FACTORING. 

117. Factors are quantities which multiplied together 
produce another quantity. (Art S6.) 

118. A Composite Quantity is the product of two 
or more integral factors, each of which is greater than a 
unit 

Thus, 3a, S^9 also a^, are composite quantities. 

119. Factoring is resolving a composite quantity 
into its factors. It is the converse of multiplication. 

120. An Fxact Divisor of a quantity is one that will 
divide it without a remainder. Hence^ 

NoTB. — ^The Fiutors of a quantity are always exact dimsora of it, 
toad vice versa. 

121. A Prime Quantity is one which haa no integral 
divisor^ except itself and i. 

Thus, 5 and 7, also a and 5, are prime quantities. Hence, 

Note. — ^The kast divisor of a composite quantity is a prime factor. 

122. Quantities are prime to each other when they 
have no common integral divisor, except the unit i. 

Thus, II and 15, also a and be, are prime to eacli other. 

123. A Multiple is a quantity which can be divided 
by another quantity without a remainder. Hence, 

A multiple is a, product of two or more factors. 

117. What are fiM^torsf zid. A compoeite quantity T 1x9. What Is factoring T 
An exact diyiflorf zaz. A prime quantity f taa. When prime to each other? 
Amnltiptof 
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PRINCIPLES. 

12%. i^. If one qtianiity is an exact divisor of anotJier, 
the former is also an exact divisor of any multiple of the 
latter. 

Thus, 3 is a divisor of 6 ; it is also a divisor of 3 x 6, of 5 x 6, etc 

2°. If a quantity is an exact divisor of each of two other 
quantities, it is also an exact divisor of their sum, their dif- 
fercnce, or their product 

Thus, 3 is a divisor of 9 and 15, respectively ; it is also a divisor of 
9+15, or 24 ; of 15—9, of 6 ; and of 15 x 9, or 135. 

3°. A composite quantity is divisible by each of its prime 
factors, by the product of two or more of them^ and by no 
other quantity. 

Tlius, the prime factors of 30 are 2, 3, and 5. Now 30 is divisible 
by 2, by 3, and by2X3;by2x5;by3x5; by 2x3x5, and by no 
other number. 

CASE I. 
125. To Find the Prime Factors of Monomials. 

I. What are the prime factors of i2a^^ 

Analysis. — ^The coefficient 12 = 2 x 2 x 3, and aV) = cuib. There- 
fore the prime factors of i2a^b are 2 x 2 x ^cuxb. Hence, the 

BcJLE. — Find the prime factors of the numeral coefficients, 
and annex to them the given letters, taking each as many 
times as there are units in its exponent. 

Note. — ^In monomials, each letter is a factor. Hence, the prime 
factors of literal monomials are apparent at sight. 

Resolve the following quantities into their prime factors : 



i 



2. 


iSxh/^. 


Ans. zxsxxyyy. 


3. 


i8a2J8. 


7. I'jx^y^z. 


4- 


2o&ry. 


8. 2$aV^c3?. 


S- 


35«'*^A 


9. T^a^bc^d. 


6. 


2lXt^sfi. 


10. 6sm^n^, 



Z34. Name Principle z. Principle s. Principle 3. xa^. How tUi4 tlie prime Dk- 
torB of monomialit 
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CASE II. 
126. To Factor a Polynomial. 

1. Eesolve ^l + ^ab — 6ac into two factors. 

Analysis. — By inspection, we per- opiratioh. 

ceive the factor 2a is common to 2a ) ^h + 8a^ — dac 

each term ; dividing bj it, the quo- 20^+4^ — 2fi 

tient 2«ft+46-3C is the other factor. ^^^ ^^ Uab + 4^ _ 3c) 
For convenience, we enclose this fac- 
tor in a parenthesis, and prefix to it the factor 20, as a coefficient 

Pboof. — ^The factor (206 + 46— 3c) x 2a=4a'& + 8a&— 6a<j. Hence, the 

Bulk — Divide the polynomial by the greatest common 
monomial factor ; the divisor will he one factor^ the quotient 
the other. (Art 1 15.) 

NOTB. — ^Any common factor, or the product of any two or more 
common factors, may be taken as a divisor; but the result will vary 
in form according to the factors employed. (Ex. 2.) 

2. Eesolve aV) + oJ* into two factors, one of which shall 
be a monomial Ans. db (a+J), a {db+W), or b {a^ + ab). 

3. Factor a + cA + ac. Ans. 0(1 + J + ^)« 

4. Factor by + bc+ ^. 

5. Factor 2wx + zay — ^/m. 

6. Factor ^cx — dbcx — yxbo* 

7. Factor Zdmn ^ 24dnu 

8. Factor 35:fm + i4ax. 

9. Factor 2'jbdx ^ S4dmy. 

10. Factor 6a^ + ga^c. 

11. Factor 2iaa?y + ZS^^V* 

12. Factor 25 + 152^ — 200^. 

13. Factor x '\' 01? -{• ofi. 

14. Factor 3a; + 6 — gy. 

15. Factor igaH^igcfi. 

i«tf. How fluster a polynomiill 
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CASE III. 
127- To Resolve a l^nomial into two equal Binomial Factors. 

1. Resolve a^ + 2xy + y^ into two equal binomial factors. 

Analysis. — Since the square of a ofhration. 

quAntity is tlie product of two equal y^— Xy V^ = y^ 

factors (Art. 30), it follows that the ^ ^ « 

square root of a quantity is one of the * * "^ sf'Ty^ 

two equal factors which produce it. C'^+y) ip + V)* -AflS. 

(Art. 32.) Therefore the square root of 

tfi is OJ, that of ^ is y. And since the middle temr 2xy is twice the 

product of these two terms, a^ + 2a^+y* must be the square of the 

binomial x+y. Consequently, a?+y is one of the two equal binomial 

factors. 

2. Eesolve x^ — 2xy + y^ into two equal binomial factors. 

Analysis. — Reasoning as before, the operation. 

quantity Q?—2xy+y^ is the square of \/^ = Xy V^ = V 

the residual x—y. Therefore, the two . ^ _i_ 2 

equal factors must be x^y and x—y, ' ' y "V y 

Hence, the {^^V) (^ — }/)> -4/J5. 

BuLE. — Find the square root of each of the square terms, 
and connect these roots hy the sign of the middle term. 

Note. — A trinomial, in order to be resolved into equal binomial 
factors, must have two of its terms squares, and the other term ttmce 
the product of their square roots. (Art. loi.) 

Eesolve the following into two equal binomials: 

3. a^ + 2db + 52. 9. ^ + 2^ + I. 

4. Q?^2xy + y\ 10. I — 2c8 + c*. 

5. rrfi + ^mn + ^n\ 11. ar^ + 2af»^ + y^. 

6. i6a* + 8a + I. 12. 4a** — 40** + i. 

7. 49 + 70 + 25. 13. «* + 2aW + J*. 

8. 4a' — 12a} + 952, 14. a^ + 2a7?y + ^. 



197. How resolYO a trinomial into eq[iial bloomial flMtors f 
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Case iv, 

12& To Factor a Binomial consisting of the ZHfferenee of 

two Squares. 

I. Besolye 40? ~ 9^* into two binomial factors. 

Analtbib.— Both of these tenns oi«ratioh. 

sie squares ; the root of the first is V4^ = 2a 

2a, that of the second is 36. But the /-^ t 

difference of the squares of two quan- \^ m 

titles is equal to the product of their •'" 4^ — 9^ = 

sum aud difference. (Art. 103.) Now (2a + 3A) (2a— 3&), -4;m. 
the sum of these two quantities is 

2a + 3&, and the difference is 2a — 36 ; therefore, 4^' — 96^ — 
(2a + 36) (2a— 36). Hence, the 

EuLB. — Mnd the sqtiare root of each term. The sum of 
these roots will be one factor, atid their difference the other. 

KoTB. — This rule is one of the numerous applications of the foi^ 
mula contained in Art 103. 

2. Eesolve a^ — a? into two binomial factors. 

3. Eesolve go? — 16^ into two binomial factors. 

4. Eesolve y^ — 4 into two binomial factors. 

5. Eesolve 9 — a? into two binomial factors. 

6. Eesolve c? — i into two binomial factors. 

7. Eesolve i — J^ into two binomial factors. 

8. Eesolve 25^^ — 16J* into two binomial factors. 

9. Eesolve 4a:* — y^ into two binomial factors. 
10. Eesolve i — 160^ into two binomial factors. 

II. Eesolve 25 — i into two binomial factors. 

12. Eesolve a:* — y* into two binomial factors. 

13. Eesolve ah^ — ^^ into two binomial factors. 

14. Eesolve m* — n^ into two binomial factors. 

15. Eesolve a?"* — h^ into two binomial factors. 

uiL 9aiF Victor 4 i^inomial consiBtiDg ot tba dUtorattO^ Qt Vvq v){(>Km^\ 



I 
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CASE V. 

129. Various classes of examples of higher powers may be 
factored by means of the following 

PRINCIPLES. 

1°. The difference of any two powers of the same degree is 
divisible by the difference of their roots. 

Thus, (aj»-^ -#- (aj-y) = aj+y. 

(aJ*— y*) -*- (x—y) = ofi+a^y+x^/^+t^. 

2°. J%e difference of two evenpotvers of the same degree is 
divisible by the sum of their roots. 

Thus, (aj»— y«) -»- (a;+y) = oj— y. 

(aj*— y*) •#- (a?+y) = a!»—aj*y+ajy*— y*. 

(aj«— y«) -»- (a?+y) = aj*— aj*y+ajV— a:V+a:y*— y'. 

3®. ?%e 5WW o/i^z^o odd powers of the same degree is divi- 
sible by the sum of their roots. 

ThuB, (7?+^) -»- (aj+y) = aj*— ajy+y*. 

(«"+y*) -»- (aJ+y) = a;*— «»y+a^y*— ^+y*- 

(ajHy') -*- (aj+y) = a?*— aj^y+a^V— «V+^y*—^+y*»©tCL 

NOTB.— The indices and «^rn« of the quotient follow regular laws : 
ist. The index of the^'«^ letter regularly decreases bj i, while that 
of ^e following letter increases by i. 

2d. When the difference of two powers is divided by the difference 
of their roots, the signs of all the terms in the quotient are plus. When 
their sum or difference is divided by the sum of their roots, the odd 
terms of the quotient are plus, and the efoen terms minus. 

^^ If the principles and examples of this Case are deemed too 
difficult for beginners, they may be deferred until the Binomial 
Theorem is explained. (Arts. 268-270.) 

zag. Becite Prin. z. Prin. a. Prin. 3. Note. What Ib the index of the fint ]e% 
ierf Of the foUowing letter t What 1b said of th« i^guA^ 
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130. To Factor the Difference of any two Powers of the 

same Degree. 

1. Sesolye «* — y* into two filters. 

Solution.— The binomial (a?— y*) -i- («— y) = a^+ay+y*. .*. «— y 
and a^+a^+^ aie the factors. (Prin. i.) Hence, the 

BdLE. — Divide the difference of the powers by the differ^ 
ence of the roots; the divisor will be one f actor ^ the quotient 
the other. 

Besolve the following into two &ctors: 

2. a;* — I. 4. a;^ — I. 

3. a;^ — /. 5. 1 — 3658. 

131. To Factor the Difference of two even Powers of the 

same Degree. 

6. Eesolve a* — J* into two fectors. 

Solution.— By Prin. 2, a^—¥ is divisible by a-f-6. Thus, (a«— 6*) 
-*- (a+6) = a*— a'6+a6*— 6*, the divisor being one factor, the quotient 
the other. Hence, the 

BuLE. — Divide the difference of the given powers by the 
sum of their roots; the divisor will be one factor y the quo- 
tient the other. (Art. 129, Prin. 2.) 

Eesolve the following quantities into two factors; 

7. ff^ — a^. 10. a:* — 1. 

8. d^^s^. II. I— a^. 

9. o^ — J*. 12. o^— I. 

132. To Factor the Sum of two odd Powers of the same 

Degree. 

13. Eesolve afi + b^ into two factors. 

Solution. — Dividing a^+b^ by a+b, the factors are a+b and 
a'— aft+6^« (Prin. 3.) Hence, the 

EuLB. — Divide the sum of the powers by the sum of the 
roots; the divisor and quotient are the factors, 

130. How ihctor the difference of any two powers of the elime degree ? 131. How 
fubor the difference of two eyen powera of the same degree T 139. The tum of two 
odd poirei* of the game degree t 
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Beeolye the following quantities into two factors: 
14. af^ + ]^. 17. i+y^. 

IS- a* + !• 18. I + a*. 

16. a* + I. 19. I + J^. 

133. It will be observed that in the preceding examples 
of this Case, binomials have been resolved into two factors. 
These factors may or may not be prime factors. 

Thus, in Ex. 6, «*-&* = («+&) (a»-(i«6+aft»--&»). But the /actor 
(a^—a^b+ai^—b^ is a composite quantity = (a— 6) (a* +6*). 

134. When a binomial is to be resolved into prime fac- 
tors, it should first be resolved into two fectors, on<^ of 
which is prime; then the composite factor should be 
treated in like manner. 

20. Let it be required to find the prime factors of a* ^ ¥. 

Solution.— The ^a* = a^, and >y^ = 6*. (Art. 128.) 

Now «:*-&* = (a«-62) (a2 + 52). But a«-6« = (a+b) (a-b). (Art. mj.) 

Therefore the prime factors of «*— &* are («*+&*) (a +6) (a— 6). 

Eesolve the following quantities into their prime factorl * 

21. a* — I. Ans. {a^ + i) (« + i) (a — i). 

22. I — y*. Ans. (i + f) (i + y) (i — y). 

23. T^ — 'f. 

Ans. (a?» — a;y + f) (a?^ + rcy + y^) {x + y){x^ y). 

24. ic* — 22%® + y*. 

Ans. {x^ — fy z={x + y){x + y) {x — y) (a; — y). 

25. a:* — I. 

Ans. (x + i){x^ i){x^ + x+ i){a?'-x+ 1). 

26. cfi + 2aW + V. 

Ans. {a + b){a + b) (a® - aJ + js) (^a _ ^j 4. ^/ 

27. a' + 9a + 18. -4;i5. {a + 6){a + 3). 

28. 40? — 1 2ab + 9S®. -4w5. (2a — 3 J) (2a - 3S) 

(See AppeDdiz, p. 984.) 



CHAPTER VIL 

DIVISORS AND MULTIPLES. 

135. A Common Divisor is one that will divide two 
or more quantities without a remainder. 

136. Commensurable Quantities are those which 
haye a common diyisor. 

Thns, dt^ and dbc are oommensiirable bj a&. 

137. Incommensurahle Quantities are those 
which have no common divisor. (Art 122.) 

Thus, db and wyz are Incommensurable. 

138. To Find a Common Divisor of two or more Quantities. 

1. Find a common divisor of abxy acy^ and adz. 

Analysis. — ^Resolving the given quanti- opbratioh. 

ties into factors, we perceive the factor a, is di^ := axbxx 

common to each quantity, and is therefore a act/ := axcxy 

common divisor of them. (Art. 119.) Hence, ^j^ =z axdxz 

*^® Arts. a. 

Rule. — Resolve each of the given quantities into factors^ 
one of which is common to all. 

Find a common divisor of the following quantities : 

2. zabcd and Qo&m. Ans. 3a J. 

3. a?yz and 2a Ja;. 6. 2ax, 6hx, 14CX. 

4. My hcdj aVxy. 7. 35mw, ^m% 42mhi. 

5. 2abc, ac2^y cficy. 8. 24a% i2al^, 6a^U^. 



135. Whatisa commofi diriflor? 136. Commentarable qaantitlM f 137. Incmn- 
BMiMiimUeqiuaitidMr 138. HowflndaconimondiritoroftwoormoreqiiAtitltletr 
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139. The Crveatest Common Divisor of two or 

more quantities is the greatest quantity that will divide 
each of them without a remainder. 

Notes. — i. A eomman divisor of two or more quantities is always a 
eammon factor of those quantities, and the g, c. d.* is their greatest 
eommon factor, 

2. A common divisor is often called a common measure, and the 
greatest common divisor, the greatest common measure. 



PRINCIPLES. 

140. 1°. The greatest common divisor of two or more 
quantities is the product of all their common prims factors. 

2°. A common divisor of tioo quantities is not altered hy 
multiplying or dividing either of them hy any factor not 
found in the other. 

Thus, 3 is a common divisor of i8 and 6 ; it is also a common divisor 
of i8, and of (6 x 5) or 30. 

3°. The signs of a polynomial may be changed by divid- 
ing it by — I. 

Thus, (— 3a+4&— 5<J)-! — i = 3a— 46+ 5c. (Art. 112.) Hence, 

4°. Tlie signs of the divisor, or of the dividend, or of both, 
may be changed without changing the common divisor. 

141. To Find the Greatest Common Divisor of {Monomials by 

Prime Factors, 

I. What is the gr. c. d, of ssacx, 2Sabc, and 2iay? 

Analysis. — Resolving the ofebation. 

given quantities into their prime ^cacx= S X7 XaxCXX 

factory 7 and a only, are com- 2Sabc = 2 X2 X7 Xaxbxc 

mon to each; therefore their 

product 7xa, is the g. c.d. re- ^^^^ -3X7Xaxy 

quired. (Prin. i.) •*• 7 X a = 7«. ^ns. 

X39. What is the greatest common divisor of two or more qnantities f I^ote x. 
What is trae of a common divisor of two or more qnantities ? Of the g. e, d. f 
X40. Name Principle z. Principle 3. Principle 3. 

* The initials ff. c. d, are used for the greatest common divisor. 
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2. Find the g. c. A. of /^Vc, \o(fV^ and \^abdx. 

Analtbis. — ^Resolving these quan- opbratioh. 

titles into their prime factors, the i^Vc = 2 X 2 X OOabbc 

factor 2 is common to the coefficients; loc^lfl := 2 X 5 X aahbb 

also, a and & are common to the lit- i^dx = 2 X 7 X dbdx 

eral parts. Now multiplying these ^ r i 

. ^ ^ XV V ^^- 2 X a X * = 20^ 

common factors together, we have 

2 X a X & = 2ab, which is the g, c. d. required. (Prin. i.) Hence, the 

BuLE. — Resolve the given quantities into their prime fac- 
tors; and the prodtict of the factors common to all, will be 
the greatest common divisor. (Prin. i.) 

Note. — In finding the common prime factors of the literal part, 
give each letter the least exponent it has in either of the quantitittl 

3. Find the g.cd. of 6a^(? and QoJe?. 

4. Of i6ah^y and iSaca^. 

5. Of i2(^Irhfis^ and i6a^a^. 

6. Of daJ^T^, iic^a^s^y ana iScMA 

142. To Find the Greatest Common Divisor of Quantities by 

Ckmtinued Ikivision, 

I. Required the greatest common diTisor of 30a; and 42a;. 

Analysis. — ^If we divide the greater operation. 
quantity by the less, the quotient is i, Z^^ ) 4^^? ( I 
and 12^ remainder. Next, dividing the 30a; 
first divisor 300?, by the first remainder v / 
I2ir,the quotient is 2 and the remainder ' ^ ^ 
60?. Again, dividing the second divisor ^ 
by the second remainder, the quotient 6x) 1 2a; ( 2 
is 2 and no remainder. The last divisor, ^ 2X 
60^ is the ^* c. d. 

Demonstration. — Two points are required to be proved : 
ist. That 69; is a common divisor of the given quantities. 
2d. That dx is their greatest common divisor. 
First. We are to prove that 6a; is a corrmwn divisor of 30a; and ^2%. 
By the last division, bx is contained in 120;, 2 times. Now as 6x is a 



14X. How find the g. e. d. of monomials by prime fkctort ? NoU. In finding the 
prime flictora of the literal part, what exponents are given ? 
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divisor of I2fl;i it is also a divisor of the product of 12a; into 2, or 24^ 
(Art 124, Prin. i.) Next, since 6a; is a, divisor of itself and 24a;, it 
most be a divisor of the sum of 6a;+ 2^^ or 30a;, which is the amaUer 
quantity. For the same reason, since 60; is a divisor of 12a; and 30a;, it 
mast also be a divisor of the sum of 12a; +30?, or 420;, which is the 
larger quantity. Hence, 6a; is a common divisor of 300; and 420;. 

Second. We are to prove that 621; is the greatest common divisor of 
30a; and 4201 

If the greatest common divisor is not 6x, it must be either greater 
or less than 6a;. But we have shown that 6a; is a common divisor of 
the given quantities ; therefore, no quantity less than 6a; can be the 
greatest common divisor of them. The assumed quantity must there- 
fore be greater than 6a;. By supposition, this assumed quantity is a 
divisor of 30a; and 42a; ; hence, it must be a divisor of their difference, 
420^—300;, or 12a;. And as it is a divisor of 12a;, it must also divide the 
product of 12a; into 2, or 24a;. 

Again, since the assumed quantity is a divisor of 300; and 24a;, it 
must also be a divisor of their difference, which is 6a; ; that is, a greater 
quantity will divide a less without a remmnder, which is impossible. 
Therefore, 6a; must be the greatest comm^on divisor of 30a; and 42a;, 
the second point to be proved. Hence, the 

EuLE. — Divide the greater quantity by tJie less, then divide 
the first divisor by the first remainder, the second divisor by 
the second remainder, and so on, till there is no remainder. 
The last divisor will be the greatest common divisor. 

Note. — If there are more than two quantities, find the g. c. d, 
of the smaller two, then of this common divisor and a third quantity, 
and so on with all the quantities. 

2. What is the g. c. d. of 48a, 72a, and io8a? 

Suggestion. — The gr. c. d. of 48a and 72a is 24a ; and that of 24a 
and io8a is 12a. Therefore, 12a is the g. c. d. required. 

142, a. The Greatest CommonJDivisor of^oly^ 

nomials is found by the above rule, as illustrated in the 
following examples: 



X43. Show upon the blackboard the truth of this mlet 142.0. How find tlit 
jf. «. d. of polynomials ? 



DIYISOBS. 



J. What 18 Vbeg. cd. of 4ef^ aw? + 15a + ao 
i? — 6a + 8? 

4tf — 2I£I? + 15a + 20 

jefi — 24cfi + 32a 



66 



and 



+ 3fl?— 17a + 20 
4- 3fl^ — i8a + 24 



<lf — 6a + 8 irtdiTlMr. 
4a + 3 utqaollflDi 



i]^_6a + 8 
g* — 40 

— 2a + 8 

— 2ff + 8 



ff — 4 



a — 2 



lit lematnder and ad dlflMr. 
ad quotient 



^n^. a — 4* 



Ahaltbib. — ^Dividing the greater quantity bj the less, the remain* 
der 18 a— 4. Again, dividing the first divisor by the first remainder, 
the quotient is a— 2, and no remainder. The last divisor, a^4, is the 
greatest common divisor. 

143. It is sometimes necessary, in order to avoid frac- 
tions, to introduce a factor into one ot both the given 
quantities, or to cancel one before finding the greatest com- 
mon divisor. 

It is also sometimes necessary to change the signs of 
the divisor or dividend, or of both. (Art. 140, Prin. 4.) 

4. What is the g.c.d. of a?'— 2xy + ^ and a? — y'P 



Analysis. — Dividing the 
greater by the less, the first 
remainder is — 2xy + 2^. 
Cancelling from it the com- 
mon factor 2yy we have for 
the second divisor — OJ + y. 
Changing the signs, it be- 
comes x—y. (Art. 140, Prin. 4.) 
Dividing as before, the quo- 



OFEBATION. 

rc^— 2a:y+ y^ 
7? — 3/8 



2j/)—2xy+2y^ 



Divisor, ^X + y 

or, a;—?/ 



Quotient, X + y 



^ — y^ Divisor. 
I Quotient. 



rr8— y» 



tient is a?+y, and no remainder. The last divisor, a;— y, is the greatest 
common divisor. 



C43. How does it affect the g. c. d. if a foctor is introduced into either or both tht 
fiven quantities f How if one is cancelled t W bat Ia tT\i« ot Vtie %\xqi> 
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S. What lis the g.cd.ot 405? — 6a:« — 4a: 4 3 
2«8 + a8 + a? — I? 

OPEBATIOV. 



and 



"* 43^8 — 6a;? — 4a; + 3 



ilTiden^ 



^ •\' 2X^ + 2X — 2 



2d divisor. 


-_ Zx^ — 6a; + 


_5_ 
■ a: 

5 
16 


ad quotient, 
3d dividend, — 


. 8a:3 — ex + 
■ 8a:2 ^ 36a; — 


— 


21) — 42a; + 


21 



481 divisor, 
4th qnotient, 



2a; — - I 



— a; + 4 



2a:8 + a:^ ^ a; — j ,Btdivisor. 

2 ist qnotlent 

Sa:^ + 4a:* + 42; — 4 2ddlvldend 

^7? + 6oG^-- 5a; 





— 2a« 


J- 

1 


gx 


4 3d divisor. 


4 


2a?^ + 
2a:2 + 


9a? 

X 


-4 


3d quotient. 
4tli dividend. 


c?. 




^x 
8a; 


— 4 

— 4 





••. 2a: — I is the g. c. d. 

Akalysis. — Dividing the greater by the less, the first term of the 
first remainder, —2>x^, is not contained in 2aj^, the first term of the 
second dividend. We therefore multiply this dividend by 4, and it 
becomes 8a;^ + 4ar^ + 4a;— 4, and dividing tliis by the second divisor, the 
second remainder is —20;^ + 90;— 4. Dividing the preceding divisor by 
this remainder, we see that the third remainder, —42a; +21, is not 
contained in the next dividend. Cancelling the factor —21, the fourth 
divisor becomes 2a; — i, the greatest common divisor required. 

Find the g. c. d. of the following quantities: 

6. a^ — y^ and a^ — 2xy + ^. 

7. a^ + h^ and a^ + 2ah + J^. 

8. ^ — 4 and V^ + /^i + /^ 

9. 01^ — 9 and a;^ + 6a? + 9. 

10. a^ — 3« + 2 and c? — a — 2. 

11. a^ + 3a^ + 4a + 12 and d^ + /^c? + 4a + 3. 

12. a;8 _|. I aj3(j r;^ ^ ^^^^^a ^ y^a; + i. 

13. d^ — V and c? — ^. 

14. a^ — - ^ab + 4&2 and a^ — d^h + 30^ — - 3J*. 

15- 33;** — loa;^ 4- 15a; 4' 8 and a;*^ — 2a;* — 6a;^ 4- 4a? 



k + 13a? + 6. 
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MULTIPLES. 

144. A Multiple is a quantity which can be divided 
by another quantity without a remainder. (Art. 123.) 

145. A Common Multiple is a quantity which can 
be divided by two or more quantities without a remainder. 

Thus, i8a is a common multiple of 2, 3, 6, and 9. 

146. The Least Common Multiple of two or 

more quantities is the least quantity that can be divided by 
each of them without a remainder. 

Thus, 21 is the least common multiple of 3 and 7 ; 30 is the least 
common multiple of 2, 3, and 5. 



PRINCIPLES. 

147. I®. -4 multiple of a quaiitity must contain all the 
prime factors of that quantity. 

Thus, 18 is a multiple of 6, and contains the prime factors of 6 
wliich are 2 and 3. 

2°. A common multiple of two or more quantities must 
contain all the prime factors of each of the giveii quantities. 

Thus, 42, a common multiple of 14 and 21, contains all the prime 
factors of those quantities ; viz., 2, 3, and 7. 

3°. The least common multiple of two or more quantities 
is the least quantity which contains all their prime factors, 
each factor being taken the greatest number of times it occurs 
in either of the given quantities. 

Thus, 30 is the least conmion multiple of 6 and to, and contains all 

the prime factors of these quantities ; viz., 2, 3, and 5. 

— -- — - - — — ^ 

X44. VHiat Sb a mnltiple? 145, A common multiple? 146. The least common 
mnltiple? s^^. IViunePiliicipioz* Principles. Principto^, 
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148. To Find the Least Common Multiple of Monomials by 

Prime Factors. 

1. Find the I, e, m.* of 15^^, si^cx, and gic^z. 

ANAiiYSis. — ^The prime factors opbratioh. 

of the coefficients are 5, 3, and 3. 150*2:^ =:3X5Xa*xa^ 

The prime factors of the letter a ^ff^cx =z ^xl^XCXX 

are a, a, a, a, which are denoted by qbc^z = %X'\xbx(^XZ 

«•. Ill like manner the prime fao- ^^^ 4sam^Z. 

tors of iE are denoted by aj^, those of 

J> by b\ and those otchyc^; e is prime. Taking each of these factors 
the greatest number of times it occurs in either of the given quanti- 
ties« the product, 4sa^(Mz, is the L c. m* required. (Art. 147, Prin. 2.) 
Hence, the 

EuLE. — Resolve the quantities into their prime factors ; 
multiply these factors together, taking each the greatest num^ 
ler of times it occurs in either of the given quantities. The 
product is the h c. m. required. 

Or, Find the least common multiple of the coefficients, and 
annex to it all the letters, giving each letter the exponent of 
its highest power in either of the quantities. 

Note. — ^In finding the I. c. m. of algebraic quantities, it is often 
more expeditious to arrange them in a horizontal line, then divide, 
etc., as in arithmetic. 

Eequired the L C. m. of the following quantities : 

2. 9a^, i2ah^, and 2^a3i?y. Ans. 'j2ah^. 

3. yab^c, 286c®, and 56a*W. 

4. i6a^y^z, 2oy^z, and Sxyifi. 

5. i$aWc, ^a¥d^, and iSa^bcf^. 

6. 2Sab% i4a^¥, ssa^b^, and 42a*J. 

7. 2ia:ih/^z% 3S^1^^9 and O^xy^z. 

8. ym^n^y, i2m%^, and ^mn^y^. 



X48. How And the {. o. tn. of monomials by prime fiictors f What other methodt 
' The iDitiala h c. tiu are used for the least common multiple. 
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149. To Find the Least Common Multiple of Polynomials. 

9. Beqnired the I. cm. of a^ + S* and €?^V. 

Analysis. — Resolving opbbatioh. 

file quantities into their fl*— ^ =(« + *) X (a— i) 

prime factors, as in the O^+S* = {« + *) X («*— 0^ + ^) 

margin, (a+h) is common /^ + j) y^ /^_j) ^ Ufi^ab+m = 

(Art. 139.) Nowmultiplj- 

ing these factors together, taking each the greatest namber of times 
it occurs in dther of the given quantities, the product a*—<j^ + ati^—h^ 
is the !• c. 9i». reqniied. (Art 148.) 

Second Method. 

Since the g, c. d. contains all the factors common to both quan. 
titles (Art. 147, Prin. 2), it follows if one of them is divided by the 
ff, c, cl. and the quotient multiplied by the other, the product will 
be the L €• m. Hence, the 

BuLE. — Resolve the quantities into their prime factors 
and multiply these fa/itors together^ taking each the greatest 
number of times it occurs in either of the given quantities. 
Their product is the I. c. m. required. 

Or, Find the greatest common divisor of the given qnanti* 
tiesy and divide one of them by it. T/ie quotient, multiplied 
by the other, will be their I. c, m. 

10. Find the ?• c. m. of 2a — i and 40^ — i. 

Solution.— The g. c. d. is 2a— i. Now (4a'— i)h-(2«— i)=(2a + 1) ; 
and (2a+ 1) X (2a— i) = 4a'— i, Ans. 

Find the ?• c. m. of the following quantities : 

11. a? — i^ and Q^ ^ 2xy + y^. 

Ans. a^^a^y -^xi^ + y^. 

12. £1? — i> and a» — V. 

13. fl^ — I and a^ + 2a; + I. 

14. 2c? + 3a — 2 and 6a^ — a — i. 

15. m' + wi — 2 and m^ — i. 

(See A|)p«mdix, p. 384O 



CHAPTER VIII. 
FRACTIONS. 

150. A Fraction is one or more of the equal parts into 
which a unit is divided. 

151. Fractions are expressed by two quantities called the 
numerator and denominator, one of which is written below 
the other, with a short line between them. 

152. The Denominator is the quantity Mow the 
line, and shows into how many equal parts the unit is 
divided. 

153. The Numerator is the quantity above the line, 
and shows how many parts are taken. 

Thus, the expression - shows that the quantity is divided into h 
equal parts, and that a of those parts are taken. 

154. The Unit or Sase of a fraction is the quantity 
divided into equal parts. 

155. The Terms of a fraction are the numerator and 
denominator. 

156. An Integer is a quantity which consists of one 
or more entire units only; as a, 3a, 5, 7. 

157. A Mixed Quantity is one which contains an 
integer and a fraction. 

OS 

Thus, a + - is a mixed quantity. 
c 



Z50. What is a fraction? 151. How expressed? 153. What does the denomina* 
tor show? 153. The numerator? 154. What is the base of a fhiction ? 155. Th« 
^ terms of a fraction ? 156. An integer ? zsj. A mixed qnantity ? 
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158. Fractions arise from division, the namerator being 
the dividend and the denominator the divisor, nenee, 

159. The Value of a fraction is the quotient of the 
numerator divided by the denominator. 

12m 
Thus, the valae of 6 thirds is 6-1-3, which is a ; of — — is 3111. 



SIGNS OF FRACTIONS. 

160. Every Fraction has the sign + or — , expressed 
or understood, before the dividing line. 

161. The Dividing Idne has the force of a vincu^ 
ium or parenthesis, and the sign before it shows that the 
value of the whole fraction is to be added or subtracted. 

162. Every Numerator and Denominator i» 

p^eceded by the sign + or — , expressed or understood. 
In this case, the sign affects only the siiigle term to which 
it is prefixed. 

' 163. If the Sign before the Dividing Linv is 

changed from + to --, or from — to +, the vahte of the 
ixaction is changed from + to — , or from — to + . 

_, bx — cx — dx I jix 6a; — cjj — cfaj 
Thus, a + = a + 6 — c — a; but a = 

X ' X 

a — h + c + d, 

164. If all the Signs of the Numerator are 

changed, the value of the fraction is changed in a corre- 
sponding manner. 

Thus, = + « + 6; but = — a — 6, 

X X 

M_ ■ - ^ 

X58. From what do fractions arlpc? 159. What Is tho value of a fraction? 
x6o. What is prefixed to the dividing lino of a fraction ? 161. What 1h the force of 
the dividing line? 163. By what is the numerator and d<inominator precfuled ? 
How flftr does tho force of this sign extend? 163. If the nlgn before the dividli.g 
line is changed, wliat is the eSeci ? 164. If all the signs of the numerator are 
changed r 
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165. If all the Signs of the Denominator are 

■ 

changed, the value is also changed in a corresponding 
manner. 

Thus, — = +a; but — = —a. Hence, 

166. If any two of these changes are made at the same 
time, they will balance each other, and the value of the 
fraction will not be altered. 

_, ab —ab — cib db 

. , db — ah db ^ ab 

Also, — i- = — =— = — =■ = =7 = — a. 

& h —h —h 



PRINCIPLES. 

167. The principles for the treatment of fractions in 
Mgebra are the same as those in Arithmetic. 

1°. Multiplying the numerator^ or \ Multiplies the 
Dividing the denominator^ J fraction. 

-- 2X2 4 2 . , 2 2 

Thus, - = 5 = -. And - = - • 
6 63 6-T-2 3 



2 . Dividing the numerator, or ) t^ • • 7 .y ^ ^ . 
■Mr j^' 7 . ^77 .J y Divides the fraction. 
Multijnymg the denominator, ) '' 

j^ 2-f-2 I . , 2 2 1 

6 6 6x2 12 6 

3°. Multiplying, or dividing both ) Does not change its 

terms by the same quantity ) value. 

-^ 2x2 4 2 I ., 2-T-2 I 

Thus, = — = - = -. And = - 

6x2 12 6 3 6-i-2 3 

4°. Multiplying and dividing a ) Does not change its 

fraction by the same quantity ) value. 

,-, 2x2-5-2 2 

Thus, = - • 

6x2-4-2 6 

165. If all the signs of the denominator arc changed f z66. If both are changed T 
b. 167. Name Principle i. Principle 2. Principle 3. Principle 4. 
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REDUCTION OF FRACTIONS. 

168. SeducUon of Praetions is changing their 
terms without altering the value of the fractions 

CASE I. 

169. To Reduce a Fraction to its Loncest Terms. 

Def. — The I/O west Teirnis of a fraction are the 
smallest terms in which its numerator and denominator 
can be expressed. (Art 122.) 

1. Reduce - — 7 — to its lowest terms. 

i$aocx 

AiTAiiYSis. — By inspection, we perceive the opiratioh. 

factors 5, a, 6, and x are common to both terms. 5^ ^^tx aba ^ 

Cancelling these common factors, the fraction l^abcx ^c 

becomes — . Now since both terms have been divided by the 

same quantity, the value of the fraction is not changed. (Art. 167, 
Prin. 3.) And since these terms have no common factor, it follows 

that are the lowest terms required. (Art. 122,) 

Note. — It will be observed that the factors 5, a, &, and x are prime ; 
therefore, the product ^abx is the g, c. rf. of the numerator and 
denominator. (Art. 121.) Hence, the 

Rule. — Cancel all the factors common to the numerator 
and denominator 

Or, Divide both terms of the fraction ly their greatef^t 
common divisor. (Art 167.) 

2. Reduce - — ^ to its lowest terms. Ans. 2. 

i2aoc 3 

3. Reduce to its lowest terms. Ans. — 

^ac c • 



168. What ie redaction of fractiona ? 169. What are the lowest temm of a fhtc 
tion T How redace fhustions to the loweat torme T 
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Beduce the following fractions to the lowest terms: 



92;^^ 2QD^y — 2xyz 

i2a^(? a -{- be 

^' 4abcd * * (a + be) X X 
^ I'ji^cxy a? — tfi 

$ilrcxy iB* — ^ 

a? ~yi a — I 



a?» — y2 aj + y 



^ a^ — 2a;y -f- j® ^ a? -\- 2xy + y^ 

CASE II. 
170. To Reduce a Fraction to a Whole or Mixed Quantity. 

I. Beduce to a whole or mixed quantity. 

AKAiiTSiS.— Since the value operation. 

of a fraction is the quotient of 2a ■\- ^b -\- C , c 

the numerator divided by the 2 « -f- 2e? -f- -• 

denominator, it follows that per- 
forming the division indicated will give the answer required. Now 
2 is contained in 2a, a times ; in 4&, 2& times. Placing the remainder 

c over the denominator, we have a + 25 + -» the mixed quantity 
required. Hence, the 

EuLE. — Divide the numerator by the denominator, and 
placing the remainder over ths divisor, annex it to the 
quotient. 

Note. — This rule is based upon the principle that both terms are 
dmded by the same quantity. (Art. 167, Prin. 3.) 



170. How reduce a fraction to a whole or mixed quantity ? JVoto. Upon what 
L principle is this rule based ? 



X 

db — y^ 


a 


b+e' 
«» + «» 



a-b 


a* + a« — aa? 
c? — ax 

• 

12.^ + 40; — 3y 
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Reduce the following to whole or mixed quantities : 

0x^7? ^ cfi— 2ab + V^ 

2. . 6. 



7. 

8. 

CASE III. 
171. To Reduce a Mixed Quantity to an Improper* Fraction. 

1. Beduce a + - to the form of a fraction. 

3 

Analysis. — Since in i unit there are operation. 
tliree thirds, in a units there must bea b 3^,^ 

times 3 thirds, or ?^; and 5^ + -^ = ?^, "" 3 "" 7 3 

3 3 3 3 sa b _ sa + b 
the fraction required. Hence, the "T "*" 7 — 7 — 

Rule. — Multiply the mteger by the denominator ; to the 
product add the numerator, and place the sum over the 
denominator, (Art. 65.) 

Notes. — i. An integer may be reduced to the form of a fraction by 
making i its denominator. Thus, a = - . 

2. If the sign before the dividing line is — and the denominator is 
removed, all the signs of the numerator must be changed. (Arts. 163, 82.) 

Reduce the following to improper fractions : 

^ cd . abd — cd , 

a. od — -i- Ans. ^ •=. ab ^ c* 

d a 

. xy — b ^ I — « 

J . a — e a ^b 
4. 5d + -^- 7. 4« ^• 
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CASE IV. 

172. To Reduce an Integer to a Fraction having any required 

Denominator. 

1. Eeduce $a to fifths. 

Analysis. — Since in la there are 5 fifOis, in opbratioHo 

3a there must be 3 times 5 fifths, or -^, 3flf ^ — 

Or, reducing the integer 3a to the form of a ^^ ^ q j ^^ 

fraction, it be:x>mes — ; multiplying both I X 5 5 

terms by the required denominator, we have -^. Hence, the 

EuLE. — Multiply the integer hy the required denominator^ 
and place the product over it. 

2. Eeduce 2a; to a fraction having 6m for its denominator. 

3. Eeduce 6ax to a fraction having ^ab for its denominator. 

4. Eeduce 305 + 46 to a fraction having 6(^ for its 
denominator. 

5. Eeduce a: — y to a fraction having x -i- y for its 
denominator. 

6. Eeduce 2a^y to a fraction having ^a^ — 2 J for its 
denominator. 

173. To Reduce a Fraction to any Required Denominator. 
I. Change - to a fraction whose denominator is 12. 

Analysis.— Dividing 12, the required de- ofbbatioh. 

nominator, by the given denominator 3, the 12-7-3 = 4 

quotient is 4. Multiplying both terms of a X 4 4a 

the given fraction by the quotient 4, the '3X4 12 

Ad 

result, — , is the fraction required. Hence, the 

EuLE. — Divide the required denominator by the denomi» 
nator of the given fraction, and multiply both terms by the 
quotient, 

173. How reduce aii integer to a fhtction baying any required deoominatorf 
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Bednoe the following to the required denominators: 

s. Bednce — to thirty-fifths. 

BOLxmos. 35 -»- 7 = 5. Now 5^^ = — . Am. 

7x5 35 

t. Seduce - to the denominator (xc. 

^ c 

4. Seduce — to the denominator 49a. 

5. Seduce ^ to the denominator a? — 2xy + y*. 

•^ — y 

6. Seduce — — to the denominator Sa^ (x + y)a 

x + y \ ' if/ 

COMMON DENOMINATORS. 

174. A Common Denominator is one that belongs 
equally to two or more fractions. 

PRINCIPLES. 

I*. A common denominator is a multiple of each of the 
denominators; for every quantity is a divisor of itself and 
of every multiple of itself (Art. 124, Prin. i.) Hence, 

2°. Hie least common denominator is the least common 
multiple of all the denominators. 

CASE V. 

175. To Reduce Fractions to Equivalent Fractions having a 

Common Denominator. 

ft c X 

I. Seduce t> ;^> and -, to equivalent fractions having 
a common denominator. 

173. How reduce a fraction to any required denominator ? 174. What ii a comp 
son danominator ? Principle i f Principle 9 * 
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Solution. — Multiplying the denominators ft, d, and y together, we 
have bdj/, which is a common denominator. 

b X d X y =^ bdy The common denominator. 

a X d X s = ady \ 

ex b X y "=> bey \ The new numeratora. 

a? X J X rf = bdx ) 
. a _ ady c __ Jcy x _ b^ 

b'' bdy* d'^bdy* y" bdy' 

To reduce the ^ven fractions to this denominator, we multiply 
each numerator hy all the denominators except its own, and place the 
results over the common denominator. Hence, the 

BuLE. — Multiply all the denominators together for a com- 
mon denominator, and each numerator into all the denom- 
inators except its own, for the new numerators. 

Notes. — i. It is advisahle to reduce the fractions to tJieiT lowest 
terms,* before the rule is applied. (Art. 169.) 

2. This rule is based on the principle, that the value of a fraction is 
not changed by multiplying both its terms by the same quantity. 
(Art. 167, Prin. 3.) 

Beduce the following to equivalent fractions having a 
common denominator: 



3. 

3. 

4- 

5- 
6. 


a X $ 

e b 2d 
d' x' 4" 
a b X 
2x* ■?' y 
2a X 


3J' a + >' 

a? — y ^ + y^ 

x + y' x^y 
a + J sa — I 



8. 



9- r> -jh 



a 



10. -^ 
II. 

12. 



Ans. ^^^, ^^, ^'y 

Acy 4cy 4cy 


a?> 


2a 
b' 


c+ I 
d • 


2 

3' 


a 


cArd 
c-d' 


xy 


I 


2a 
b 


2a 

T' 


3. 




a — 


'X 


a-\-x 


a + z' 


a — a; 



X75. How reduce fractions to equivalent fractions having a common denomina- 
tor ? Note. Upon what principle is this role based f 
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CASE VI. 
176. To Reduce Fractions to the Least Common Denominator. 

I. Bednce -, — , and — to the I. c.d. 
X xy yz 

Solution. — The I. c. n»* of the denominators is xyz, (Art ;48.) 



xyz = l.e, d. 



xyz-^x =yz 
xyz -^xy^z 
xyz -i-yz =x 



The 
mnltipliiera. 



a X yz __ ayz 

X X yz xyz 

h X z bz 



xy X z 
d XX 



xyz 
dx 



- fVactions 
required. 



yz X X xyz 

To change the given fractions to others whose denominator is xyz, we 
multiply each numerator by the quotient arising from dividing this 
multiple by its corresponding denominator. Hence, the 

Rule. — ^I. IHnd the least cmnmon multiple of all the 
denominators for the least common denominator. 

II. Divide this multiple by the denominator of each f roc- 
tiony and multiply its numerator by the quotient. 

NoTK. — ^All the fractions must be reduced to their lowest terms 
before the rule is applied. 

Reduce the following fractions to the {. c. d. : 



be 



2. -:: , — , — ' 



3* «z 



S- 
6. 



a oc y_ 

2^ x' 4C 

cd 2X xy 
db^ 3a* ac 
a b c^ X 

»' 3' 4' y 

a^c 



8. 



2cd ahi 



ab' Wc' 
idb 3 

~' 4' 

cd 



^bc 



X 

'cfc' 

x^y 
7- TI^ iT.y 5^- 



Zac 

2a 

4J' Fc' 



I 

8 



12. —s 



a + b a ^b a^ + V^ 
-^j—l' T+b' a2_^' 

2(rc+y) a ab_^ 

d X 
W^' Wb 

m y 
¥c' 1?~d 
a + b d 
xz 



10. -TTi f -rn 



X 

II. —y TS- 

ac 



X 



a> 



13- 



y 

m-^-n 
3«^ 



xy 



m~-n 
2ax^ ' 



4CX* 



176. How redace firactioDB to the least common denominator t 
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ADDITION OF FRACTIONS. 

177. When fractions have a commo7i denominator, their 
numerators express like parts of the same unit or base, and 
are Uke quantities. (Art. 43.) 

178. To Add Fractions which have a Cknntnon Dencmlnatorc 

1. What is the snm of f ^ i, and | ? 

Solution, f and } are ^, and f are ^, Arts, Hence, the 

Rule. — Add the numerators, and place the sum over the 
common denominator. 

2. Add — * — , and — . Ans. — • 

m m m m 

3. Add - — , , — , and ^ — • 

^ 2xy 2xy 2xy 2xy 

A -I J idxz indxz iidxz , Adxz 

^ ^^^ ^c' 1^' JaTc' ^°^ Jabc' 

5. Add ?^' to 3*--=f . 6. Add 3£±i* to 15^=^. 

^ X X c c 

179. To Add Fractions which have IHfferent Denominators. 
7. What is the sum of t, ^s and —? 



ixdxx=: hdx, c. d. 
a adx c hex 



Analysis. — Since these fractions 

have different denominators, their 

numerators cannot be added in their * odx a Odx 

present form. (Art. 66.) We there- m Mm 

fore reduce them to a common denom- "x idx 

inator, then add the numerators. ^^ 1 j^^ 1 j^^ 

(Art. 175.) Hence, the j-^ — , Ans<. 

Rule. — Reduce the fractions to a common denominator^ 
and place the sum of the numerators over it. 

Note.— All answers should be reduced to the lowest terms. 

M,,| ,■ I I 1^- 

X77. When fractions have a common denominator, what is trae of the nnmeratorsP 
X78. How add each fractions ? 279. How, when they have different denominaton t 
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Find the sum of fhe following fractions 



8. 


2X 2if 2Xjf 


9- 


4 S3 


la 


2x I 3y. 

3 2a 4 


II. 


^ 1 * . 


12. 


x + y ic — y 
2ay ay * 


«3. 


2 +^ 3 + ox 

y «y 


14. 


a . ab 



^^ 2J^ + 2v»w + 2Jry 

iiijry 
cd AW bx 

^ 32; ^ 2rf ^ 5 



16. 



a 2W 4- rf 



rf 3^ 

a . d 
17. - H 

y — w 



y m — n 

— 4—16 
19. — -^ H 

^ 2 7 — 3 
a? + ya; — y b a 3a: 

180. To Add Mixed Quantities. 

1. What is the sum of a + - and d ? 

BOLXmON, — Adding the integral and fractional parts Bcparatc^ly, 

tue lesolt is a + d H , the sum required. Hence, the 

en 

BiTLE. — Add (he integral and fractional parts separately ^ 
and unite the results, (Art. 179.) 

Note. — ^Mixed quantities may be reduced to improper fractions, and 
then be added by the role. (Art. 171.) 

2. What is the sum of a + - and c + -? 

2 X 

3. What is the sum of a; + ^ and ? 

^ b m — y 

4. What is the sum of ^d and a -\ ? 

^ *^ 2 I 

a ^~ ti 

5. What is the sum of 5a; + ^ and — - ? 

liow How add mixed qiuuititiM ? NoU. Uow eUe may \]bei>>« «AA«^\ 
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181. To Incorporate an Integer with a Fraction. 

6. Incorporate the integer ah with the fraction — — — 

Solution.— Reducing ab to the denominator of the fraction, we 

^ ^dbx+aby , ^abx+aby c—d sabx+aby+c—d . 

have ab = ; and + = , Ana. 

yxi+y yc+y ya+y ya+y 

Hence, the 

Rule. — Reduce the integer to the denominator of thefrac^ 
tion, and place the sum of the numerators over the given 
denominator. (Art. 172.) 

7. Incorporate the integer ^d with the fraction -r— 

8. Incorporate — 4^ with * 

9. Incorporate — a with ^ * 

10. Incorporate 3a? + y with • 

if 

11. Incorporate — a + 56 with ^ * 

12. Incorporate 2x + 2y with « 



SUBTRACTION OF FRACTIONS, 

182. The numerators of fractions which have a common 
denominator, we have seen, are like quantities. (Art 177.) 
Hence, they may be subtracted one from another as integers. 

1. Subtract | from |. 

Solution. |_| = I=5 =? or i. ^n*J. 

2. From T subtract y» -4n5. y — t = — 7 — • 

bob 

z8i. How incorporate an integer with a faction? 282. What is true of the 
numerators of fractions having a common denominator? How subtract such fhu>* 
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3. From ^, sabtract ^^« 

4. From ^ ^ sabtract - — • 
^ a a 



3 


X 2 = 


6, c. 


U 




7«_ 
3 


14a 
6 






3« 


9a 






2 


6 




14a 


9a 


5« 


j/i- 


6 


■ 6 "" 


6' 


^7< 



183. To Subtract Fractions which have IHfferetU 

Denominatora. 

5. From — subtract — • 
3 2 

ANALYBI& — Since these fractions 
have different denominatore, they can^ 
not be subtracted one from the other 
in their present form. We therefore 
reduce them to a common denominator, 
which is 6, and place the difference of 
the numerators over it. Hence, the 

BdLE. — Reduce the fractions to a common denominator^ 
and subtract the numerator of the subtrahend from that 
of the minuend, placing the difference over the common 
denominator. 

Notes. — i. The integral and fractional parts of mixed quantities 
should be subtracted separately, and the results be united. 

Or, mixed quantities may be reduced to improper fractions, and then 
be subtracted by the rule. (Art. 171.) 

2. A fraction may be subtracted from an integer, or an integer 
from a fraction, by reducing the integer to the given denominator, 
and then applying the rule. 

6. From Sf*, take ^. Arts. S^lzUS^. 

X y xy 

-rt (t , , d — h 

7. From — , take • 

m' y 

8. From ~~ , take • 

m y 



, Prom ^ + i^, take ^^ 



2d 



3 



V83. How when they have different denominators f Noti i. How sabtract mixed 
qnantities ? NoU a. How a fraction from an integer, or an inVegicT tcom «^ lnRNX»u.> 
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10. Prom — , take • 

m y 

11. From -, take m. 

y 

12. From 4a + -, take 3« — 3* 

IX, From a + -, take • 

23 

14. From V , take -5-- — • 

15. From a , take — • 

16. From "^ s take — ——• 

10 x + y 

17. From x^ ^ ^ ^ , take ""^ — fl> 

2*3 

MULTIPLICATION OF FRACTIONS, 

CASE I. 

184. To Multiply a Fraction by an Integer. 

1. Multiply 7- by m. 

Analysis. — Multiplying the mimcrator of the operation. 

fraction by the integer, the product is am. 5L v 2^ 

(Art. 167, Prin. i.) h h * 

2. What is the product oi-r-X x? 

Analysis. — A fraction is multiplied by ^ v ^ ^ 

dividing its denominator; therefore, if we bx bx-i- X 

divide bx by x, the result will be the product a a 

required. (Art. 167, Prin. i.) Hence, the i ^ == F* 

Rule. — Multiply the mmeratoi^ by the integer. 
Or, Divide the deuo7ni7iator by it. 

KoTES. — I. A fraction is multiplied by a qicantity equal to its 
denominator, by cancelling the denominator. (Art. no, Prin. 4.) 

X84. How multiply a fraction by an integer? 
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2. A fraction is also moltiplifid bj unj factor in its demfmiMOt^Mr, by 
tanceUiTig that factor, (Art no, Prin. 4.) 

Find the product of the following quantities: 

3. ^, X (a — i). Afis. ys. 

4. —J X a. Ans. — • 
cd c 

*±3^x(3+f»i). 12. ?LZL*x(i2a:4-i8). 

6. -x6. 13. ^—-xid^x). 

22? — 3tf / . TV a + ^ 

7* r^ X (3c + 2d). 14. — ' — X 4^. 

o ^^ a ^^ + y to \ 

8. ax — x 6«. 15. -^- X (8« — 2). 

3» •* 40^5 — 10 ^ ' 

X 5a;. 16. ^^ X 15. 



20a? + 250?^ 20 

10. ^; — ; — X 2ac. IT. -^ — X (y^— i). 
be -{- c y — I 

11. X 20a;. i8, -5 :3 X (a; + z\ 



CASE II. 
185. To Multiply a Fraction by a Fraction. 

I, What is the product of - by — 

Analysis.— Multiplying the numerator of operation. 

the fraction - by d, the numerator of the . = — 

ad CO 

multiplier, we have — . But the multiplier is ^^ ^^ 

-; hence the product — is w» times too large. C Y. m cm 

^ "^ , a d ad 

To correct this, multiply the denominator - x — = - - 

e m cm 



by m. (Art. 167, Prin. 2.) 

zTofei. How is a fhustion multiplied by a quantity equal to iU deuomliiator t 
MoU 9. How Iqr *iiy flictor in iu denominator t 
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2. Eequired the product of — ^ multiplied by — • 

Analtbis. — ^The factors 2, c, and c are operatioit. 

common to each term of tlie given frao- 2db cm 2abcvn 

tions. Cancelling these conmion factors^ ^cd OX dacdx 

the result is -^ , the product required. 2aocm ___ om j 

,._, ^ „. ^ , „ , 6acdx idx* 

(Art. 167, Prm. 3.) Henoe^ the ^ 

EuLE. — Cancel the common factors; then multiply the 
numerators together for the new numerator ^ and the denonv- 
inatorsfor the new denominator. 

KoTES. — I. Mixed quantities should be reduced to improper fractions, 
and then be multiplied as above. 

Or, ihQ fractional and integral parts may be multiplied separately, 
and the results be united. 

2. Cancelling the common factors shortens the operation, and gives 
the answer in the lotoe^ terms. 

3. The word of in compound fractions has the force of the sign x . 
Therefore, reducing compound fractions to simple ones is the same as 
multiplying the fractions together. Thus, {off = {xf=A. 

Find the products of the following fractions: 

3. — X ^ X — ^* 6. — ; X f • 

^ y 2d X a + sx S 

ic X d la-\-m)xh av 

a by e zx (a+wi)xc 

- a?-y ^ a? + y « + » ^ cd 

5» X ; — • o« s — X — • 

y« y + « i? X 

9. What is the product of -^^ by ^^^ ? 

X — y 4 

Solution. — ^Factor and canceL Ans, —{x-\-y\, 

4 

185. How multiply a fraction by a fraction? Note i. How mixed qaantitie»t 
Vbto a. How shorten the operation? Note 3. What is tbe fQrc9 of tlic word qf in 
compound fractions ? 
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la Mulfaply by r^- Am, — ^-I-Jl. 

11. Multiply "~^ by ^ "~^^ * 

^ •^ 4x ^ y^— 2xy 

12. Multiply ^-^ by -^. 

13. Multiply a + —^ by j^. 



14. 


Multiply * + :^ by ^ yf. 


IS- 


Multiply a? ^ by * + ^. 


16. 


Mulfaply a + ^j by ^, . 




CASE III. 





a 
I 




a 

I 


dx 

X — 

cy 


adx 
cy 



186. To Multiply an Integer by a Fractiam 

dx 
I. Multiply the integer a by — • 

Analysis. — Changing the integer to the 
form of a fraction, we have - to be multiplied 

by — , which equals — . Hence, the 
cy cy 

Bulb. — Reduce the integer to a fraction ; then multiply 
the numerators Utgeiher for the new numerator, and the 
denomtnators for the new denominator. 

N0TB8. — I. Multiplying an integer by bi. fraction is the same as find- 
ing 9k fractional part of a quantity. Thus, xx\ is the same as finding 

} of X, each being equal to ^. That is, 

4 

3. Three times i fourth of a quantity is the same as i fourth of 
3 times that quantity. 



x86. How miUtiply an inten^r by a fraction f Note, To what i? thU operation 
similar f 
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Find the product of the following quantities : 
2. abc X — 9. (a^ — ^) x 



cy ^ ' ""^ 3(a^ + y) 

3. ad X • 10. {a? + ab) x 



xy ^ ^ 2{a-^ b) 

4. ax X — ■ — • II. (a^ + i) X 



5. {a + h) X ^- 12. 2xy(a - J) x ^2"^' 

6. (3« — y) X ^* 13. 3a (a; — i) X 



7. (a^+i)x-^- 14. {2ab + V^)x ^ 



a;— I "^v / 4a -{- b 

S. (i - a2) X -^- 15. (i - w2) X ^ 



i+a j\ '^+1 

187. The principles developed in the preceding cases may 
be summed up in the following 

GENERAL RULE. 

Reduce whole and mixed quantities to improper fractions ^ 
then cancel the common factors, and place the product of the 
numerators over the product of the denominators. 

I. Multiply by 15a?. 



2. Multiply — ^ — by ^ — i. 

y 

3. Multiply a; + 1^ by ?^. 

4. Multiply ?^ X ^Hy 3?f . 
^ ^ '^ a ac '^ 2db 



y2 



5. Multiply -^ by ^. 

^2 __ })^ ft X 

6. Multiply X — — T by =-• 

187. What is the general rule for mnltiplyiiig firactions f 
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m^ 



J. Multiply ^3^ ^J x + g. 
S. Multiply ^ by 2^. 

if 

9. Multiply ^ by a:? — 2iry + j/* 

X — y 

10. Multiply ^-^ by 8i5 — 2. 

^ "^ 40i5 — 10 "^ 

11. Multiply a; — — by - + -• 

12. Multiply a + _ by -^. 

,3. Multiply ^^+^ by j^,. 

14. Multiply ^ by -^ ^• 

15. Multiply J + ^— -^ by J - ^ ^- 

g/j /)J^ — f/^ 

16. Multiply by ^. 



DIVISION OF FRACTIONS. 

CASE I. 
188. To Divide a Fraction by an Integer* 

1. If 3 oranges cost — dollars, what will i cost? 
Analysis.— One is i third of 3; therefore, orasATioN. 

I orange will cost i third of — dollars, and ^ "^ ^ — IfT 

- of — dollars is — dollars. (Art. 167, Prin. 2.) 

2. Divide - by m. 

Analysis.— Since we cannot divide operatioh. 

the numerator of the fraction by m, — -2- 7/1 =r — ^ = — • 

we multiply the denominator by it. C ' C Y. ta cm 
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The result is — . For, in each of the iraciions - and — , the same 
cm c cm 

number of parts is taken ; but, since the unit is divided into m times 

as many parts in the latter as in the former, it follows that each part 

in the latter is only — th of each part in the former. Hence, the 

BuLE. — Divide the numerator by the integer. 
Or, Multiply the denominator by it. 

Note. — If the dividend is a mixed quantity, it should be reduced 
to an improper fraction before the rule is applied. (Ex. 3.) 

Divide the following quantities: 

. Jc , , J ax -^ be 

3. a + ^hj d. Ans. — ^ — 

(>o?y , d^ ■\- ax , , 

5- — - by z^y- 9. -—^- by a + ». 

6. — by ft. 10. -=— - — by a — c. 

Zac '^ b + c '^ 

, ab ^ a^ + 20cy + ^ , 

7. aH by a. 11. — ' — / ^ by a; + y. 

' c '^ a + c J ' ^ 

8. ax-\ ^hja?. 12. f by g + 6. 

a " a — 



CASE II. 
189. To Divide a Fraction by a FrcictUynm 

This case embraces two classes of examples: 

First. Those in which the fractions have a common 
denominator. 

Second. Those in which they have different denominators. 

x88. How diyide a fraction by an integer? Note, If the diyidend is a mixed 
^ quantity, bow proceed ? 
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I. At ^- dollars apiece, how many kites can a lad buy for 
dollars? 



m 
12a 



OPBKiLTnUI. 


12a 

m 


m 


Ans. 


4 kites. 



-^T-=«4 



m 

Analysis. — ^nce these fractioiiB have a eom^ 
man denominator, their pumerators are like 
quantities, and one may be divided by the 
other, as integers. (Art 177.) Now 3a is con- 
tained in 12a, 4 times. (Art iio^ Piin. i.) 

2. How many times is - — contained in -^ ? 

3. What is the quotient of ^^ divided by ^-^- 

4. It is required to divide - by -• 

X y 

Analysis. — Since these frac- "bst opbbation. 

tions have different denomina- d Cl>y C CX 

tors, their numerators are unlike x XV^ y xy* 

quantities ; consequently, one ^«. ^ ^«. 

cannot be divided by the other 'Z7.~^ — 7.^^ ~Z* 

xy xy CX 

in this form. (Art. 114,710^6.) We ^ ^ 

therefore reduce them to a com- bbcond opebatioh. 

f7M>n denominator; then dividing a ^ C a y ^V a 

one numerator by the other, the aj"^*/ x c OX* -^W* 

result is the quotient. 

Or, more briefly, if we iiivert the divisor, and multiply the dividend 
by it, we have the eame combinations and the same result as before. 
(Art. 185.) Hence, the 

EuLE. — Multiply the dividend by the divisor inverted. 
Or, Reduce the fractions to a common denomifiator, and 
divide the numerator of the dividend hy that of the divisor. 

NarE& — I. A fraction is inioerted, when its terms are made to 

change placea Thus, ^ inverted, becomes - • 

2. The object of inverting the divisor is convenience in multiplying. 

3. After the divisor is inverted, the common factors should be can- 
celled before the multiplication is performed. 

X89. How divide a fraction by a fraction when tbey have a common denominator t 
When the denominators arc different, how ? 
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Divide the following fractions : 

^ cd ^ ay ^ 2W(? ^ 6oc 

6. ~^- by -^. 14, — J- by ^• 

6a^y '^ <m 4ca '' 2d 

J, 3^by^. IS. J^hj^. 

8. -^^by^. 16. i^by^^^ 

a?— i''2 a + '' 2y 

a — I 1^ _2_ sc^ y^ ax 

^' X ^ ax* '* aofi ^ bx' 

10. ^-^ by ~^* 18. ^-^- by — r— 

loao "^ 2oabx 56 "^ loby 

„ ^g(^+y) , 4(a?+y) _5ft_ . 10^ 

ad -^ 2ab ^' 360^ -^ i8a6 

^2. r^-T^y-:r- 20. — Iby^- 



tt + J "^ a iSalf ^ ^6ad 

CASE III. 
190. To Divide an Integer by a Fmction. 

I. Divide the integer *jdc by ^r— 

Analysis.— Having reduced the ofbbatiok. 

integer to a fraction, and inverted ndc -^ ^ ^ 

the divisor, we cancel the common b 

factor d, and proceed as in the last ydc b ybc . 

case. Hence, the "^ ^ J^ ~ "^^ ^^^' 

EcjLE. — Reduce the integer to a fraction, and multiply it 
by the divisor inverted. 

Divide the following quantities: 

ex t/ 



29a How divide ah integer by a fractLout 
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191. Complex ^^^cfions ^^Teredncei to simpkoneSf 

by performing the division indicaiecL 



& Beduoe — to a sunpk fractioii. 



Ahaltbib. — ^The given tection ia equiv- 
alent to ^ -s- -. Perfonniiig the divisioQ 

indicated, we have ^, the ample fimctioo 



teqniied. (Art 189.) 



rry thediTidend. 
o 

-, the divisor. 
4 

Y X - = ^, Afis. 
* 3 3* 



Reduce the following fractions to simple ones: 

ft 
a + I 



Jns. 



bed' 



10. 



II. 



g — I 
g— I * 
a + I 

g — ft 
a + b 



12. 



13' 



g-ft 

a^ + y 

g — ft 
g + ft ' 



192. The various principles developed in the preceding 
oases may be summed up in the following 



GENERAL RULE. 



Reduce integers and mixed quantities to improper frac- 
tianSy and complex fractions to simple o?ies : then multiply 
the dividend by the divisor inverted. 



191. How reduce complex fractionB f 192. What is tho general rule for dividing 
fractions? 
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a. Diride ^ — by gay. 

3. Divide — ^ by — • 

4- Divide ^^ by ^. 

5. DMde ^ '3^' ^ by -i^. 

6. Dmde ." -- - ' ^ by jf • 

T,. , «» — m< , (fi + am 

7. UiTiae -= -. by • 

' o* — 2am + m' ■' a~m 

BoLUTiOH. — Fttctoring and cancelling, we have, 

(g* +m') (a + m) (a— m) ^ «-ro _ a'+m' „ + ^ jn*. 

(a-m)(a-m) a(.a+m)~ a ' «' 

8. Divide /" . by — ^ — 

„. . , 4^" — 8e , c" — 4 
Q. Divide by — — ^. 

_ . . , d» — (to , 3 (c — a:) 

10. Dmde - — ; — by ^-^3-- — (. 

11. Divide -r- . bY — - — • 

a" + <? • a + c 

X ^ a — X 

14. Divide ^^ by ^^^ 

15. Dmde by -l— ^- (See Appends, p. ^j.) 

^ ai + oa: ■' i + a 



CHAPTER IX. 

SIMPLE EQUATIONS. 

193. An .Eigrtiatton 18 an expresBion of equality b^ween 
two quantities. (Art 27.) 

194. Eyeiy equation consists of two parts, caDed the 
first and second members. 

195. The Mrst Member is the part on the left of the 

sign =. 

The Second Member is the part on the right of the 
sign =. 

196. Eqnations ^ure divided into degrees, according to the 
exponent of the nnknown quantity; as the first, second, 
third, fourth, etc. 

Equations are also divided into Simple, Quculratic, 
Cubic, etc. 

197. A Simple Mquatimi is one which contaius 
only the first power of the unknown quantity, and is of the 
first degree ; sua, ax ^d. 

198. A Quadratic Equation is one in which the 
highest power of the unknown quantity is a square, and is 
of the second degree ; b,s, aa^ + ex z= d. 

199. A Cubic Equation is one iu which the highest 
power of the unknown quantity is a cube, and is of the 
third degree ; ss, aafi + bx^ — ex =1 d. 



193. Wbst is an equation? 194. How many parts? 195. Which U thn flrpt 
member ? The second ? 196. How are equations diyided ? What other dlvlsluns ? 
197. What is a simple equation ? 198. A quadratic t 199. Gable! 
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200. An Identical Equation is one in which both 
members have the same forrrij or may be reduced to the 
same form. 

Thus, oft— c = oft— c, and 8flj— 30? = 52?, are identicaL 
Note. — Such an equation is often called an identity. 

201. The Transformation of an equation is chang- 
ing i\&form without destroying the equality of its members. 

NoTB. — The members of an equation will retain their equaUtyf so 
long as they are equally increased or diminished. (Ax. 2-5.) 

TRANSPOSITION. 

202. Transposition of Terms is changing them 
from one side of an equation to the other without destroy- 
ing the equality of its members. 

203. Unknown Quantities may be combined with 
known quantities by addition, subtraction, multiplication, 
or division. 

Note. — ^The object of transposition is to obtain an equation in which 
the terms containing the unknown quantity shall stand on one side, 
and the knovm terms on the other. 

204. To Transpose a Term fk*om one Member of an 

Equation to the other. 

1. Given a; + S = a, to find the value of as. 

Solution. — ^By the prohlem, «+& = a 

Adding — & to each side (Ax. 2), «+&— & = a— 6 
Cancelling (+6—6) (Ax. 7), .*. x — a—h 

This result is the same as changing the sign of h from + to — in 
£he first equation, and transposing it to the other side. 

2. Given x — d^c, to find the value of x. 

Solution. — ^By the problem, x—d = e 

** Adding -\-dto each side (Ax. 2), x—d+d = e+d 
Cancelling (—d+d), (Ax. 7.) .*. x = c+d 

2cx>. Identical ? soi. What is the transfonnation of an equation ? I^ote. Equality. 
3oa. Wliat is transposition of terms} 203. How combine imknown qnantitiecf 
2fdU. Object of transposition f 
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3. GiTen b — e + x^=a — dy to find x^ 

4. GiTen x + ab — e = a + hy to find x. 

205. The Signs of all the terms of an equation may be 
changed without destro^ng the equality. For, all tlie 
terms on each side may be transposed to the other, by 
changing their signs. 

206. It all the terms on one side are transposed to the 
other, each member will be eqnal to a 

Thus, if x+c = <^ H followB that x+e^d = a 

REDUCTION OF EQUATIONS. 

207. The Seduction of an equation consists in finding 
the value of the unknown quantity which it contains. 

208. The Value of an unknown quantity is the number 
which, substituted for it, will satisfy the equation. Hence, 
it is sometimes called the root of the equation. 

209. The reduction of equations depends on the followir/g 

PRINCIPLE. 

Both members of an equation may be increased or dimin- 
ished by the same quantity without destroying the equality, 

904* How trmnspofle a term from one member of an equation to tba other f 
•05. What ia tlie effect of changing all the signs ? 906. Of traniipoiilng all the terms t 
aoj. In what doee the redaction of an equation consist ? 906. What Is the value of 
■amknowii quantity? What sometimes called? 909. Upon what principle doM 
tbaredartkw of eqaatjona depend? 
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210. This principle may be illustrated by a pair oJ 
scales. If 4 balls, each weighing i lb., are placed in each 
scale, they balance each other. 

Adding 2 lbs. to each scale, 

4 + 2 = 4+2 

Subtracting 2 lbs. from each, 

4—2 = 4—2 
Multiplying each by 2, 

4x2 -= 4x2 
Dividing each by 2, 

4-^2 = 4-1-2 

211. To Reduce an Equation containing One Unknown 

Quantity by Transposition. 

5. Given 2a; — 3a + 7 = a; + 35, to find x. 

Solution. —By the problem , 2X— 3a + 7 = a? + 35 

Transposing the terms (Art. 204), 2X—x = 35—7 + 30 
Uniting the terms, (Ax. 9), Ans,x = 2S + 3a 

Therefore, 28 + 3a is the value of x required. Hence, the 

EuLE. — Transpose the unknown quantities to one sid6, 
and the known quantities to the other, and unite the terms. 

Notes. — i. Transposing the terms is the same, in effect, as adding 
equal quantities to, or subtracting them from each member; hence, 
it is often called reduction of equations by addition or subtraetiofk 

2. If the unknown quantity has the sign — before it, change the 
signs of all the terms. (Art. 205.) 

212. When the same term, having the same sign, is on 
opposite sides of the equation, it may be cancelled. (Ax. 3.) 

6. Eeduce ^x + a— 6 = b —- 4 + 2X. 

7. Reduce x — $ + c=z2X + a — b. 

8. Reduce 2y + be — ad = y + 2m — 8. 

9. Reduce 3«J — y + d= — 2^+17. 

10. Reduce 4cd + 27 — 4a: + eZ = 28 — 3a; + 3JA. 

11. Reduce b-^c — 4X=^2 + b — $x + d. 

12. Reduce a; + 4 — 2a; — 3 = 3a; 4- 4 + 8 — 5a?. 

910. niastrate thiB principle? 9.11. Wbat is the rule for reducing eqiiatiniic> T 
Vote. To what Ib transpositiou equivalent ? 212. When the $anu term^ haTiog the 
9ame tign, is on opposite sides, wli^^t may be done ! 
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CLEARING OF FRACTIONS. 
213. To Reduce an Equation containing Fractions. 

X 2X 

1. Given - + -— = 27, to find the yalae of as. 

2 o 

SOLunoK. — B7 the problem, ? + ?? = 2r 

2 6 
MultiplTing each term by 6, the I. cm.) __ 

of the denominatoiB (Art 148), | 3^+ ** — ^^^ 

Uniting the tenns, 5X = 162 

Dividing each side by the coefficient^ Ans, x = 32} 

X X ^o 

2. Given - + - = ^, to find the value of a:. 

23 4 

SoLunoK.^By the problem, ? + ? = 2? 

234 
Molt, by 12, the I. c. m, of denominators, 6j;+4x = 90 

Uniting terms, and dividing (Art. 211), Ans. x= g 

Therefore, the value of a; is 9. Hence, the 

BuLE. — Multiply each term of the equation by the least 
common multiple of the denominators; then, transposing 
and uniting the terms, divide each member by the coefficient 
of the unk7wwn quantity. 

Notes. — i. An equation may also be cleared of fractions, by multi- 
plying both sides by each denominator separately. 

2. The reason that clearing an equation of fractions does not destroy 
the equation, is because both members are miUtiplied by the same 
quantity. (Ax. 4.) 

3. A fraction is multiplied by its denominator by cancelling the 
denominator. (Art. 184, Note i.) 

4. Removing the coefficient of a quantity divides the quantity by it. 

5. If any given numerator is a multiple of its denominator, divide 
flie former by the latter before applying the rule. 

6. The unknown quantity in the last two problems is combined 
with those that are known by multiplication and division. Ihmco, the 
operation is often called, reduction of equations by mtUtipliration and 
dmsion. 

ax3. Rule for clearing an eqaation of (Vactions f Notes, x. In what other way may 
fractionB be remoyed ? 3. Why does not this process destroy the eqaation ? 3. What 
3S the effect of cancelling a denominator? 4. Effect of removing a coefflciont' 
f. If a numerator la a multiple of its denominator, hoyr pTOCAod^ 
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3. Eeduce — + 12 = — + i, 

S3 

4. Bednce = 6a:— 66. 

36 

5. Eeduce ^ + | = 35 — a?. 

214. When the sign — is prefixed to a fraction and the 
denominator is removed, the signs of all the terms in the 
numerator must be changed from + to — , or — to +. 

6. Eeduce 3a? = 20. 

5 

fl/— 2 
Solution. — ^By the problem, 30? — . = 20 

Removing the denominator 5, 150?— a? +2 = 100 

Uniting and transposing the terms, 14a; = 98 

Dividing by the coefficient, Ans. x= 7 

7. Given ^ " ^ = — ^ , to find x. 

X a 

8. Given 3a? — — = a , to find x. 

5 10 

9. Given — a? H h — = —9 to find x. 

3 4 24 

X X 

10. Given a + b + c=^- -\ h a + b+ c -r- 5, to find ». 

2 4 

215. The principles developed by the preceding illustra- 
tions may be summed up in the following 

GENERAL RULE. 

I. Clear the equation of fractions, (Art. 213.) 

11. Transpose and unite the terms, (Art. 204.) 

III. Divide both sides by the coefficient of the unknown 
quantity. (Art. 213, N^ote 4.) 

Proof. — For the unknown quantity substitute its value, 
and if it satisfies the equation, the work is right. 

9x4. If Bign — Ib prefixed to a firaction ! 215. What is the general role for simpie 
equaiiona? HowproTod? 
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EXAMPLES. 

!• Oiven fl?H |--=i4, to find Ji 

24 

2. GiTen - + « = — + 40, to find x. 

2 10 

3. Given — + 10 = — + 13, to find x^ 
o 5 ' 10 •* 

4* Given — - — |- 6 := & to find «. 

5. Given a? H = lo, to find x, 

6. Given 2a? + ^''+" = i8 + 2£z:^, to find « 

S 4 ' 

/>? OJ OJ 

7. Given - H 1- - = 78, to find x. 

234 

8. Given ^7" 8 = —^ — h S> to find z. 

o 4 

o. Given x + + — ^ — = 12, to find x, 

10^ Given 2x — 16 = — , to find ic 

3 

11. Given 1 —^- + - = 30, to find x. 

4 23 

X 2X X 

12. Given - + -7- = 16 + -, to find a;. 

26 6 

n« 32^+1 2a; , a:— I . ^ , 

13. Given - — ■ 10 = 7 — 9 to find x. 

.2 3 ^ 

14. Given 1- ^ = — — i A, to find a^ 

^ 10 6 15 ** 

15. Given 8a? + 6J — - = 8J — — + i^?, to find x. 

Note. — Sometiines there is an advantage in uniting similar term^ 
before clearing of fractions. Thus, uniting 6} with 8} ; also ^ - with 

-^, we have, 8« = a + 80? ; .•. <p = 7, Ana. 

8 7 



I 
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i6. Given ^ — 6 +-^ = - + ?., to find x. 

O 

^, AX ^X ^ , 

17. Given -^ = — + 15 — 12, to find x. 

5 4^ 

X 

18. Given 2a; — 4 = - + 2, to find x. 

2 

19. GiTen 3^ + ^_ i| = ^ + i^j, to find « 

4 5 S 

20. Given - = J + ^, to find x, 

a 

ctx 

21. Given — = rf, to find x. 

n 

CLX hx 

22. Given 1 = c, to find x. 

2 3 

^. 2ax + b ex + d , ^ ^ 

23. Given = — , to find Xo 

a c 

24. Given 1-- = - + -, to find x. 

a X 2 a 

25.. Given h — + — = %-H , to find x. 

35202 

26. Given 3? + ?? ^ 4^ + £5? to find a:. 

2 3 5 3 

27. Given 5 =-, to find Xo 

X -^ X 

28. Given — ; 1- i = -> to find x. 

X + 1 a 

29. Given - H =z- -\- a, to find x. 

^ a c ^ a c 

a? 

30. Given x + b= — —7 , to find x. 

"^ x+ b 

3? + ft 

31. Given ic — a== -, to find x. 

X — a 

32. Given 3 ( j + ( j ^ ^f \ to find a?c 

31. Given — = ic 5- to find a% 

9 3 



find X 
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34. Given ^- + a; = 25> to find x, 

X X 

35. Given Soz=4x -, to find x. 

36. Given — ^t__ = 2X -, to find x. 

3 4 

^3? _i_ 4 2J, ^^ ^6 

37. Given 10 — 2a: = '^ ^^^ — —, to find ax 

3 3 

3/4-4 

38. Given a; — 3 = 15 -y to find ar. 

39. Given a; + 2 = 3a; H , to find x. 

4 3 

^. ^ a; — 4 a? — 10 

40. Given ^— H -=■ -^ = a; — 6, to 

422 

41. Given = , to find x. 

12 4 10 

42. Given — — — = 120, to find x, 

43. Given a? — 20 = -^— , to find x. 

5 

44. Given ^ = -^^ h 12 — a:, to find x. 

2 3 

n- I— a? 2a? I— 3a;^«j 

45. Given — 2 h 10 = ^- > to find x, 

o 32 

a? X 

46. Given — ; = ft, to find a^ 

a + I a — I 

n- ^ 2 + a; C , n ji 

47. Given 7 --T = -5 50 , to find x^ 

48. Given ^£Jl? —. e ^ _ to find «. 

a? . ^ a; 

49. Given — = rf , to find x. 

2 3 

I ^~- a? 

50. Given 8a = , to find x. 

I + a; 

51. Given ^±i^±i = 4;'f , to find a; 
•' a? +2 i6b 
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PROBLEMS. 

216. The Solution of a problem is finding a qtiantitg 
which will satisfy its conditionso It consists of two parts : 

First.— ThQ Formation of an equation which will 
express the conditions of the problem in algebraic language; 
Second. — The Reduction of this equation. 

217. To Solve Problems in Simple Equations containing 

one unknown Quantity. 

I. A farmer divided 52 apples among 3 boys in such a 
manner that B had i half as many as A, and G 3 fourths as 
many as A minus 2. How many had each ? 

I. FOBMATION— Let X = A's number. 

By the conditions, - = B's * 

4 

Therefore, by Ax. 9, aj + - + — — 2 = 52, the whole. 

2 4 
3. Rbdxjction<« 4x+2x-h yc-- 8 = 208 

Transposing, etc., go; = 216 

Removing the coefficient, a; = 24, A's number. 

An8, A had 24, 6 had 12, and had 18—2 = 16. 

From this illustration we derive the following 

GENERAL RULE. 

I. Represent the unknown quantity by a letter, then state 
in algebraic language the operations necessary to satisfy tfie 
widitions of the problem. 

II. Clear the equation of fractions; then, transposing and 
uniting the terms, divide each member by the coefficient of the 
unknown quantity, (Art. 213.) 

Note. — A earefvl study of the conditions of the problem will soon 
enable the learner to discover the quantity to be represented by the 
letter, and the method of forming the equation. 

tf x6. What is the eolation of a problem ? Of what does it coneiat ? 917. Wliat if 
^ Qie {^neral nUe ? 
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2. The bin fiir a ooai and Test is ^40 : the rahie of the 
coat is 4 times that of the Test What is theT^tlueof each? 

3. A bankrapt had $9000 to par A, R. and C: he paid B 
twice as much as A, and C as mnch as A and K What 
did each reodTe ? 

4. The whole nnmber of hands emploved in a fMrtoiy was 
1000 ; there were twice as many bojs as men. and 1 1 times 
fiis many women as boT& How many of each ? 

5. Two trains start at the same time, at opposite ends of 
a raihroad 120 miles long, one running twice as fast as the 
other. How £akr will each have ran at the time of meeting ? 

6. A man bought equal quantities of two kinds of flour, 
at $10 and $8 a barrel. How many barrels did he buy^ the 
whole cost being $1200 ? 

7. H 96 pear^ are divided among 3 boys, so that the 
second shall have 2, and the third 5, as often as the first 
has I, how many will each receive ? 

8. A post is one-fourth of its length in the mud, one- 
third in the water^ and 12 feet above water; what is its 
whole length ? 

9. After paying away J of my money, and then i of the 
remainder, I have $72. What sum had I at first ? 

10. Divide $300 between A, B, and C, so that A may 
have twice as much as B, and C as much as both the others. 

11. At the time of marriage, a man was twice as old as 
his wife; but after they had lived together 18 years, his ago 
was to hers as 3 to 2. Eequired their ages on the wedding day. 

12. A and B invest equal amounts in trade. A gains 
$1260 and B loses $870; A*s money is now double B's. 
What sum did each invest ? 

13. Eequired two numbers whose difference is 25, and 
twice their sum is 114. 

14. A merchant buying goods in New York, spends the 
first day i of his money; the second day, J ; the third day, 
!•; the foiuth day, f ; and he then has $300 left How 
iHQch had he at first ? 



106 SIMPLE EQUATIONS. 

15. What number is that, from the triple of which if 17 
be subtracted the remainder is 22 ? 

16. In fencing the side of a field whose length was 450 
rods, two workmen were employed, one of whom built 9 rods 
and the other 6 rods per day. How many days did they 
work? 

17. Two persons, 420 miles apart, take the cars at the 
same time to meet each other; one travels at the rate of 40 
miles an hour, and the other at the rate of 30 miles. What 
distance does each go ? 

18. Divide a line of 28 inches in length into two such 
parts that one may be J of the other. 

19. Charles and Henry have I200, and Charles has seven 
times as much money as Henry. How much has each ? 

20. What is the time of day, provided f of the time past 
midnight equals the time to noon ? 

21. A can plow a field in 20 days, B in 30 days, and C in 
40 days. In what time can they together plow it ? 

22. A man sold the same number of horses, cows, and 
sheep; the horses at $100, the cows at I45, and the sheep 
at $5, receiving I4800. How many of each did he sell ? 

23. Divide 150 oranges among 3 boys, so that as often as 
the first has 2, the second shall have 5, and the third 3. 
How many should each receive ? 

24. Four geese, three turkeys, and ten chickens cost $10 ; 
a turkey cost twice as much as a goose, and a goose 3 times 
as much as a chicken. What was the price of each ? 

25. The head of a fish is 4 inches long ; its tail is 1 2 times 
as long as its head, and the body is one-half the whole 
length. How long is the fish ? 

26. Divide 100 into two parts, such thatone shall be 20 
more than the other. 

27. Divide a into two such parts, that the greater divided 
by c shall be equal to the less divided by d. 

28. How much money has A, if i, f , and J of it amount 
to $1222 ? 
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29. Wliat number is that, i, |.« ]> aad I of irhieh mre 
equal to 60?^ 

30. A man bought beef at 25 cents a pound, and twice as 
much mutton at 20 cents, to the amount of $39. llow 
many pounds of each ? 

31. A says to B, '^I am twice as old as you, and if I were 
15 years older, I should be 3 times as old as you.*' What 
were their ages ? 

32. The sum of the ages of A, B, and C is 1 10 years : B is 
3 years younger than A, and 5 years older than C. What 
are their ages ? 

33. At an election, the successful candidate had a 
majority of 150 votes out of 2500. What was his number 
of votes ? 

34. In a regiment containing 1200 men, there were 
3 times as many cavalry as artillery less 20, and 92 more 
infantry than cavalry. How many of each ? 

35. Divide $2000 among A, B, and C, giving A $100 
more than B, and $200 less than C. What is the share of 
each? 

36. A prize of $150 is to be divided between two pupils, 
and one is to have f as much as the other. What are the 
shares? 

* When the conditions of the problem contain fractional expressions, 
as J, J, J, etc., we can avoid these fractions, and greatly abridge the 
operation, by representing the quantity sought by such a number of 
ofB as can be divided by each of the denominators without a remainder. 
This number is easily found by taking the least common multiple of 
all the denominators. Thus, in problem 29, 



Let 


I2aj = the number. 


Then will 


6a? — I half. 


If M 


4aj = I third. 


M U 


yt=i fourth. 


M « 


22; = I sixth. 


Hence, 


6x+4X-h3X-\-2X— 60 




/. x = 4 


Finally. 


CPX12 or 12a; = 48, the number required 
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37. Two horses cost I616, and 5 times the cost of one was 
6 times the cost of the other. What was the price of each ? 

38. What were the ages of three brothers, whose united 
ages were 48 years, and their birthdays 2 years apart ? 

39. A messenger travelling 50 miles a day had been gone 

5 days, when another was sent to overtake him, travelling 
65 miles a day. How many days were required ? 

40. What number is that to which if 75 be added, f of 
the sum will be 250 ? 

41. It is required to divide 48 into two parts, which shall 
be to each other as 5 to 3.* 

42. What quantity is that, the half, third, and fourth of 
which is equal to « ? 

43. A and B together bought 540 acres of land, and 
divided it so that A's share was to B's as 5 to 7. How many 
acres had each ? 

44. A cistern has 3 faucets; the first will empty it in 

6 hours, the second in 10, and the third in 12 hours. How 
long will it take to empty it, if all run together ? 

45. Divide the number 39 into 4 parts, such that if the 
first be increased by i, the second diminished by 2, the third 
multiplied by 3, and the fourth divided by 4, the results 
will be equal to each other. 

46. Find a number which, if multiplied by 6, and 12 be 
added to the product, the sum will be dd. 

47. A man bought sheep for $94 ; having lost 7 of them, 
he sold \ of the remainder at cost, receiving $20. How 
many did he buy ? 

48. A and B have the same income ; A saves \ of his, but 
B spending $50 a year more than A, at the end of 5 years is 
$100 in debt. What is their income ? 

* When the quantities sought have a given ratio to each other, the 
solution may be abridged by taking such a number of ic's for the 
unknown quantity, as will express the ratio of the quantities to each 
other without fractions. Thus, taking 52? for the first part, y^ will 
represent the second part ; then 5j;+3aj = 48, etc. 
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49. A dstem is supplied with water by one pipe and 
emptied by another; the former fills it in 20 minutes^ the 
latter empties it in 15 minutes. When fuU^ and both pipes 
run at the same time, how long will it take to empty it ? 

50. What number is that, if multiplied by m and n 
separately, the difference of their products shall be J ? 

51. A hare is 50 leaps before a greyhound, and takes 
4 leaps to the hound's 3 leaps ; but 2 of the greyhound's 
equal 3 of the hare's leaps. How many leaps must the 
hound take to catch the hare ? 

52. What two numbers, whose difference is J, are to each 
other as a to e; ? 

53. A fish was caught whose tail weighed 9 lbs.; his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together. What was 
the weight of the fish ? 

54. An express messenger travels at the rate of 13 miles 
in 2 hours ; 12 hours later, another starts to overtake him, 
travelling at the rate of 26 miles in 3 hours. How long and 
how far must the second travel before he overtakes the first ? 

55. A father's age is twice that of his son ; but 10 years 
ago it was 3 times as great. What is the age of each ? 

56. What number is that of which the fourth exceeds the 
seventh part by 30 ? 

57. Divide $576 among 3 persons, so that the first may 
have three times as much as the second, and the third one- 
third as much as the first and second together. 

58. In the composition of a quantity of gunpowder, the 
nitre was 10 lbs. more than f of the whole, the sulphur 
4J lbs. less than ^ of the whole, the charcoal 2 lbs. less than 
\ of the nitre. What was the amount of gunpowder ? * 

* The operation will be shortened by the following artifice : 

Let 42ic+48 = the number of pounds of powder. 

Then 2835+42 = nitre ; 72;+ 34 = sulphur ; 405+4 = charcoaL 

Hence, 39a;+49| = 422? + 48. 

#'. af=i^ and 42X+4S = 69 pounds, An%. 



110 SIMPLE EQUATIONS. 

59. Divide 36 into 3 parts, such that ^ of the first, J of 
the second, and J of the third are all equal to each other. 

60. Divide a line 2 1 inches long into two parts, such that 
one may be J of the other. 

61. A milliner paid ^5 a month for rent, and at the end 
of each month added to that part of 1 er money which was 
not thus spent a sum equal to i half of this part; at the 
end of the second month her original money was doubled. 
How much had she at first ? 

62. A man was hired for 60 days, on condition that for 
every day he worked he should receive 75 cents, and for 
every day he was absent he should forfeit 25 cents; at the 
end of the time he received $12. How many days did he 
work? 

63. Divide $4200 between two persons, so that for every 
$3 one received, the other shall receive $5. 

64. A father told his son that for every day he was perfect 
in school he would give him 15 cents; but for every day he 
failed he should charge him 10 cents. At the end of the 
term of 1 2 weeks, 60 school days, the boy received $6. How 
many days did he fail ? 

65. A young man spends i of his annual income for 
board, I for clothing, -j^ in charity, and saves I318. What 
is his income ? 

66. A certain sum is divided so that A has I30 less than ^, 
B $10 less than ^, and C $8 more than ^ of it. What does 
each receive, and what is the sum divided ? 

67. The ages of two brothers are as 2 to 3; four years 
hence they will be as 5 to 7. What are their ages ? * 

Note. — To change a proportion into an equcUion, it is necessary to 
assume the truth of the following well established principle : 

jfffour quantities are proportional, the product of the extremes is 

* A strict conformity to system would require that this and similar 
problems should be placed after the subject of proportion ; but it is 
convenient for the learner to be able to convert a proportion into an 
equation at this stage of his progress. 
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equal to ihs product of ike meant, Hoioe, in 9och ctaes, wi^ hmve onlj 
to make the prodact of the extremes one side of the equation, and the 
piodnct of the means the other. 

Thus, let 2X and yz be equal to their reepectiTe ages. 

Then 2r+4 : 31+4 :: 5 : 7- 

Malring the prodact of the extremes equal to the prodact of the 

meaiia we have, 

i4«+28 = I5jr+2a 

Tnmsposmg, nniting terms, etc, 2=8. 

/• ar = 16, the younger ; and 32 = 24, the older. 

68. What two numbers are as 3 to 4, to each of which if 
4 be added, the sums will be as 5 to 6 ? 

69. The sum of two numbers is 5760, and their difference 
is equal to J of the greater. What are the numbers ? 

70. It takes a college crew which in still water can pull at 
the rate of 9 miles an hour, twice as long to come up the 
river as to go down. At what rate does the river flow ? 

71. One-tenth of a rod is colored red, ^ orange, ^ yellow, 
^ green, ^ blue, -^ indigo, and the remainder, 302 inches, 
violet What is its length ? 

72. Of a certain dynasty, J of the kings were of the same 
name, \ of another, \ of another, -^ of another, and there 
were 5 kings besides. How many were there of each name ? 

73. The difference of the squares of two consecutive 
numbers is 15. What are the numbers? 

74. A deer is 80 of her own leaps before a greyhound ; 
she takes 3 leaps for every 2 that he takes, but he covers as 
much ground in one leap as she docs in two. How many 
leaps will the deer have taken before she is caught ? 

75. Two steamers sailing from New York to Liverpool, a 
distance of 3000 miles, start from the former at the same 
time, one making a round trip in 20 days, the other in 
25 days. How long before they will meet in New York, 
and how far will each have sailed P 

(Sec Appendix, p. a86.) 



OHAPTEE X. 

SIMULTANEOUS EQUATIONS. 

TWO UNKNOWN QUANTITIES. 

218. Simultaneous * Equations consist of two oi 
more equations, each containing two or mare unknown 
quantities. Tliey are so called because they are satisfied by 
the same values. 

Thus, x+y = 7 and S^—4y = 8 &i^ smmltaneons equataons, for in 
each oj = 4 and y = 3. 

219. Independent Equations are those which 
express different conditions, so that one cannot be reduced 
to the same form as the other. 

Thus, 6a;— 4y=i4 and 2x+yy = 22 are independent equations. 
But the equations aj+y = 5 and 3fl;+3y = 15 are not independent, for 
one is directly obtained from the other. Such equations are termed 
dependent. 

Note. — Simvltaneoua equations are visnBl]j independent ; but inde^ 
pendent equations map not be simultaneous ; for the letters employed 
may have the same or different values in the respective equations. 

Thus, the equations x+y='j and 20?— 2^ = 14 are independent, 
but no* simultaneous ; for in one x = 7— y, in the other aj = 7+y, etc. 

220. Problems containing more than one unknown quan- 
tity must have as many simultaneous equations as there are 
unknown quantities. 

If there are more equations than unknown quantities^ 
some of them will be superfluous or contradictory. 

3x8. What are simnltaneons equations ? 919. Independent equations t sao. How 
many equations mast each problem have ? 

* From the Latin simuly at the same time. 
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If the number of equations be less than the number of 
unknown quantities, the problem will not admit of a definite 
answer, and is said to be indeterminate. 

221. Elimination* is combining two equations 
which contain two unknowTi quantities into a single equa- 
tion, haying but one unknown quantity. There are three 
methods of elimination, viz.: by Comparison^ by Substitution 
and by Addition or Subtraction. 



CASE I. 
222. To Eliminate an Unknown Quantity by CknnpaHson, 

I. Given a: + y = i6, and a; — y = 4, to find x and y. 
SOLnnoK. — ^By the problem, 

TianspoBmg the y in (i), 
" the y in (2), 

By Axiom i. 
Transposing and uniting tenns, 

Snbstitiiting the value of ^ in (4), 



x+y = 16 


(I) 


aj-y= 4 


(2) 


X — 16— y 


(3) 


«= 4+y 


(4) 


4+y= i6— y 


(5) 


2y= 12 


(6) 


.-. y= 6 




a;= 10 





In (5) it wiU be seen we have a new equation which contains 
only one unknown quantity. This equation is reduced in the usual 
way. Hence, the 

BuLE. — I. IVom each equation find the value of the quan^ 
tity to be elirninated in terms of the other quantities. 

n. Form a new equation from, these equal values^ and 
reduce it by the preceding rules. 

NoTB. — ^This pule depends upon the axiom, that things which are 
equal to the same thing are equal to each other. (Ax. i.) 



For convenience of reference, the equations are numbered (i), 
(2), (3)> (4), etc. 



t. What is elimination? Name the method?. 222. How eliminate an nnknown 
tiitntitj by comparison t Note, Upon what principle does this role depend? 

* From the Latin eliminare, to cast out. 
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CASE II. 
223. To Eliminate an Unknown Quantity by Substitution. 

8. Giyen x+ 21/ = 10, and ^x + 2yz= 18, to find x and y. 

Solution. — By the problem, x+2y = to (i) 

•* •' 3ic+2y=i8 (2) 

Transposing 2y in (i), x = 10— 2y (3) 

Sabstituting the value of x in (2), 30— At/ =18 (4) 

Transposing and uniting terms (Art. 211), 4y = 12 (5) 

.•. y= 3 

Substituting the value of y in (i), aj = 4 

1^" For convenience, we first find the value of the letter which is 
least involved. Hence, the 

EuLE. — I. From one of the equations find the, value of the 
unknown quantity to be eliminated^ in term^ of the other 
quantities. 

II. Substitute this value for the same quantity in the 
other equation, and reduce it as before. 

Notes. — i. This method of elimination depends on Ax. i. 
2. The given equations should be cleared of fractions before com- 
mencing the elimination. 

9. Given x+^y = 19, and 5x-^2y = 10, to find x and y. 

X U X tl 

10. Given - + ^ = 7, and - + ^ = 8, to find x and y. 

11. Given 2X + ^y = 28, and 30;+ 2y = 27, to find x and y. 

12. Given A^+y = 43, and 52;+ 2^ = 56, to find x and y. 

13. Given 52:4-8 = 7^, and 5^/-^32 = 7a:, to find x and y. 

14. Given A^ + SV = 22, and ^x + ^y = 27, to find x and y, 

223. How eliminate an unknown quantity by substitution? NoU. Upon what 
principle does this method depend 2 
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CASE III. 

224. To EliraiRate an Unknown Quantity by AdditioH or 

SubtractioH. 

15. Given 4a:4-3y=i8, and $x — 2y=ii, to find x and y. 
SOLiTnoK. — 'Bj the problem, 4X+3y = 18 (i) 

Multiplying (i) by 2, the coet of y in (2), 8x+6y = 36 (3) 

Multiplying (2) by 3, the coet of y in (i), 15^— 6y = 33 (4) 

Adding (3) and (4) cancels bff, 23a; =69 (5) 

.\ X =3 
Substituting the yalue of a; in (i), 12 + 3^ = 18 

y= 2 
1^* In the preceding solution, y is eliminated by addition* 

16. Given 60:4-5^=28, and 8a;+3yi=3o, to find x and y. 

Solution. — ^By the problem, tx+ sy = 28 (1) 

" 8a;+ 3y= 30 (2) 

Multiplying (i) by 8, the coef. of a; in (2), 48flJ+4oy = 224 (3) 

Multiplying (2) by 6, the coef. of x in (i), 48a;+i8y = 180 (4) 

Subtracting (4) from (3), 22y = 44 

/. y= 2 

Substituting the value of y in (2) 8^+6 = 30 

,\ x= 3 

1^* In this solution, x is eliminated by 87Mraction. Hence, the 

EuLE. — I. Sekct the letter to be eliminated; then multiply 
or divide one or both equations by such a number as toill 
make the coefficients of this letter the same in both. (Ax. 4, 5.) 

n. If the signs of these coefficients are alike, subtract one 
equation from the other ; if unlike, add the two equations 
together. (Ax. 2, 3.) 

Notes. — i. The object of multiplying or dividing the equations is to 
equalize the coefficients of the letter to be eliminated. 

2. If the coefficients of the letter to be eliminated are prime num- 
bers, or jmm^ to each other, multiply each equation by the coefficient 
of this letter in the other equation, as in Ex. 15. 



What is the rale for elimination by addition or embtraction ? Note*.--!, The 
ol]J«ct of multiplying or dividing the equation ? 2. If coefUciciiU aie ^t\&i<^\ 
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3. If not prime, divide the L c. iw . of the coefficients of the lett«i 
to be eliminated by each of these coefficients, and the respective 
quotients will be the multipliers of the corresponding equations. 
Thus, the I, c. at, of 6 and 8, the coefficients of ^ in Ex. 16, is 24; 
hence, the multipliers would be 3 and 4. 

4. If the coefficients of the letter to be eliminated have common 
factors, the operation is shortened bj cancelling these factors before 
the multiplication is performed. Thus, by cancelling the common 
factor 2 from 6 and 8, the coefficients of a; in the last example, they 
become 3 and 4, and the labor of finding the l» c. m» is avoided. 

17. Given 3a? +4^=2 9, and 7a:+iiy=76, to findicandy. 

18. Given 9a;— 4^=8, and 13-5+7^=101, to find xemdy. 

19. Given sx—jy^j, and 12a; + 5^=94, to find x and y. 

20. Given 3a;+2y=ii8, and 2:+ 5^=191, to find xandy. 

21. Given 4Z+sy=22, and 72^+3^=27, to find x and y. 

Rem. — The preceding methods of elimination are applicable to all 
simultaneous simple equations containing two unknown quantities, 
and either may be employed at the pleasure of the learner. 

The first method has the merit of deamesSy but often gives rise to 
fractions. 

The second is convenient when the coefficient of one of the unknown 
quantities is i ; if more than i, it is liable to ^^roduce fractions. 

The third never gives rise to fractions, and, in general, is the most 
simple and expeditious. 

EXAMPLES. 

Find the values of a? and y in the following equations: 

1. 2X+ zy= 23> S- S^+ 7y= 43. 
$x — 2y= 10. iia:+ 9y= 69. 

2. 4^+ y= 34» 6, 8a;— 2iy= 33, 
4y+ a:= 16. 6a; + 35^ = 177. 

3. 30a; + 4oy = 270, 7. 2iy + 20a; = 165, 
Soa; + Z^y = 340. 77y — 30a; = 295. 

4. 2a; + 7y = 34, 8. I la; — loy = 14, 
5a; + 9y=: 51. 5a; + 7y= 41. 

Notes.— Z' If iiot prime, bow proceed ? 4. If the coefficients have common Ibo* 
tors, how shorten the operation f 
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lO. 



II. 



12. 



13- 



14. 



6y- 


2X = 208, 


IS- 


8a: + 


y = 


42, 


lOX — 


4y = 156- 




2X + 


4y = 


.18. 


4X + 


3y= 22, 


16. 


2X + 


4y- 


20, 


5^ — 


7y= 6. 




4X + 


sy- 


28. 


3^ — 


5y= i3> 


17- 


4X + 


sy — 


5o> 


2X + 


7y= 81. 




3«- 


zy- 


6. 


5^ — 


7y= 33> 


18. 


3« + 


5y = 


57, 


iia; + 


i2y = 100. 




S^ + 


3y = 


47- 


i- 


6 - '^' 


19. 


5 + 


y - 
3 


7, 


X 

2 


y = 21. 

4 




u 


y _ 
4 


5- 


i6x + 


17^-500, 


20. 


2X + 


y - 


50. 


172? — 


3y= no. 




1 + 


y _ 
7 


S- 




PROBLEMS. 


► 







1. Required two numbers whose sum is 70, and whose 
difference is 16. 

2. A boy buys 8 lemons and 4 oranges for 56 cents; and 
afterwards 3 lemons and 8 oranges for 60 cents. What did 
he pay for each ? 

3. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91. How 
many voted for each ? 

4. Divide the number 75 into two such parts that three 
times the greater may exceed seven times the less by 15. 

5. A fiirmer sells nine horses and seven cows for I1200; 
and six horses and thirteen cows for an equal amount. 
What was the price of each ? 

6. From a company of ladies and gentlemen, 15 ladies 
retire; there are then left two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left five 
ladies to each gentleman. How many were there of each at 
first? 
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7. Find two numbers, such that the sum of five times the 
first and twice the second is 19; and the difference between 
seven times the first and six times the second is 9. 

8. Two opposing armies number together 21,110 men; 
and twice the number of the greater army added to three 
times that of the less is 52,219. How many men in each 
army? 

9. A certain number is expressed by two digits. The 
sum of these digits is 11 ; and if 13 be added to the first 
digit, the sum will be three times the second. What is the 
number ? 

10. A and B possess together I570. If A's share were 
three times and B's five times as great as each really is, then 
both would have $2350. How much has each ? 

11. If I be added to the numerator of a fraction, its value 
is J ; and if 1 be added to the denominator, its value is \. 
What is the fraction. 

12. A owes I1200 ; B, $2550. But neither has enough to 
pay his debts. Said A to B, Lend me | of your money, 
and I shall be enabled to pay my debts. B answered, I 
can discharge my debts, if you lend me J of yours. What 
sum has each ? 

13. Find two numbers whose difference is 14, and whose 
sum is 48. 

14. A house and garden cost $8500, and the price of the 
garden is -^ the price of the house. Find the price of each. 

15. Divide 50 into two such parts that J of one part, 
added to f of the other, shall be 40. 

16. Divide I1280 between A and B, so that seven times 
A's share shall equal nine times B's share. 

17. The ages of two men differ by 10 years ; 15 years ago, 
the elder was twice as old as the younger. Find the age of 
each. 

18. A man owns two horses and a saddle. If the saddle, 
worth $50, be put on the first horse, the value of the two 
is double that of the second horse 5 but if the saddle be put 
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on the second horse, the value of the two is $15 less than 
that of the first horse, liequired the value of each horse, 

19. A war-steamer in chase of a ship 20 miles distant, 
goes 8 miles while the ship sails 7. How far will each go 
before the steamer overtakes the ship ? 

20. There are two numbers, such that ^ the greater added 
to ^ the less is 13 ; and if J the less be taken from ^ the 
greater, the remainder is nothing. Find the numbers. 

21. The mast of a ship is broken in a gale. One-third of 
the part left, added to ^ of the part carried away, equals 
28 feet; and five times the former part diminished by 
6 times the latter equals 12 feet What was the height of 
the mast? 

22. A lady writes a poem of half as many verses less two 
as she is years old ; and if to the number of her years that 
of her verses be added, the sum is 43. IIow old is she ? 
How many verses in the poem ? 

23. What numbers are those whose difference is 20, and 
the quotient of the greater divided by the less is 3 ? 

24. A man buys oxen at $65 and colts at $25 per head, 
and spends I720 ; if he had bought as many oxen as colts, 
and vice versa, he would have spent $1440. How many of 
each did he purchase ? 

25. There is a certain number, to the sum of whose 
digits if you add 7, the result will be 3 times the left-hand 
digit; and if from the number itself you subtract 18, the 
digits will be inverted. Find the number. 

26. A and B have jointly $9800. A invests the sixth part 
of his property in business, and B the fifth part of his, and 
each has then the same sum remaining. What is the entire 
capital of each ? 

27. A purse holds six guineas and nineteen silver dollars. 
Now five guineas and four dollars fill ^ of it. How many 
will it hold of each ? 

28. The sum of two numbers is a, and the greater is n 
times the less. What are the numbers ? 
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THREE OR MORE UNKNOWN QUANTITIES. 

225. The preceding methods of elimination of two 
unknown quantities are applicable to equations containing 
three or more unknown quantities. (Arts. 222-224.) 

226. To Solve Equations containing three or more Unknown 

Quantities. 

I. Given 3a; + 2y — 52; = 8, 2a; + 3^ + 4j» = 16, and 
5a: — 6y + 32; = 6, to find X, y, and z. 



iTJTiON.— By the problem. 


3aj+ 2y— 5e = 


8 


(I) 


K t€ 


2aj+ 3y+ 42 = 


16 


(a) 


€( U 


SX— 6y+ 32 = 


6 


(3) 


Multiplying (i) by 2, 


6a?+ 4y— 105 = 


16 


(4) 


(2) by 3, 


6a;+ qy+i2z = 


48 


(5) 


Subtracting (4) from (5), 


5?/ + 222 = 


32 


(6) 


Multiplying (2) by 5, 


ioaj+i5y+2oe = 


80 


(7) 


(3) by 2, 


ico;— i2y+ 62 = 


12 


(8) 


Subtracting (8) from (7), 


27y+i4« = 


68 


(9) 


Multiplying (6) by 27, 


i35y + 594« = 


864 


(10) 


(9) by 5, 


I35y+ 7<» = 


340 


(") 


Subtracting (11) from (10), 


5242 = 


524 

T 


(12) 


Substituting the value of 2 in (6), p = 


1 

2 




Substituting the value of y 


and 2 in (2), a? = 


3 




Ans, oj _ 3, y — 2, e ~ i. 


Hence, the 







k 



EuLE. — I. From the given equations eliminate one unknown 
quantity, by combining one equation with another. 

II. From the resulting equations eliminate another unknown 
quantity in a similar manner. Continue the operation until 
a single equation is obtained, with but one unknown qtmn" 
tity, and reduce this by the preceding rules. 

Note. — ^The letter having the smallest coeflBicients should be elimi« 
nated first ; and if each letter is not found in all the given equations, 
begnin witli that which is in the least number of the equations. 

226. VV^hat \% the rule for Bolvinsr eqaations having three or niorg oxUmown qoui- 
Uties? NQt«* Which letter Bboold lie eUmioated first T 
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Bedace the following equations: 

2. 52? — 3y + 2J5 = 28, 5. SX + 2y -^ 4Z = 46, 
jx + 2y — 42? = 15, 3^ + 2y -h z = 23, 
3y + 42 — a: = 24. loa; + sy + 4^ = 75- 

3. 2X-\'Sy — 3^=4f 6. ar-h y+ z= 53, 
4a; — 3y + 22? = 9, a: + 2y + 3Z = 105, 
Sx-^6y — 2Z=iS. x + sy + 4Z= 134. 

4- 2a; + 3y — 42? = 20, 7. 3a; + 42? = 57, 

x—2tf + sz=6y 2y— z = ii, 

3a; — 2y + 52? = 26. 5a; + 3y = 65. 

8. -+- + - = 62, - + - + - = 47, - + - + -=35. 
234 345 450 

9. Eequired the value of w, x, y, and 2; in the following 

equations : 

w+x+y-\-z= 14 (i) 

2w+x-\-y— z=6 (2) 

2W + 3a: — y + 2; = 14 (3) 

w— a? + 3y + 4^ = 31 (4) 



SOLUTION. 






Adding (i) and (2), 


3W-b 2X+ 2y = 


20 


(5) 


" (2) and (3), 


4w?+ 4aj — 


20 


(6) 


Multiply (3) by 4, 


8w?+i2a;— 4y+42= 


56 


(7) 


Subtract (4) from (7), 


710 + 130;— ^y = 


25 


(8) 


Multiply (5) by 7, 


2iw>+i4aj + i4y = 


140 


(9) 


(8) by 2, 


i4w>+26a;— i4y — 


50 


(ID) 


Add (9) and (10), 


35«? + 4oa; = 


190 


(II) 


Multiply (6) by 10, 


40^+400? = 


200 


(12) 


Subtract (11) from (12 


.*. w = 
torn {6), 8 + 40; = 


10 

2 

20 

3 




Substituting value of 




Substituting value of 


w and X in (5), etc., 




y = 4» 


and z = S* 






6 









J 
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227. The solution of equations containing many unknown 
quantities may often be shortened by substituting a single 
letter for several. 

( w+x+y=is (i) 

lo. Required the value of w, Xy y, \ w-^x+z=^ 17 (2) 

and z in the adjoining equations. w+y+z = iS (3) 

^ x+y + z = 2i (4) 

Note. — Substitnting s for the sum of the four quantities, we have, 

8 = w+x+y+z. 

Equatien (i) contains all tlie letters but s, s—z = 13 {5) 

(2) " " " y, s-y = 17 (6) 

(3) " " '* X, 8-x = 18 (7) 

(4) " " '• w, 8-w = 21 (8) 

Adding the last four equa- } , x / , , ^ 

tions together, ) •"" 4*-(^+y+*+«) J = 69 (9) 

V or 48—8 J 

That is, 3« = 69 (lo) 

.-. « = 23 

Substituting 23 for 8 in each of the four equations, we have, 

tr = 2, x= s, y = 6, « = 10. 



4€ 



II. Required the value of Vy 
Wy Xy y, and Zy in the adjoining -< 
equations. 



V +w+x+y -=.10 (i) 

V +w+x+z=.ii (2) 

V +w+y+z = i2 (3^ 

V +x +y+z = 13 (4) 
^w+x+y+z = i4 (5) 

Note. — ^Adding these equations, 4V-\-4W-\-4X + 4y+42 = 60 (6) 
Dividing (6) by 4, v+ w+ x-\- y+ z = 15 (7) 

Subtracting each equation from (7), we have, 

e = 5, y = 4, x = 3, w = 2, and « = i. 

12. W + X + Z =: lOy II 5 

13- - + -= 7> 



a? +y + si = ^2> 



X y 6 



a: j? 4 

(See Appendix, p. 386.) 



PROBLEMS. 

1. A man bas 3 sfm^ ; ihe ^from of the a^eis i>f tlie fir^ 
and second is 27, thai of the fi^^£ and ^ird i< 29. and ^ 
the second and third is 32. Wha( is the age ofetM.'^h? 

2. A hatcher hooght oi one man 7 calves and 13 sheep 
for $205 ; of a second, 14 caiTes ai^ 5 lambs for #300; and 
of a third, 12 sheep and 20 lambs for #140^ at the same 
rates. What was the price of each ? 

3. The sam of the first and second of three numbers is 
13, that of the first and third 16, ana that of the seivnd 
and third 19. What are the numbers ? 

4. In three battalions there are 1905 meu: \ the first 
with I in the second, is 60 less than in the thinl ; | of the 
third with | the first, is 165 less than the second, lluw 
many are in each ? 

5. A grocer has three kinds of tea: 12 lbs. of tlie ilrst> 
13 lbs. of the second, and 14 lbs. of the thiixl aiv togi»ther 
worth $25 ; 10 lbs. of the first, 17 lbs. of the sei^ond, tuid 
II lbs. of the third are together worth $24 ; 6 lbs. of the 
first, 12 lbs. of the second, and 6 lbs, of the third lUX) together 
worth 1 1 5. What is the value of a pound of each ? 

6. Two pipes, A and B, wiU fill a cistern in 70 minutes, 
A and C will fill it in 84 minutes, and B and C in 140 nun. 
How long will it take each to fill the cistern ? 

7. Divide $90 into 4 such parts, that the first incmisod 
by 2, the second diminished by 2, the third nuiltipUed by 2, 
and the fourth divided by 2, shall all be equal. 

8. The sum of the distances which A, B, and have 
traveled is 62 miles ; A's distance is ociual to 4 tinicH 0*8, 
added to twice B's ; and twice A's added to 3 times B's, is 
equal to 17 times C's. What are the respective distuneoH ? 

9. A, B, and C purchase a horse for tioo. The payint?nt 
would require the whole of A's money, with half of B'h; or 
the whole of B's with i of C's; or the whole of C'h with J 
of A's. How much money has each ? 



CHAPTEE XI. 

GENERALIZATION. 

228. Generalization is the process of finding a 
formula^ or general rule, by which all the problems of a 
class may be solved. 

229. A Froblem is generalized when stated in 
general terms which embrace all examples of its class. 

230. In all General Problefns the quantities are 
expressed by letters. 

I. A marketman has 75 turkeys; if his turkeys are mul- 
tiplied by the number of his chickens, the result is 225. 
How many chickens has he ? 

Note. — This problem maybe stated in the following general terms: 

231. The Product of two Factors and one of the Factors 

being given, to Find the other Factor.* 

Suggestion. — If 2, product ot two factors is divided by one of them, 
it is evident the quotient must be the other factor. Hence, substituting 
a for the product, b for the given factor, we have the following 

General Soltjtion. — ^Let x = the required factor. 

By the conditions, xxb,oTbx = a, the product. Hence, the 

FOEMULA. X = ir- 



Translating this Formula into common language, we have the 
following 

Rule. — Divide the product by the given factor ; theqtiO' 
tient is the factor required. 

228. What is generalization ? 229. When ig a problem generalized ? 230. Ho^ 
are quantities expressed in general problems ? 

* New Practical Arithmetic, Article 93, 
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Generalize ibe next two problems: 

2. A rectangoJar field contains 4S0 square rods, and the 
length of one side is 16 rods. What is the length of the 
other side ? 

3. Divide 576 into two- such factors that one shall be 43.» 

4. The prodnct of A, B, and (fs ages is 61,320 years; A 
is 30 years, B 40. What is the age of G ? 

NOTK — ^The items here giyen may be genenliaed as follows : 

232. The Product of three Factors and two of them being 
given, to Find the other Factor. 

SuGOBsrnoN.— Sabstitatiiig a for the prodact, b for one factor, and 
t for the other, we have the 

GeneraIj Solution. — Let x = the required factor. 

By the conditions, or x 6 x c, or bex = a, the prodact. 

Bemoving the coefficient, we have the 

Formula. x = ^ — 

be 

Rule. — Divide the given product hy the product of the 
given factors; the quotient is the required factor, 

5. The contents of a rectangular block of marble are 504 
cubic feet; its length is 9 feet, and its breadth 8 feet. What 
is its height ? 

6. The product of 3 numbers is 62,730, and two of its 
Actors are 41 and 45. Required the other factor. 

7. The amount paid for two horses was ^392, and the 
difference in their prices was 1 18. What was the price of 
each? 

Note. — From the items given, this problem may be genoralizod 
as follows : 



031. When the product, of two toctors and one of tho fiicton* ftro jclvon, how And 
the other foctor? 332. When the product of throo ftictorH and two of thorn are 
given, how find the other fitctor f 
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233. The Sum and Difference of two Quantities being given, 

to Find the Quantities* 

Suggestion. — Since the sum of two quantities equals the greater 
plvB the less ; and the less plus the difference equals the greater ; 
it follows that the sum plus the difference equals turice the greater. 
Substituting s for the sum, d for the difference, g for the greater, 
^nd I for the less, we have the following 

General Solution. — Let g = the greater number, 

and 1= ** less " 

Adding, g+l=:8, the sum. 

Subtracting, g—l ~ d, the difference. 

Adding sum and difference, 2g = s+d 

Removing coefficient, g = , greater, 

z 

Subtracting difference from sum, 2l = 8'-d 

g ^ 

Removing coefficient, I = , less. Hence, the 

z 



8 + d 



Formulas. 



? = 



2 

8 — d 



2 

This problem may be solved by one unknown quantity. 

FORMATION OF RULES. 

234. Many of the more important rules of Arithmetic- 
are formed by translating Algebraic Formulas into common 
language. Thus, from the translation of the two preceding 
formulas into common language, we have, for all problems 
of this class, the following general 

Rule. — L To find the greater, add half the sum to half 
the difference, 

11. To find the less, subtract half the difference from half 
the sum. 

8. Divide I1575 between A and B in such a manner that 
A may have $347 more than B. What will each receive ? 

■*-, ■ . ^ ■ 

333. When the enm and difference of two quantities are given, how find the 
nantitieB ? 934. Give the role derived from the last two formulaB. 
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9. At an election there were 2150 rotes cast for two 
persons ; the majority of the snccessful candidate was 346. 
How many Totes did each reoeire ? 

10. K B can do a piece of work in 8 days, and C m 12 
days, how long will it take both to do it ? 

Note. — Beguding the woik to be done ms a umit or i, the {Mobleiii 
may be thus generalized : 

235. The Time being ghren in which each of two Forces can 
produce a given Result, to Find the Time required by the united 
Forces to produce it 

SuGOBarnoN. — Since B can do the woik in 8 days, he can do i eighth 
of It in I day, and C can do i twelfth of it in i day. Sabstituting a 
for 8 days, and b for 12 days, we have the 

General Solution. — Let x = the time reqmredc 

Dividing x by a, we have - = part done by B. 

" a; by 6, we have, ^ = " ** ^ 

By Axiom 0, - + r = i. the work done. 

a b 

Clearing of fractions, bx-hax = ab 

Uniting the terms, (a+b)x= ab,B and Cs time. 

Removing the ooeflScient, we have the 

Formula. x = 



a + 6 

'Rttlk— Divide the product of the numbers denoting the 
time required by each force, by the sum of these numbers ; 
the quotient is the time required by the united forces. 

II. A cistern has two pipes; the first will fill it in 
9 hours, the second in 15 hours. In what time will both 
fill it, running together ? 

935. The lime being given in which two or more forces can produce a rcFult, how 
find the time required for the united forces to produce it ? 
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12. A can plant a field in 40 hours, and B can plant it in 
50 hours. How long will it take both to plant it, if they 
work together ? 

236. In Generalizing Frohlems relating to Per- 
centage, there is an advantage in representing the quantities, 
whether known or unknown, by the initials of the elements 
or factors which enter into the calculations. 

Note. — The dements orfactoi's in perceDtage are, 
ist. The Base, or number on which percentage is calcalated. 
2d. The Rate per cent, which shows how many hundredths of 
the base are taken. 

3d. The Pei^cetitage, or portion of the base indicated by the rate. 
4th. The A mount, or the base pltis or mintts the percentage. Thus, 
Let b = the base. p = the percentage. 

r = the rate per cent. a = the amount. 

13. A man bought a lot of goods for I748, and sold them 
at 9 per cent above cost. How much did he make ? 

Note. — The items in this problem may be generalized as follows : 

237. The Base and Rate being given, to Find the 

Percentage,* 

Suggestion. — Per cent signifies hvndredtTia; hence, any given 
per cent of a quantity denotes so many hundredths of that quantity. 
But finding a fractional part is the same as muUiplying the quantity 
by the given fraction. Substituting b for the cost or hose, and r for 
the number denoting the rate per cent, we have the 

Genbbal Solution. — Let p = the percentage. 
Multiplying the base by the rate, br = p. Hence, the 

FoEMuiA. p = br. 

Rule. — Multiply the base ly the rate per cent ; the product 
is the percentage. Hence, 

Note. — Percentage is a product, the factors of which are the hose 
and rate, 

336. Note. What are the elements or fkctors in percentage? 237. When baae 
and rate are giyen, how find the percentaj2fe ? 

* New Practical Arithmetic, Arts. 336^340. 
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14. The population of a certain city in 1870 was 45,385 ; 
in 1875 it was found to have increased 20 per cent. What 
was the percentage of increase ? 

15. Find 37^ per cent on $2763. 

16. A western farmer raised 1587 bushels of wheat, and 
sold 37 per cent of it How many bushels did he sell ? 

17. A teacher^s salary of $2700 a year was mcreased $336. 
What per cent was the increase ? 

Note. — The data of this problem may be generalized as follows : 

238. The Base and Percentage being given, to Find the Mate* 

Suggestion. — Percentage, we have seen, is a product, and the hose 
is one of its factors (Art. 237, note) ; therefore, we have the product 
and one factor given, to find the other factor. (Art. 231.) Substituting 
p for the product or percentage, and b for the salary or hoM, we 
have the 

Gbiteral Solution.— Let r = the required rate. 
Then (Art. 231), p-i-h = r. Hence, the 

FOBMULA. r = ^» 

o 

BiTLE. — Divide the percentage ly the base; the quotient 
18 the rate. 

18. From a hogshead of molasses, 25.2 gallons leaked out 
What per cent was the leakage ? 

19. A steamship having 485 passengers was wrecked, and 
291 of them lost. What per cent were lost? 

20. A man gained $750 by a speculation, which was 
25 per cent, of the money invested. What sum did he 
invest ? 

Note. — The particuhir statement of this problem may be tranti 
formed into the following general proposition : 

9^ When the hase and percentage «re given, how find the rata? 
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239. The Percentage and Rate being given, fo Find the Base. 

Suggestion. — We have the product and one of its factors given, 
to find the otJier factor. (Art. 237, note,) Substitating p for the 
percentdge, and r for the rate per cent gained, we have the 

Genebal Solution. — Let h = the base. 

Then (Art. 237), p-i-r = 6. Hence, the 

Formula. 6 = ^• 

r 

Rule. — Divide the percentage by the rate, and the quotient 
is the base. 

21. A paid a tax of $750, which was 2 per cent of his 
property. How much was he worth ? 

22. A merchant saves 8 per cent of his net income, and 
lays up $2500 a year. What is his income ? 

23. At the commencement of business, B and were 
each worth $2500. The first year B added 8 per cent to 
his capital, and C lost 8 per cent of his. What amount 
was each then worth ? 

Note. — The items of this problem may be generalized thus : 

240. The Base and Rate being given, to Find the Amount. 

Suggestion. — Since B laid up 8 per cent., he was worth his origi- 
nal stock pliLS 8 per cent of it. But his stock was 100 per cent, or once 
itself; and 100 per cent. + .08 = 108 per cent or 1.08 times his stock. 

Again, since C lost 8 per cent, he was worth his original stock 
minus 8 per cent of it. Now 100 per cent minus 8 per cent equals 
100 per cent — .08 = 92 per cent, or .92 times his capital. Substituting 
6 for the base or capital of each, and r for the number denoting the 
rate per cent of the gain or loss, we have the 

General Solution.— Let a = the amount. 

Then will h{i+r) = a, B's amount. 

And b (i—r) = a, C's amount. 

Combining these two results, we have the 

Formula. a = b{i ±r). 

BuLE. — Multiply the base by i ± the rate, as the case may 
require, and the result will be the amount, 

339. When percental and rate are given, how find the base ? 940. How find tk« 
amount when the base and rate are given ? 
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Note. — ^When, from the nature of the problem, the amount is to be 
greater than the base, the multiplier is i plus the rate ; when less^ the 
multiplier is i .ninus the rate. 

24. A man bought a flock of sheep for $4500, and sold it 
25 per cent above the cost What amount did he get for it ? 

25. A man owned 2750 acres of land, and sold 33 per 
cent of it. What amount did he have left ? 

241. The elements or factors which enter into computa- 
tions of interest are the principal, rate, timey interest, and 
amount. Thus, 

Let p = the principal, or money lent. 

* r = the interest of $1 for i year, at the given rate. 

* t •= the time in years. 

*• < = the interest, or the percentage. 

* a = the amount, or the sum of principal and interest. 

26. What is the interest of $465 for 2 years, at 6 per cent ? 

NOTK — The data of this problem may be stated in the following 
general proposition : 

242. The Principal, the Rate, and Time being given, to Find 

the Intei^est, 

General Solution. — Since r is the interest of $1 for i year, 
pxr must be the interest of p dollars for i year ; therefore, pr x t 
must be the interest of p dollars for t years. Hence, the 

FoEMULA. i = prt. 

EuLE. — Multiply the principal ly the interest of %i for 
the given time, and the result is the interest 

27. What is the interest of $1586 for i yr. and 6 ni., at 
8 per cent ? 

28. What is the int. of $3580 for 5 years, at 7 per cent ? 

29. What is the amt. of I364 for 3 years, at 5 per cent ? 

Note.— This problem may be stated in the following general terms '. 

Note, When tbe amount is f^^ater or Icbb than the base, what is the mnltipllcr? 
•41. What are the elements or fiictorB which enter into computations of interest? 
Whan the principal, rate, and time are given, how find the interest ? 
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243. The Principal, Rate, and Time being given, to Find the 

Auioinit. 

Gekebal Solution. — ^Beasoning as in the preceding article, 

the interest = prt. 
But the amount is the sum of the principal and interest. 

.*. p -\-prt = a. Hence, the 

Formula. a=:p + prU 

Rule. — Add the interest to the principal, and the result is 
the amount, 

30. Find the amount of $4375 for 2 years and 6 months, 
at 8 per cent. 

31. Find the ami of I2863.60 for 5 years, at 7 per cent 

244. The Relation between the four elements in the 

Formula, a = p + prt, 

is such, that if any three of them are given, the fourth may 
be readily found. (Art 243.) 

245. The Amount, the Rate, and Time being given, to Find 

the Principal. 

Transposing the members and factoring, we have the 

Formula. p = — ; — -• 

32. What principal will amount to $1500 in 2 years, at 
6 per cent ? 

33. What sum must be invested at 7 per cent to amount 
to $300 in 5 years ? 

246. The Amount, the Principal, and the Rate being given, 

to Find the Time. 

Transposing jp and dividing hypr, (Art. 244), we have the 

Formula. t = — ^^^^. 

pr 

34. In what time will $3500, at 6 per cent, yield I525 
interest ? 

343. The amount ? 244. What 1b the relation between the four elements in the 
precedinsf formnla. S45. When the amoant, rate, and time are given, Ptate tha 
fhrmnla. 246. When the amount, principal, and rate are sriven, BtatA the formnla. 
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247. The Hoar aad IGaHte Haiidt of a Clock being tegetlMr 
at 12 M., to Find tbt Tuoe of their €kn%fmn€tiaH betweeo aey 

two Sub^eqweMi Hours. 

35. The hour and minate hands of a clock are exactly 
together at 12 o'clock. It is required to find how long 
before they will be together again. 

Ai<rAiiYBia. — The distance around the dial of a dock is 12 hour 
spaces. When the hoar-hand aniTes at I, the minute-hand has passed 
12 hour spaces, and made an entire drcnit. Bat since the hoar-hand 
has moved over one space, the minate-hand has gained only 1 1 spaces. 
Now, if it takes the minate-hand i hoar to gain 1 1 spaces, to gain 
I space will take ^ of an hoar, and to gain 12 spaces it will take 12 
times as long, and 12 times ^ hr. = || hr. = 1^ hoar. Or, 

Let X = the time of their conjonction. 

Then 11 spaces : 12 spaces :: i hoar : x hours. 

Maltipljing extremes, etc., no; = 12 

Removing coefiSdent, x = i ^ hr., or i hr. 5/^ min. 

36. When will the hour and 
minute hand be in conjunction 
next after 3 o'clock ? 

Suggestion. — Substituting a fori^ 
hr., the time it takes the minute-hand to 
gain 12 spaces, h for the given number 
of hours past 12 o'clock, t for the time of 
conj auction, we have the following 

General Solution, a x h = t, the 
time required. Hence, the 

FoBMULA. t = ah. 

Ei7LE. — Multiply the time required to gain 12 spaces by 
the given hour past 1 2 0^ clock ; the product will be the time 
of conjunction, 

37. At what time after 6 o'clock will the hour and minute 
hand be in conjunction ? 

38. At what time between 9 and 10 o'clock ? 

(See Appendix, p. 287.) 




047. What is the formula for finding when the handf of A clock will be In 
eoiUinictlon ? Traoelate this into » rule. 
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INVOLUTION * 

248. Involution is finding a power of a quantity. 

249. A Power is the product of two or more equal 
factors. 

Thus, 3x3 = 9; axoxa = a'; 9 and o» are powers. 

250. Powers are divided into different degrees ; as first, 
second, third, fourth, etc., the name corresponding with the 
number of times the quantity is taken as a> factor to produce 
the power. 

251. The First Power is the quantity itself. 

The Second Power is the product of two equal factors, 
and is called a square. 

The Third Power is the product of three equal factors, 
and is called a cube, etc. 

Note. — The quantity caUed the first power is, strictly speaking, not 
a power, but a root Thus, a^ or a, is not the product of any ttoo equcU 
factors, but is a quantity or root from which its poioers arise. 

252. The Index or Exponent f of a power is a, figure 

or letter placed at the right, above the quantity. Its object 

is to show how many times the quantity is taken as a factor 

to produce the power. 

Thus, o' = a, and is called the first power. 

a'^ r= axa^ the second power, or square, 
a^ = ax ax a, the third power, or cvbe. 
tt- = ax ax ax a, the fourth power, etc. 

948. What is involution? 249. A power? 250. How divided? 251. The first 
power ? Second power ? Third ? 252. What is the index or exponent ? Its object f 

* Involution, from the Latin involvere, to roll up. 
f Index (plural, indices), Latin indicare, to indicate, 
MtpoTient, from the Latin exponere, to set forth. 
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NoTBS. — I. The index of the fint power being i, is oommonlj 
emitted. 

2. The expression a* is read " a fooith,'* " the fourth power of a," 
or "a raised to the fourth power;" a^ is read, **« »th," or **the 
nth power of as." 

Bead the following : a*, c*, a?, y*, jz;^, J* d*. 

253. Powers are also divided into direct and reciprocal 

254. Direct Powers are those which arise from the 
continued mnltiplieation of a quantity into itselL 

Thus, the continued mnltiplieation of a into itself gives the series, 

a, a*, a', a*, a*, a*, etc. 

255. Reciprocal Powers are those which arise from 
the continued division of a unit by the direct potoers of that 
quantity. (Art. 55.) 

Thns, the continued division of a urdt by the direct powers of a 

gives the series, 

I ji_ I I ^ I 

a' '^' ¥»• ■^' "^^ ^' ®^ 

256. Reciprocal Powers are commonly denoted by 
prefixing the sign — to the exponents of direct powers of 
the same degree. 

Thus, - = €r\ -^ = or*, -1 = or*, -^ = a-^, etc. 
a a* a* a* 

257. The difference in the notation of direct and rectp- 
rocal powers may be seen from the following series : 

(i.) a», fl*, aS a\ a\ i, ^, -^, -^, -^, -^, etc. 

(2.) a«, a\ a\ a\ a\ a9, a-\ a-% a-% a"*, a-«,etc. 

Note. — The f/rst half of each of the above expressions is a series 
5f direct powers ; the Icut half, a series of redptocal powers. 

258. Negative Bxponents are the same as the 
exponents of direct powers, with the sign — prefixed to 
them. 

NoU, The index 1? 253. How else are powers divided? 954. Direct powtret 
•55. Beciprocal ? 956. How is a reciprocal power denoted ? 
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Notes.— I. This notation of reciprocal powers is derived from the 
eontiniied divmoa of a series of direct powers by their root ; that is, by 
subtracting i from the successive exponents. (Art. 113.) 

2. The use of negative exponents in expressing reciprocal powers 
avoids fractions, and therefore is convenient in calculations. 

3. Direct powers are often called positive^ and reciprocal powers, 
negative. But the student must not confound the quantities whose 
exponents have the sign + or — , with those whose coefflcientsh&Ye the 
sign + or — . This ambiguity will be avoided, by applying the term 
direct, to powers with positwe exponents, and reciprocal, to those with 
negative exponents. 

259. The Zero Power of a quantity is one whose 
exponent is o ; as, a° ; read, " the zero power of a." 

Every quantity with the index o, is equal to a unit or i. 

For, — = a"-" = ao (Art. 113) ; but — = i ; hence, a® = i. 



SIGNS OF POWERS. 

260. When a quantity is positive, all its powers are 
positive. 

Thus, axa = a*; oxaxa = a', etc 

When a quantity is negative, its even powers are positive, 
and its odd powers negative. 

Thus, —a X —a = a^ ; —a x —a x —a = —a', etc 

FORMATION OF POWERS. 

261. All Powers of a quantity may be formed by 
multiplying the quantity into itself. (Art. 249.) 

262. To Raise a Monomial to any Required Power. 

The process of involving a quantity which consists of 
several factors depends upon the following 



259. What iB the zero power? To what is a quantity of the zero power e^najf 
3^ Rule for the signs ? 
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PRINCIPLES. 

i^ The power of the product of two or more factors is 
equal to the product of their powers. 

2°. The product is the same, in whatever order the factors 
are taken. (Art. 87, Prin. 3.) 

1. Given 3^8^ to be raised to the third power. 

BOLUnOK. 

{SaV^ = yil? X zaV x zaJ^ (Art 261), 
or, 3X3X3xaxaxaxJ2xS2xS2 (Prin. 2), 

.'. (3a52)3 _- 2705856^ Ans. 

Involving each of these factors separately, we have, (3)" = 27 ; 
(a)» =r a' ; and ifPf = &« ; and 27 x a' x &• = 27a'&*, Ans. Hence, the 

BuLE. — Raise the coefficient to the power required, and 
multiply the index of each letter by the index of the power, 
prefixing the proper sign to the result. (Art. 90.) 

Notes. — i. A single letter is involved by giving it the index of the 
required power. 

2. A quantity which is already a power is involved by multiplying 
its index by the index of the required power. 

3. The learner must observe the distinction between an index 
and a coefficient. The latter is simply a multiplier, the former shows 

how many times the quantity is taken as a factor. 

4. This rule is applicable both to positive and negative exponents. 

2. What is the square of abc ? 

3. What is the square of — abc ? 

4. What is the cube of xyz ? 

5. What is the fifth power of abc ? 

6. What is the fourth power of 2ofiy ? 

7. What is the third power of 6a^i^ ? 

8. What is the fourth power of sa^i^c? 

9. What is the sixth power of 2a^c^ ? 

10. What is the eighth power of abed? 

11. What is the nth power of xyz ? 

262. flow raise a monomial to any power? Nof^. A pingle letter 7 A quantity 
l|lrea47 a power ? Pietiuction between iode^^ and ^pcfllQi^nt ? 
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12. Find the fifth powet of (a + l)\ 

13. Find the second power of {a + i)\ 

14. Find the ni\i power of {x — y)^. 

15. Find the n\h power of {x + yy. 

16. Find the second power of {c^ + V), 

17. Find the third power of {aW¥). 

263. To Involve a Fraction to any required Power. 

18. What is the square of — ^? 

SoLxmoK. (^V=^x^^ = ^. Hence, the 

BuLE. — Raise both the numerator and denominator to the 
required power. 

10. Find the cube of - — • 

2a 

20. Find the fourth power of ^ 

21. Find the square of ^-grn* 

22. Find the mth power of — 

a 

a^V* 

23. Find the nth power of — ^ • 

xy 

264. A compound quantity consisting of two or mora 
terms, connected by + or — , is involved by actual multi- 
plication of its several parts. 

24. Find the square of 3a + S^. Arts. gc^+6dl^-\-lA. 

25. What is the square of a + J + c? 

Ans. a^ + lah + lao + 1^ + zic + <?. 

26. What is the cube of a; + 2y + 2 ? 

265. It is sometimes sufficient to express the power of a 
compound quantity by exponents. 

Thus, the square of a+h = {a+hf \ the nth power of a5+c+3(P =■ 

963. now InYolve a fVactioD? 364* How involve a compound quantily * 
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FORMATION OF BINOMIAL SQUARES. 

266. To Find the Square of ■ BinomUU i» tho Thvs of 
its Parts. 

1. Given two numbers, 3 and a, to find the sqaaie of 
their Bom in the tenns of its parts. 

iLLUBTaATiOH.— Let the aluided part of the diagram ropre&ent tlie 
sqoare of 3 ; — each sid« being divided into 
3 inches, its cant«Dts are equal to 3 x 3, or 
gsq. in. 

To preeeire the fonn of the square, it is 
plain equal additiona must be made to luio 
adjaeent aides ; Tor, if made on one ride, or on 
oppomte BideB, the figure will no loDger lie a 

Since s la 2 more than 3, it follows that 
ttBO TBV)t at 3 nqoares each mnat be added at 

the top, and 2 rows on one of the adjaceat sides, to mahe its length 
and breadth each equal to 5, Now 2 into 3 plus 3 into 3 are is squares, 
or twiet the product of the two parts 3 and 3. 

But the diagram wants two times 2 Bmatl squares, to fill the comer 
on the right, and 2 times 2, or 4, is the square of the second part We 
have then 9 (the square of the first port), iz (twice the product of the 
two parts 3 and 2), and 4 (the square of the second part). Therefore, 

(3 + 3)'=3' + 2x(3x2)+2'. 

2. Sequired the aqnare of a;+y. Ans, a?+2 xiy+y*. 
Hence, Tmiversally, 

The square of the sum of two quantities is equal to the 
square of the first, plus twice their product, plus the square 
of the second. 

Note,— The (yware of a binomial always has three terms, and con- 
sequently is a trinomial. Bence, 

No binomial can be a perfect eguare. (Art. 101.) 
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267. All Sinomidls may be raised to any required 
power by continued multiplication. But when the expo- 
nent of the power is large, the operation is greatly abridged 
by means of the Binomial Theorem.* 

268. The Binomial Theorem is a general formula 
by which any power of a binomial may be found without 
recourse to continued multiplication. 

To illustrate this theorem, let us raise the binomials a-\-h and a— 6 
to the second, third, fourth, and fifth powers, by continued multipli- 
cations : 

(a + hf = a? + 2ab + l^. 

{a + hf = a^ + sa^h + 306* + &». 

(a + hy = a^ + 4a«b + ta^b^ + 406* + 6*. 

(a + by = a^ + SM + Toa«6* + ioa«&» + 506* "+ ¥. 

(a - 6)« = a2 - 205 + 6*. 

{a — bf — a^ — 3a^b + sab* — 6«. 

(a - &)4 = a* - 4a^b + 6a«6« - 4a&» + b\ 

(a - bf = a"^ - 50*6 + ioa^¥ — ioa«&» + 5a&* - &». 

269. Analyzing these operations, the learner will discover 
the following laws which govern the expansion of binomials : 

1. The number of terms in any power is one more than the 
index of the power. 

2. The index of the first term or leading letter is the 
index of the required power, which decreases regularly by % 
through the other terms. 

The index of the following letter begins with i in th^ 
second term, and increases by i through the other terms. 

3. The sum of the indices is the same in each term, and is 
equal to the index of the power. 

368. What is the Binomial Theorem ? 369. What is the law respecting the nnm- 
ber of terms in a power ? The indices of each quantity ? The sum of the indices 
iii each term ? 

* This method was discovered by Sir Isaac Newton, in 1666. 
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4. The coefficient of \hQ first and last term of every power 
is I ; of the second and next to the last, it is the index of 
the power; and, universally, the coefficients of any two 
terms equidistant from the extremes, are equal to each other. 

Again, the coefficients regularly increase in the first half 
of the terms, and decrease at the same rate in the last half. 

5. The signs follow the same rule as in multiplication. 

270. The preceding principles may be summed up in the 
following 

GENERAL RULE. 

L Ii^TDiCES. — Oive the first term or leading letter the index 
if the required power, and diminish it regularly hy i through 
ths other terms. 

The index of the following letter in the second term is i, 
and increases regularly by i through the other terms. 

II. Coefficients. — The coefficient of the first term is i. 
To the second term give the index of the power; and, 

universally, multiplying the coefficient of ariy term hy the 
index of the leading letter in that term, and dividing the 
product by the index of the followifig letter increased hy i, 
the result will he the coefficient of the succeeding term. 

III. Signs. — Ifhoth terms are positive, make all the terms 
positive; if the second term is negative, make all the odd 
terms, counting from the left, positive, arid all the even terms 
negative. 

the binomial formula. 

n "— I 
{a + lY^a"" + n x cT"* h + n x a'^'-^V, ete. 

Note. — The preceding rule is based upon the supposition that the 
index is a positive whole number ; but it is equally true when the index 
is &i\iei positive or negative^ integral or fractional. 



The coefficients of the first and last terms? The law of the signs t 270. What 
!■ Vb» general role! 
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Expand the following binomials : 



I. 


(a + i)*- 


6. {y + zy>. 


2. 


{a - 5)". 


7. (a -by. 


3- 


{c + df. 


8. (wi + w)". 


4. 


(a; + yy- 


9- (a'-y)". 


S- 


{^ - yy- 


lo. (a + h)\ 



271. When the terms of a binomial have coefficients or 
exponents, the operation may be shortened by substituting 
for them single letters of the first power. After the opera- 
tion is completed, the value of the terms must be restored. 

11. Eequired the fifth power of a:^ + ^yK 

Solution. — Substitute a for x^, and h for 3^ ; then 

{a+hf = a^-ifSa^+ioaW + ioa^W+Sf^+y^* 
Restoring the values of a and h, 

(q? + 31/^ f -x^^+i s^y^ + qos^y^ + 27(XcV + 4050;*^ + 243^'^ 

12. Expand (pt^ — 3 J)*, 

Ans. ofi — i2a^S + S4X*l^ — loSx^i^ + 81 J*. 

272. Every power of i is i, and when a factor it has no 
effect upon the quantity with which it is connected. (Art. 94, 
note.) Hence, when one of the terms of a binomial is i, it 
is commonly omitted in the required power, except in the 
first and last terms. 

Note. — In finding the exponents of such binomials^ it is only 
necessary to observe that the sum of the two exponents in each term 
is equal to the index of the power. 

13. Expand {x + i)K 15. Expand (i— a)'. 

14. Expand (b — i)*. 16. Expand (i 4- a)". 

(See Appendix, p. 287.) 



jr/j. When the terms have coefficienta or exponents, how proceed f 
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273. A Polynomial may be raised to any power by actual 
mnltiplication, taking the given quantity as a factor as many 
times as indicated by the exponent of the required power. 
But the operation may often be shortened by reducing the 
several terms to two, by substitution^ and then applying the 
Binomial Formula. 

17. Bequired the cube ot x + y + z. 

Solution. — Snbstitatmg a for (y+c), we have aj4-(y+2) = aj+a 
By formula, (oj + a)* = a? + yi?a + yM? + aK 

Restoring the value of a, 

(aj+y+g)» = a!»+3iE»(y+g) + 3a;(y+g)« + (y+g)«. 

274. To Square a Polynomial without Recourse to 

Multiplication. 

18. Bequired the square of a + S + c. 

Solution. — By actual multiplication, we have, 

(a+&+c)* = a* + 2a5 + 2ac + 6* + 26<j+d'. 
Or, changing the order of terms, 

a* + 6* + c* + 206 + 2flkJ + 2Jc. 
Or> factoring, we have, a* + 2a (6 + c) + 6* + 26c + c^. 

19. Bequired the square of a + i + c+ d. 

Solution. — By actual multiplication, we have, 

a^-\-¥ + c^ + d^-\-2ab+2(Ui-\-2ad + 2]bc + 2bd+2cd, 
Or, changing the order of the terms, and factoring, we have, 
a' + 2a(6+c+cQ + 6* + 2&(c+(i) + c'-i-2C(i+(?. Hence, the 

BtJLE. — To the sum of the squares of the terms add twice 
the product of each pair of terms. 

Or, To the square of each term add twice its product into 
the sum of all the terms which follow it. 

20. Bequired the square oix + y + %. 

21. Bequired the square of a — J + c 

22. Bequired the square o^a + x+y + %. 

•73. How may a polynomial be ralBod to any required power t 874. Wbat it the 
rale for squaring a polynomial 
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275. When one of the terms of a binomial is a,fracti(my 
it may be involved by actual multiplication, or by reducing 
the mixed quantity to an improper fraction^ and then 
involving the fraction. (Art. 171.) 

23. Eequired the square of x + i; and a; — J. 

flj + i aj-i 

X -\- ^ X — ^ 

a^+ Jaj a?— ^x 

0?'+ a; + J- a?— aj + J 

Or, rednce the mixed quantities to improper fractions. Thns, 

I 2a;+i - I 2a;— I ,._^ . 

a? + - = : and a? = . (Art. 171.) 

22 22^'^ 

(2aj+i\* 40^ +40;+ 1 - /2aj— 1\' 43^—43?+ 1 

Expand the following mixed quantities: 

24- (« + 1^' 26. (— f + 2a&c)2. 

25. («-'J. 27. (^l + sxy)\ 

276. Powers are added and subtracted like other 
quantities. (Arts. 67, 77.) For, the same powers of the 
same letters are like quantities; while powers of different 
letters and different powers of the same letter are unlike 
quantities, and are treated accordingly. (Arts. 43, 44,) 

28. To ^a^ + S{a + hf^ex + z^ + cfi 

Add — 3g^ + 4 (flg + S)^ + 4a; + 43^ — g* 

Arts. 40^ + 9 (a + S)' — 2a: + 32:^ + 4a^ + o^ — a* 

29. Prom 3a' + sJ2 — 40^+42:^ — 0" 

Take — 40^ + 3^ + 30^ — 52:^ + fl^ 

-4W5. 70^ + 252 — yc^ -f 52:8 _[. 4^^ _ ^6 _ ^ 

975. How inyolye a binomialf when one term is a fraction t 876. How are powen 
added and subtracted ? Why ? 
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MUL7 [PLICATION OF POWERS. 
277. To MuUipip Powers of the Sam^e R^mi. 



1. What is the piodact of jo^ mnltiplkd bj c^? 

SOLunoH. — ^Adding the exponeatB of emdtt letter, we hmre 30* 
and&*. Now3d«x6* = 3tfV, ^ijML (Ail. 94.) 

2. Multiply 30** by ir^i"* 

Solution. — Adding the exponents of each letter, as befofo, we 
have sa^ft*, Ans, Henoe, the 

BlTLE. — Add the exponents of the given quantitieSy and the 
result win be the product. (Art 94.) 

Notes. — i. This role is applicable topasUiw and negaUf>e exponents. 
2. Powers of different roots are multiplied bj writing them one 
after another. 

Multiply the following jMJwers: 

3. cfi by a^. 7. (r*b by flr'J*. 

4. ar« by ar« 8. a~*cd by aV^. 

5. 5-T by ft*. 9. JAc-^y-^ by J-^c^y*. 

6. rf* by (t. 10. cfiy~^s? by a'^tf^sA. 



DIVISION OF POWERS. 

278. To IHvide Powers of the Same Root. 

II. Divide a' by a*. 

Solution. — Subtracting one exponent from the other, we have 
a^^-flS = a*, the quotient sought. (Art. 113.) Hence, the 

Rule. — Subtract the exponent of the divisor from that of 
the dividend ; the result is the quotient. (Art 113.) 

Note. — This rule is applicable to positive and negative exponents. 

«^. How mnltlply powers of the same root ? Note. Of different roots t 978. What 
is UiA role for diyiding powers of the same root 1 

7 
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Divide the following powers : 

12. a® by AT®. i6. tMj^ by ar^y^^. 

13. ar^ by ic®. i7- iza^J"^^ ^y ^a^tr^d^. 

14. d* by 5^. 18. 6a:*yV ^y 2ar^yzK 

15. c"^ by cr-8^ 19. 6oa3S*c' by ^a~^I^c~^. 

279. The Method of denoting Reciprocal Powers shows 
that any factor may be transferred from the numerator of a 
fraction to the denominator, and t;ie?e versa, by changing the 
sii^Ti of its exponent from + to — , or — to +. (Art 256.) 

20. Transfer the denominator of —^ to the numerator. 
Solution. -5 = ^' x-5 = a'*xar-« = a*ar*, J.?w. 

21. Transfer the denominator of -— ^ to the numerator. 
Solution, --jrr— =a-i-— 3: = axa^ = aa^, ^?w. 

22. Transfer the numerator of — to the denominator. 

y 

Solution. — =- x a* = --!--:=--*- ^^^ = — ir> -atm. 
y y y a^ y ar^ 

2^. Transfer the numerator of — to the denominator. 

or* III. 
Solution. — = — j x - = -r- , -d/w. 
y a* y a^y 

24. Transfer ar* to the denominator of • 

y 

25. Transfer y*^ to the numerator of j-r' 

26. Transfer rf~* to the denominator of 



27. Transfer af* to the numerator of 






aaf* 



279. What inference may be drawn Arom the method of denoting redpiocai 
powers } How transfer a flMStor ? 



CHAPTER XIIL 

EVOLUTION * 

280. Evolution is finding a root of a quantity. It is 
often called the Extraction of roots. 

281. A Root is one of the equal factors of a quantity. 

Notes. — i. Powers and roots are correlative terms. If one quantity 
is a power of another, the latter is a root of the former. 
Thus, a' is the cube of a, and a is the cube root of a^. 

2. The learner should observe the foUowing distinctions : 
ist. By involution a product of equal factors is found. 
2d. By evolution a quantity is resolved into equal factors. It is the 
reverse of involution. 

3d. By division a quantity is resolved into two factors. 
4th By subtraction a quantity is separated into two parts, 

282. Roots, like powers, are divided into degrees; as, the 
square, or second root; the cube, or third root; the fourth 
root, etc. 

283. The Square Hoot is one of the two equal factors 

of a quantity. 

Thus, 5 X 5 = 25, and axa = a^; therefore 5 is the square root of 
25, and a the square root of a^. 

284. The Cube Moot is one of the three equal factors 
of a quantity. 

Thus* 3 X 3 X 3 = 27, and axaxa = a^; therefore, 3 is the cube 
root of 27, and a is the cube root of a\ 

aSo. What Is evolution ? 281. A root ? Note. Of what is evolution the reverse t 
J63. What is the square root ? 284. Cube root ? 

* From the Latin evolvere, to unfold. 
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285. Boots are denoted in two ways: 

ist By prefixing the radical sign j^ to the quantity.* 
2d. By placing a fractional exponent on the right of the 
quantity. 

Thus, ^^a and a^ denote the sqnaie root of a, 

^a and a' denote the cube root of a, eta 
Notes.— I. The figure placed over the radical sign, is called the 
Ind^x of the Boot, because it denotes the name of the root. 

Thus, ^a, and -v/a, denote the square and cube root of a, 

2. In expressing the square root, it is customary to use simplj the 
radioil sign y^, the 2 being understood. 

Thus, the expression \/25 = 5, is read, "the square root of 25 = 5.** 

3. The method of expressing roots hy fractional exponents is derived 
from the manner of denoting powers by integral indices. 

Thus, a*=«xaxaxa; hence, if a* is divided into four equal 
(actors, one of these equal factors may properly be expressed by a. 

286. The numerator of a fractional exponent denotes the 
power, and the denominator the root. 

Thus, a^ denotes the cube root of the first power of a ; and a^ denotes 
the fourth root of the third power of a, or the third power of the 
fourth root, etc 

Eead the following expressions: 

1. at. 4. h^. 7. A 10. a*. 

2. fll. 5. c^. 8. m^. II. «»». 

3. a^. 6. x^. 9. n^. 12. anf. 

13. Write the third root of the fourth power of a. 

14. Write the fifth power of the fourth root of x, 

15. Write the eighth root of the twelfth power of y. 

287. A Perfect Power is one whose exact root can 
be found. This root is called a rational quantity. 

285. How are rootH denoted? 386. What docs the nnmerator of a fhictional 
exponent denote ? The denominator ? 287. What is a perfect power f 

* Prom the Latin radix, a root. 

The sign /y/ is a corruption of the letter r, the initial of radix. 
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288. An Imperfect Power is a quantity whose exact 
root cannot be found. 

289. A Surd is the root of an imperfect power. It is 
often called an irrational quantity. 

Thus, 5 is an imperfect power, and its square root, 2.23 + , is a surd. 

Note. — All roots as well as poioera of i, are i. For, a root is a 
factor, which multiplied into itself produces a power ; but no number 
except I multiplied into itself can produce i. (Art. 272.) 

Thus, I, i', I", and ^y/T, ^i, ^i, etc., are all equaL 

290. Negative Exponents are used in expressing roots as 
well B^ powers. (Arts. 255, 257.) 



Thus, — r = ar-i ; — r = a^i ; — r = a 
a* a* r,i 






291. The value of a quantity is not altered if the index 
of the power or toot is exchanged for any other index of 
the same value. 

Thus, instead of x^, we may employ x^, etc, Hence, 



!. A fractional exponent maybe expressed in decimals. 

'Thus, a* = a" = a9'^ . That is, the square root of a is equal to the 
fifth power of the tenth root of a. 

Express the following exponents in decimals : 

16. Write ai in decimals. 19. Write b^ in decimals. 

17. Write a^ in decimals. 20. Write x^ in decimals. 

18. Write a* in decimals. 21. Write y^ in decimals. 

22. Express a^ in decimals. Ans. a^ = a®*333383+ ^ 

23. Express x^ in decimals. Ans. xi = ofi-^^^^ . 

24. Express y^ in decimals. Ans. y^ = y^'^. 
«5. Write a^ in decimals. Ans. a^ = a^*®. 

Note. — In many cases, a fractionaZ exponent can only "be expressea 
approximately by decima's. 



988. An imperfect power ? 389. A surd ? ago. Are negative exponents used Id 
flasressing roots t 393. How are fractional exDoneuts sometimes exDressed f 
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293. The iSif^n^o/JBoaf^aregcvenied by the following 

PRINCIPLES. 

i^. An odd root of a quantity has the same sign as the 
quantity. 

2°. An even root of a positive quantity is either positive 
or negative, and has the double sign, ±- 

Thus, the sqoare of +a is a*, and the square of ~a is cfl ; therefore 
the square root of a* may be either +a or —a ; that is, y^= ± a, 

3**. The root of the product of several factors is equal to 
the product of their roots. 

Notes. — i. Tlie ambiguity of an even root is removed, when it is 
known whether the power arises from a pantiw or a tugaUte quantity. 

2. It should also be observed that the two square roots of a pasUive 
quantity are uumeHcally equal, but have contrary signs. 

294. An Even Hoot of a negaiive qnantity cannot be 
foun(L It is therefore said to be impossible. 

Thus, the square root of —a' is neither +a nor —a. For, -^-ax +a 
= +a' ; and —a x —a = +a*. Hence, 

295. An eveii root of a negative quantity is called an 
Imaginary Quantity. 

Thus, \/— 4, \/— a', ^— a*, are imaginary quantities. 

296. To Find the Root of a Monomial. 

I. What is the square root of a*? 

Analysis. — Since c? — ay.a, it foUows that one oeibatioh. 

of the equal factors of a' is a ; therefore, a is its V^ = a 

square root. (Art. 283. ) 

Again, since multiplying the index of a quantity by a number 
raises the quantity to a corresponding power, it follows that dividing 
the index by the same number resolves the quantity into a correspond- 
ing root. Thus, dividing the index of a? by 2, we have a* or a, which 
is the square root of «*. 

393. What princlploB Grovern the eigriB of roots f When is the doable si^n need f 
Illnstrate this. NoiU, When is the ambiguity removed ? 394. Wliat is an 9VQn roQt 
of a negative qnantity f lUostrate. 395. What is it calle4 ? 
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2. What is the square root of 90*52 p 

Analysis.— Since 9 = 3x3, the index of operatioh. 

JP* = 2 X 2, and the index of 6* = i x 2, it Vo^^ = 3^^^ 

follows Ahat the square root of 9 is 3, that of 
«* is a^ and that of 6* is 6* or b. Therefore, yg^ = 30*6. Hence, the 

Bulb. — Divide the index of each letter by the index of 
the required root; to the result prefix the root of the 
coefficient with the proper sign. (Art. 293.) 

Note. — This rule is based upon Principle 3. If a qiantity is an 
imperfect power, its root can only be indicated. 

296, o. The root of a Fraction is found by extracting the 
root of ^ach of its terins. 

Find the required roots of the following quantities! 



3. Vo*. 10. "s/z^a^^. 

4* ^a^ or a. 11. ^/io^yK 

5. ^^y. 12. A/64aW 

6. V^€^. 13. ^\zxy. 

7. ^/2'iabc. 14. V49a?V- 

8. ^/i^c^. 15. ^27^252. 

9. ^3flte^. ,^ 4/49^ 

297. To Extract the Square Root of the Square of a 

Binomial. 

I. Required th^ square root of c^ + 2ab + J^. 

Analtbis. — Arrange the terms operation. 

according to the powers of the letter a^ + 2ah + Z>2 ( a + J 

a ; the square root of the first term d^ 

is a, which is the first term of the ju h\ lah 4- 1? 
root. Next, subtracting its square ' 7. 1 u 

from the given quantity, bring down It — 

the remainder, idb + W, 

996. How find the root of a monomial ? iVbte.— Upon what principle Ib this mlf 
lN»0ed? 796 a. Uow find the root of a fraction ? 
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Difide the ist term of this rem. by 2a, double the roc* *hna fimnd, the 
quotient b \s the other term of the root. Place b both id the root and on 
the right of the diTisor. Finally, multiply the divisor, thus increased, 
bj the second term of the root, and subtracting the product from 
2ab-i-b^, there i^ no remainder. Therefore, a +6 is the root required. 

The stiuare root of a^— 206+6^ is found in the same manner, the 
terms of the root being connected by the sign ~. Henoc^ the 

SuLE. — Find the square roots of the first and third ierm^ 
ind connect them by the sign of the middle term. 

2. What is the sqnare root of a:* + 43? + 4? 

3. What is the sqnare root of a* — 2a + i? 

4. What is the sqnare root of i + 2ar + a^? 

5. What is the sqnare root of a:* 4- |x + $ ? 

6. What is the square root of fl^ — a + i ? 

7. What is the square root ot a? -{-bx -{ — ? 

4 

298. To Extract the Square Root of a Polynomial. 

& Beqnired the sqnare root of 40*— i2(z^+5fl*+6a+ 1. 

OFSBATIOH. 

40* — i2cfi + 5fl? + 6a + I ( 2fl? — 3a — I 

40* 



40*- 


30) — 


i2cfl + 50^ + 6a + I 
I20* + ga* 


40* 


-6a- 


-1)— 4a» + 6a + i 

— 4^ + 6a + t 



AiNALYBis. — The square root of the first term is 2a', which is tlie 
first term of the root. Subtract its square from the term used 
and bring down the remaining terms. Divide the remainder by 
double the root thus found ; the quotient —3a is the next term of the 
root, and is placed both in the root and on the right of the partial 
divisor. Multiply the divisor thus increased by the term last placed 
in the root, and subtract the product as before. 

Next, divide the remainder by twice the part cf the root already 
found, and the quotient is — i, which is placed both in the root and 
on the right of the divisor. 

997. Qow extract the Bquars root of the square of a binomial f 
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Blnallj, multiply the divisor, thus increased, by the term last 
placed in the root, and subtracting the product, as before, there is no 
remainder. Therefore, the required root is 2a*— 3^—1. Hence, the 

£uL£. — I. A rraiige the terms according to the powers of 
8ome Utter, beginning with the highest, find the square root 
of the first term for the first term of the root, and subtract 
its square from the given quantity. 

11. Divide the first term of the remainder by double the 
root already found, and place the quotient both in the root 
and on the right of the divisor, 

UL Multiply the divisor thus increased by the term last 
placed m the root, and subtract the product from the last 
dividend. If there is a remainder, proceed with it as before^ 
till the root of all the quantities is found. 

Proof. — Multiply the root by itself, as in arithmetic. 

Note. — This rule is essentially the same as that used for extracting 
the sqria/re root of numbers. 

Extract the square root of the following quantities : 

9. x^ + 2xy + y^ + 2XZ + 2yz + 2^. 

10. a^ — ^ab + 2a + 4^ — 4^ + 1. 

11. a* + A^^b + 4^2 — ^a^ — 8J + 4. 

12. I — 4^ + 45^ + 2a; — 4J2a; + a^. 

13. 4a^ — i6a* + 24a^ — 16a + 4. 

14. a2 — aJ + IV^. 

's. p-^ + S- 

299. The fourth root of a quantity may be found by 
extracting the square root twice ; that is, by extracting the 
square root of the square root. 

Thus, >y/i6a* = 4a', and ^4a^ = 2«. Therefore, 2a is the fourth 
loot of i6a^. 

Proof. 2a x 2a = 4^^ ; 4a' x 4a* = i6a*. 

The eighth, the sixteenth, etc., roots may be found in like 
manner. 

998. Qf a polynomial f 299. How find the fourth root of a qnantity f ThQ et<j;$Lth t 
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RADICAL QUANTITIES. 

300. A Sadical is the root of a quantity indicated by 
the radical sign or fractional exponent. 

Notes. — i. The figures or letters placed before ndicala are coefficients. 

2. In the following investigations, all quantities placed under the 
radical sign, or having a fractional exponent, whether perfect or 
imperfect powers, are treated as radicals, unless otherwise mentioned. 

301. The Degree of a radical is denoted by its indexy 
or by the denominator of its fractional exponent. (Arts. 
285, 286.) 

Thus, ^ax, c^, and (a+&)^ are radicals of the same degieei. 

302. lAke Btidicals are those which express the 
same root of the same quantity. Hence^ like radicals are 
like quantities. (Art. 43.) 

Thus, S^a^^b and 3>y/a*— 6, etc, are like radicate. 

REDUCTION OF RADICALS. 

303. Seduction of Madicals is changing their 
form without altering their value. 

304. The Simplest Form of radicals is that which 
contains no factor whose indicated root can be extracted. 
Hence, in reducing them to their simplest form, all exact 
powers of the same name a« the root must be removed from 
under the radical sign. 

30a What is a radical f 301. How is the decree of a radical denoted f 30a. What 
are like radicals ? 303. Define redaction of radicals. 304. What is t^e simplest form 
*l radicals f 
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CASE I. 

305. To Reduce a Radical to its Simplest Form. 

1. Reduce ^i^a^x to its simplest form. 

Analxsis. — ^By inspection, we operation. 

perceive that the given radical is ^iSa/h) = ^ga^ X 2X 

composed of two factors, 9a' and ^^ / — g / — 

2a?, the first being a perfect square " XV 

and the second a surd. (Art. 289.) .'. VTS^ =: 3a V^ 
Removing 9a' from under the rad- 
ical sign and extracting its square root, we have 3a, which prefixed 
to the other factor gives 3a ^2X, the simplest form required. 

2. Reduce 4\/a* — a^x to its simplest form. 

Analysis. — Factoring operation. 

the radical part, we_have ^^^i;^ = ^^a>> X {a-x) 

the two &ctors, ^/a^ and 8/ — a/ 

^a—x, the first bemg a ^ ^ 

perfect cube, and the sec- .'. 4V«*— -«^ = 4a V a — X 

ond a surd. Remove a^ 

from under the radical sign, and its root is a, which multiplied by 

the coefficient 4, and prefixed to the radical part, gives ^^a—x, the 
simplest form. Hence, the 

EuLE. — L Resolve the radical into two factors^ one of 
which is the greatest power of the same name as the root. 

11. Extract the root of this power, and multiplying it hy 
the coefficient, prefix the result to the other factor, with the 
radical sign between them. 

Notes. — i. This rule is based upon thiB principle that the root of 
the product of two or more factors is equal to the product of their 
roots. 

2. When the radicals are small, the greatest exact power they 
contain may be readUy found by inspection. 

3. Reduce sVJoc^ to its simplest form. Ans. isaVzx. 

4. Reduce 6\^S43^y to its simplest form. Ans, iSx^/zy, 

305. Becite the rule. Note. Upon what based? 
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306. To Find in large Radicals the Greatest Power 
corresponding to the indicated Root 



5. Bednce V1872 tx> its simplest form. 



OFKRATXOH. 



4 ) 1872 V1872 = V4X4X9 X V13 

4 )468 ** =VM4xVi3 

9 ) 117 ( 13 V1872 = i2a/i3, -4w«. 

Analysis. — Divide tbe radical by the smaUest power of the same 
degree that is a factor of it ; the quotient is 468. Divide this quan- 
tity by 4 ; the second quotient is 1 17. The smallest power of the same 
degree that will divide 117, is 9. The quotient is 13, which is not 
divisible by any power of the same degree. The product of the 
divisors, 4x4x9= 144, is the greatest square of the given radical. 
Extracting the square root of 144, we have 12^^/13, the simplest form 
required. Hence, the 

EuLE. — Divide the radical hy the smallest power of the 
same degree which is a factor of the given radical. 

Divide this quotient as before; and thus proceed till a 
quotient is obtained which is not divisible by any power of 
the same degree. The continued product of the divisors wiU 
be the greatest power required. 

Note. — This rule is founded on the principle that the product of 
any two or more square numbers is a 9qua/re^ the product of any two 
or more cvbU numbers is a cfube^ etc. 

Thus, 2' X 3* = 36 = 6* ; and 2' x 3' = 216 = 6'. 

Eeduce the following radicals to their simplest form: 



6. 


\/%a^h. 


12. 
13- 


\/s^^c. 


7. 


7V9«^ — 2'ja^. 


8. 


2 ^/gxy. 


14. 


^/e^y. 


9- 


3V^ 


IS- 


V^ia»). 


10. 


5V^35- 


16. 


V468a2c. 


II. 


6\/252a2j. 


17. 


Vi584«^. 



306. How find the greatest power correBponding to the indicated root, in laigt 
xadlcal«r NoU, On what principle Ib this mle founded? 
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CASE II. 

307. To Reduce a Rational Quantity to the Form of a 

Madical. 

I. Eeduce 30^ to the form of the cube root. 

Analysis. — The cube root of a quantity, we operation. 

iiave seen, is one of its three equal factors. (3^^)^ = 27a* 

(Art. 284.) Now 3a* raised to the third i)0wer . ^^2 -— i/zncU^ 
is 27a'. Therefore 3«* = ^2,^a^, Kence, the 

EuLE. — Raise the quantity to the power denoted ly the 
given rooty and to the result prefix the corresponding radical 
sign. 

Note. — The coefficient of a radical, or any factor of it, may be 
placed under the sign, by raising it to the corresponding power, and 
placing it as a factor under the radical sign. 

2. Eeduce 2a^ to the form of the cube root. 

3. Eeduce (2a + b) to the form of the square root. 

4. Eeduce {a — 2b) to the form of the square root. 

5. Place the coefficient of saVb under the radical sign. 

6. Place the coefficient of ic^^fab under the radical sign. 

7. Eeduce 2:1^ y^:^ to the form of the fourth root. 

8. Eeduce \abc to the form of the cube root 

9. Eeduce 3 (« — 5) to the form of the cube root. 
10. Eeduce c^ to the form of the cube root. 

Note. — When a power is to be raised to the form of a required 
root, it is not the given letter that is to be raised, but the power of the 
letter 

II. Eeduce ci^i? to the form of the fourth root. 

12. Eeduce a — J to the form of the square root 

13. Eeduce a^ to the form of the 71th root 

307. How redace a rational quantity to the form of a radical ? Note. How place 
a coeflBcient under the radical eijpif NoU. How raise a power to the form of a 
raQoiredrootf 
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CASE III. 

308. To Reduce Radicals of dHTerent Degrees to others of 

equal Vaiue, having a Camtnon Index. 

1. Beduce a^ and b^ to equivalent radicals of a common 
index. 

Analysis. — The fractional opbbatioh. 

indices J and J, reduced to a i = A ^^^ J = A 

common denominator become ^.^ ^^ __ ^^ ^jj^ jj __ j^ 

A and A. Bata- = (a^A ^^ ^ ,^. ^ and ft* = (J»)A 
and 6" = (6»)A. (Art. 174.) v** ; **"^ •^ V / 

Therefore (o;*)'^ and (6')^'* are the radicals required. Hence, the 

EuLE. — ^I. Beduce the indices to a common denmninator, 
II. Raise each quantity to the power expressed by the 

numerator of the new index, and indi^^ate the root expressed 

by the common denominator^ (Art 174.) 

Reduce the following radicals to a common index: 

2. a^ and (Sc)*. 7. Vi^^ and ^2cfi. 

3. 3^ and 5^. 8. a« and ft«. 

4. a^ and 6^. . 9. ji and c». 

S- Vsy Vii and v^. 10. {a + 5)^ and (a -• b)K 
6. 'V^2a;* and Vs^» "• (^ — y)* ^^d (a;-t y)J. 

CASE IV. 

309. To Reduce a Quantity to any Required Index. • 

I. Eeduce a^ to the index J. 

Analysis. — ^Divide the index i by |; opebatioh. 

w© have f or \, Place this index over a; i"5~i = ix-}'i=^ 

it becomes a», and setting the required i "^ i = I" ^= i 

index over this, the result, (a^)», is the ,•, (ai)t, ^725. 
answer. Hence, the 

ao8. How redace radicals to a common index f 
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BuLE. — Divide the index of the given qtcantity by the 
required index, and placing the quotient over the quantity, 
set the required index over the whole. 

Note. — This operation is the same as resolving the original index 
into tvDO factors, one of which is the required index. (Art. 126, twU,) 

2. Beduce a* and b^ to the index J. 

Solution. J-i- J = J x f = f , the first index. 

f -i-J = f X f = ^, the second index. 

Therefore, (a*)* and (6^)^ are the quantities required. 

3. Eednce 3^ and 4^ to the common index J. 

4. Beduce a^ and J* to the common index |. 

5. Beduce 0^ and b^ to t).e common index J 

6. Beduce a^ and b^ to the common index \. 

7. Beduce a^ and J"» to the common index i. 

ADDITION OF RADICALS. 

310. To Find the Sutn of two or more Radicals. 

1. What is the sum of 3Va and 5 Va ? 

Akalybis. — Since these radicals are opbratiow, 

of the same degree and have the same 3\/a + 5 V^ = 8^/5 

radical part, thej are like quantities. 

(Art. 43.) Therefore their coefficients maj be added in the same 
manner as rational quantities. (Art. 67.) 

2. What is the sum of S'v/S and 4a/i8 ? 
Analysis. — ^These radicals opesatiok. 

are of the same degree^ but 3\/8 = 3^/4 X V2 = 6\/2 

the radical parts are unWce : /—^ /- r- /- 

therefore, they cannot be 4 Vi8 = 4V9 X V^= 12V2 

nnited in their present form. •*. 6 V2 + l2\/2 =r . 8v r 

Reducing them to their sim- 
plest form, we have 3>v/8 = Cy^, and 4/v/i8 = i2>v/2, which are 
like radicals. (Arts. 302, 305.) Now t^/2 and 12/^/2 = iSy/^, Ana, 

yog. How reduce qoantitioB to any required indoK? Note, To what la thiA o^t- 
•ttonaimilarr 
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3. What 18 the sum of 3 V18 and 4\^24. 

Akaltsis. — Reducing the opbratioh. 

radicals to their simplest forin^ 3V^ = 3 V^ X V^ = QV*2 

we have 3 V^ = 9\/i. and ^^ = 4^^ x ^/J = 8-^3 

4y^24 = 8-^/3, which are un- y— ,y- 

like quantities, and can only ^^' 9V 2 + 8V3 
be added hj writing them one after the other, with their proper signs. 
(Arts. 43, 67.) Hence, the 

EuLE. — I. Reduce the radicals to their simplest form. 

IL If the radical parts are alike, add the coefficiefits, and 
to the sum annex the common radical. 

If the radicals are unlike, write them one after another, 
with their proper signs. 

Note. — To determine whether radicals are alike, it is generally 
necessary to reduce them to their simplest form. (Art. 305.) 

Find the sum of the following radicals : 

4. a/i^ and V^. 9. 3'V^ and 4V^i28. 

5. \/2o and A/48. 10. 7^243 and 5V363. 

6. 2V^ and ^Va^. 11. ay/Sib and ^aV^gb. 

7. aVsa^ and cV^jaA 12. 6^/25^ and ^36^ 
& 3^180^ and 2^32^. 13. 4V^^ and sV^. 



SUBTRACTION OF RADICALS. 
311. To Find the Difference between two Radicals. 

I. From 3V45 subtract 2^/20. 

Akalysib. — Reducing to the opbratioh. 

simplest form, we have g^s 3 V4S = 3^^ X \/s = 9V5 

and* 4\/5» which are like / — r~ r- f 

*.!• xr r r 2V2o = 2V4 X V5 = 4VS 

quantities. Now 9V 5 ~ 4v 5 

= 5^5- the difference re- .*. 3^45 — 2V20 = 5 V5 

quired. Hence, the 

^ '- » — — ^ n 11 . II 

3x0. Bow add radicals ? JTofo. How determine whether they are like qnantltiMN 
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EuLE. — Reduce the radicals to their simplest form ; change 
the sign of the subtrahend^ and proceed as in addition of 
radicals. (Art 310.) 

(2.) (3.) (4.) 

Prom 4V112 V480 4V320 

Take V448 4^/63 — sVSo 



5. From 3V49«a^ take 2V25aa;. 

6. From S'^a + J take s'^a + b. 

7. From 3V^ take — 4V^^. 

8. From 3V 250^^ take 2^^546^. 

9. From — a~i take — 2a"i. 
10. From 5\/J take 2^1- 



MULTIPLICATION OF RADICALS. 
312. To Multiply Radical Quantities. 

1. What is the product of 3V« by 2Vb. 
Analysis. — Since these radicals are operation. 

of the same degree, we multiply the 3\/5 X 2^>/b = 6^^ 

radical parts together, like rational 

quantities, and to the result prefix the product of the coefficients. 

2. Multiply 3^/^ by 2\^c. 

Analysis. — As these radicals are of differ- operation. 

ent degrees, they cannot be multiplied together 3 \/a = 3 (ay 

in their present form. We therefore reduce 8/— / j\ 

them to a common index, and then, multiply- — ^ — ^— 

tog as before, we have 6>^«V. -^^- 6 {a^(^)^ 

3. Multiply a^ by at. 

Analysis. — These radicals are of different degrees, but of the same 
radical part or root ; we therefore multiply them by adding their 
fractional exponents. ^+^ = {. Therefore, a* x a^ = a^. Hence, the 

3ZZ. How sabtract radicals ? 
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BuLE. — L Reduce the radicals to a common index* 

n. — Multiply the radical parts together as rational quan/- 

titieSy and placing the result under the comnum Viidex, pr^ffix 

to it the product of the coefficients. 

Notes. — i. Roots of like quantities are multiplied together by 
adding their fractional exponents, (Art 94.) 

2. This rale is based upon the principle that the product oi the 
roots of two or more quantities is the same as the root of the product. 
(Art. 293, Prin. 3.) 

3. The product of radicals becomes rational, whenever the numer- 
ator of the index can be divided by its denominator without a 
remainder. 

4. If rational quantities are connected with radicals hy the signs + 
or — , each term in the multiplicand must be multiplied by each term 
in the multiplier. (Art. 98.) 

Multiply the following radicals: 

4. 5\/i8 by 3\/2o. 10. a» by x». 

5. aVx by bVx. 11. yv^ by $\^4. 

6. Va + b by V« — & 12. V9S by Vi6i 

7. V«^ by V^. 13. V18 by V2. 

8. fli by ci. 14, y/Sax by V2^ 

(9.) (15.) 

Multiply a -|- VJ Mnlt. a + Vx 

By c+ Vd By i + t\/S 

ac + cVb a + Vx 

^+aVd + VM ^- abVx + 5a? 

16. 2\/| by 2VI. 18. (w+w)*by(m + /J)'^ 

17. 4V|by3Vi. ^^^ y/^byW^. 

31a. How multiply radicals? iVb^. How are roots of like qaantities multi- 
plied? npon what principle is this mle based? When does the product of 
radicals become rational? If radicals are connected with rational qnantltles, how 
multiply them? 
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DIVISION OF RADICALS. 
313. To Divide Radical Quantities. 

I. Diyide 4^/2406 by 2 V^a* 

Analysis. — Since the given radicals are operation. 

of the same degree, one may be divided by 4^^/2400 / — 

the other, like rational quantities, the quo- r^ = 2V3^ 

tient being \/3C^ (Art. in.) To this result 



prefixing the quotient of one coefSicient divided by the other, we have 
2 y^3<5, the quotient required. 

2. Divide 4^/ac by 2^ a. 

Analysis. — Since these radicals are A\fac a (ac\i 

of different degrees, they cannot be — ^^ = — ^^ — j- 

divided in their present form. We ^ya 2(a)* 

therefore reduce them to a common A\/ac 4 (a^c^)^ 

index, then divide one by the other, and •'• iT^" = , _. 1 

2\/ OL 2 Iff I* 

to the result prefix the quotient of the ^ ^ ' 

eoeffidents. The answer is 2^/a^. or 2 (oc®)*, Ans. 

3. Divide a^ by at. 

Analysis. — ^These radicals are of different onmATioN. 

degrees, but have the same radical part or root. £{i =3 ^t 

We therefore divide them by subtracting the 1 t 

fractional exponent of the divisor from that of 

the dividend. (Art. 113.) Reducing the expo- o* -J- a* = a» 

nents to a common denominator, a^ = a^, and • „\ • „\ Jk 

- Ill ••«»-?-«' — »• 

a>=a'. Now a'-i-a'=a», Ara, Hence, the 

EuLE. — I. Reduce the radical parts to a common index. 

IL Divide one radical part by the other, and placing the 
quotient under the common index, prefix to the result the 
quotient of their coefficients. 

Note. — Boots of like qttantities are divided by subtracting thefra^ 

UoruU eaoponerU of the divisor from that of the dividend. (Art. 173.) 



jij. How diTlde radtcals f Jfote. How diviae fooU ot Y(kft <CQaai^i^^Mi^ 



1G4 INVOLUTION OF RADICALS. 

Divide the following radicals: 

4. ^/\2d^c by V^. 10. 14a a/^ by 7'v/y* 

5. S'^bdoD^ by i^/dx, 11. (a + 5)» by (a + l)*, 

6. (a^ + ax)^ by a^. 12. 3V50? by V2S. 

7. 12 (ay)* by (ay)i 13. ^o^^f by \^a;+y. 

8. 24fiVcLx by SVa. 14. 16^/32 by 2^4. 

9. i^acVbi by 2c\/5. 15. 8\/si2 by 4'v/2. 

INVOLUTION OF RADICALS. 
314. To Involve a Radical to any required Power. 

I. Find the square of a^. 

OPERATION. 

Analysis. — As a square is the product of two 1 1 • 

equal factors, we multiply the given index by 

the index of the required power. Hence, the •'• cfiy Ans. 

EuLE. — Multiply the index of the root by the index of the 
required power ^ and to the result prefix the required powei 
of the coefficient. 

Note. — A root is raised to a power of the same na/me by removing 
the radical sign or fractional exx)onent. (Ex. 2.) 

2. Find the cube of VcT+h- Ans. a + b. 

3. Find the cube of a*. 

4. What is the square of ^Vzx. 

5. What is the cube of 2'V^ 

X /— 

6. Eequired the cube of -W2X. 

7. Eequired the cube of 44/ — • 

8. Find the fourth power of 3A / — 

9. What is the square of a + Vy ? 

3x4. How involve radicals to any required power? NoU. How raise a root to a 
power at the same nam* 7 
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EVOLUTION OF RADICALS. 
315. To Extract the Boot of a RadioaL 

I. Find the cube root of a^'i^. 

Analysis. — ^Finding the root of a radi- opkb atiok. 

cal is the same in principle as finding the ^ cfi^Tf^ := *^ C^JA 

root of a rational quantity. (Art. 296.) ^ 

Reducing the index of the radical to an VflSjl — ^}^ ^^, 

equivalent fractional exponent, we extract 

the cube root by dividing it by 3. The result is a5^. Hence, the 

EuLE. — Divide the fractional exponent of the radical by 
the number denoting the required root, and to the result 
prefix the root of the coefficient. 

KOTES. — I. Multipljlng the index of a radical bj any number is the 
same as dividing the fracti^mal exponent by that number. 

Thus, ^a = aK Multiplying the former by 2, and dividing the 

latter by 2, we have ^a = or, 

2 If the a>efficient is not a perfect power, it should be placed under 
the radical sign and be reduced to its simplest form. (Art. 305.) 

2. Required the square root of 9V^« 

3. Required the square root of /^V^ 
4* Find the cube root of zVxy. 

5. Find the cube root of 2JV2J. 

6. What is the cube root of a ipc)^ ? 

7. What is the fourth root of f v^| ? 

8. What is the fourth root of v^ v^? P 

9. Find the seventh root of i28\/a, 
10. Find the fourth root of Va{fi^\ 

II. Find the fifth root of ^a^^/^ 
12. Find the ni\\ root of a^/bc. 

3x5. ITow extract the root of a radical ? Notss. To what is mnltiplyiiif^ the lTLi<^iL 
Of a radical egui va)eDt f if the coefflcient is not a i^rtocl \)Qi^«t ^^^X\& ^^Qt'u^X 
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CHANGING A RADICAL TO A RATIONAL 

QUANTITY. 

CASE I. 
316. To Change a Radical Monomial to a Rational Quantity. 

1. Change Va to a rational quantity. 

Analysis. — Since multipljing a root of a opbbation. 

quantity into itself produces the quantity^ it ^y/^ y ^y^ ^ q 

follows that \/a x ^/a = a, which is a mdonal 
quantity. (Art. 287.) 

2. It is required to rationalize a'. 

Analysis. — A root is multiplied by another opbratioh. 

root of the same quantity by adding the expo- gi ^ gt — g 

nents ; therefore we add to the index J such a 
fraction as will make it equal to i. (Art. 94.) 

Thus, a^ X a« = a»+ i ^ a^ = a, the rational quantity required. 

3. It is required to rationalize xi. 

Solution.— Multiplying a^ by a^, the result is ofbhatioh. 

w, which is a rational quantity. Hence, the x^ X X^ =^X 

Rule. — Multiply the radical by the same quantity liaving 
such a fractional exponent as, when added to the given 
exponent, the sum shall be equal to a unit, or i. 

4. Required a factor which will rationalize a*. 

5. What factor will rationalize \^€^? 

6. What factor will rationalize \^{a + d)*. 

7. What factor will rationalize Va^'^c? 

8. What factor wiU rationalize "^{x + yY? 

9. What factor will rationalize \^(a + b)^? 
xo. What factor will rationalize V{a + b + c)? 

316. How reduce a ra(Ucal monomial to tiiaXloiiai c^xiBxitUf t 
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CASE II. 
317. To Change a Radical Binomial to a Rational Quantity. 

1. It is required to rationalize Vfl + V^. 
Analysis. — The product of the sum and opbration. 

difference of two quantities is equal to the /^/a + \/^ 

difference of their squares (Art. 103) ; there- /- 1^ 

fore ^^a^^i) multiplied by {^a-^^V) Va -h WO 

= a— 6, which is a rational quantity. a + \/a^ 

Therefore, the factor to employ as a multi- -^ \/ad — i 

plier is V^- v^6. a — J, Al}^ 

2. What factor will rationalize VS — Vy ? 

Analysis.— If the binomial y^ - y^ is omratkw.^ 

multiplied by the same terms with the sign of WX — V y 

the latter changed to + , we have ,^JZ 1 a/Zi 

{^/x - A^y) X (^/x + ^y) = OJ - y. " " 

(Art. 103.) Therefore, yx + yy is the fac- r- m- 

tor required. Hence, the ^^*- V a? + Vy 

BuLE. — Multiply the binomial radical by the correspond- 
ing binomial with its connecting sign changed. 

3. What factor will rationalize x + 4 ^/p P 

4. Eationalize ^/g — V6. 

5. What factor will rationalize V7 + V5 ? 

6. Eationalize 6 — Vs. 

7. What factor will rationalize V^a — Vsi? 

8. Eationalize Va — V5. 

9. What factor will rationalize 3 Vfl + V^ ? 
10. What factor will rationalize 4 V^ — 5 Vb? 

3x7. How reduce a radical binomial to a rational quantity ? 
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CASE III. 



318. To Change a Radical Fraction to one whose Numerator 
or Denominator is a Rational Quantity. 

1. Chanffe-^to a rational denominator. 

Vb 

Analysis. — Multiply both tenns of the opMMATom. 

fraction by the denominator ^b, and the n x V^ d^b 

result is --Y—, whose denominator is Ar ^ X V^ 

o 

rational. (Art 167, Prin. 3, note.) Hence, the 

EuLE. — Multiply both terms of the fraction by stick a 
factor as will make the required term rational. 

Note. — Since the product of the sum and difference of two quan- 
tities is equal to the difference of their squares, when the radica] 

X 

fraction is of the form — — =, if we multiply the terms by 

\^a + v^)* ^® have a — 6 for the denominator. (Art. 103.) 

2. Rationalize the denominator of -^* Arts. - — ^« 

3. Rationalize the numerator of —^* Arts. 



4* Rationalize the denominator of 3 
5. Rationalize the denominator of -^— 



V5 Vca 

e 



6. Rationalize the denominator of 



Vx-\-Vy 



Vx^Vy 

on 
7. Rationalize the denominator of —r= -p* 

I 



8. Rationalize the denominator of 



9. Rationalize the denominator of 



3 — V3 



318. How reduce a radical fraction to one whope numerator or denominator is a 
rational quantity ? When the ft-actionB contain compound quantities, what prixi* 
c/pJe enters into their redaction f 
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RADICAL EQUATIONS. 

319. A Radical Equation is one in which the 
anknown quantity is under the radical sign* 

320. To Solve a Radical Equation. 

1. Given V^ + 2 = 7, to find x. 

Analysis. — Transposing 2, we have, V5 4- 2 := 7 

y^ = 5. Since 5 is equal to the /y/oj. It /- 

follows that the square of 5, or 25, must be ^ ' "^5 

the square of y^. Therefore, oj = 25. a? — 5 ^ 25 

2. Given 2a + ^/x = 9a, to find x. 
Solution. — By the problem, 2a + a/x = 9a 

By transposing, -y/S = 7a 

B7 involution, w = 49a' 

3. Given %y/x + i = 35, to find x. 

SoLiTnON. — By the problem, 5/y^a; + i ss 35 

Removing coefficient, ^aj + i = 7 
Involving, « + i = 343 

Trausposing, a; = 342. Hence, the 

ExJLB. — Involve both sides to a power of the same name as 
the root denoted by the radical sign. 

Note. — ^Before invdmng the quantities, it is generally best to clear 
of fractions, and transpose the terms, so that the quantities under tftd 
radical sign shall stand alone on one side of the equation. 

Reduce the following radical equations: 

4. a + v^ + c = d. 8. '^2x + 3 — 6 = 13. 

5. v'a? + 2 = 3. 9. ^2: — 4 = 3. 

6. sVx — 4 + 5 = 7 J. 10. 2'^a? — 5 = 4. 

319. ^hat is a radical equation 7 320. How solved ? IfoU. What should be done 
before InvolYiDg the qiuuititieB f 

8 
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12. Oiren , = J», to find «; 

o 

13. Reduce a/cA+Vx = ,/"*"^^ * 

Analysis — Bj remoying the opbbatiok. 

denominator the first member is / « /= 3 + * 

squared. But x is still under y TV a///»2 4. a/^") 

the radical sign. This is re- ^. 

moved by involving both mem* ^ » V^? = 3 T ^ 

bers again. AflS. a? = (3 + C — a^> 

14. Given ^~^?^ = — ^, to find y. 

15. Given a? + \/^ + ^ = , » to find x. 

Note. — If the equation has two radical expressions, connected with 
other terms by the signs + or — , it is advisable to transpose the terms 
so that one of the radicals shall stand alone on one side of the equation. 
By involving both members, one of the radicals becomes rational ; and 
by repeating the operation^ the other will also disappear. 

16. Given V4 + S^ — V^ = 2, to find x. 

Transposing, y^4 + 5aj = \/3X + 2 

Involving, 4 + 5^5 = 4 + 4\/3a5 + 30; 

/ — X 
Transposing and dividing by 4, y 3« = - 



Involving, 


3. = ^ 


Transposing and multiplying by 4, 


aj' = 12a; 


Hence. 


X = 12, Ans. 



17. Given V^ + 12 = 2 + Vx, to find x. 

18. Given Vs x Vx + 2 = 2 + Vs^y to find x. 

^. Vx X — ax , ^ ^ 

19. Given = p— , to nnd x. 

X ^x 

(See Appendix, p. 289.) 



CHAPTER XY. 

QUADRATIC EQUATIONS- 

321. Equations are divided into different degrees^ as the 
fii-st, second, third, etc., according to the powers of the 
unknown quantity contained in them. 

An equation of the First Degree is called a Simple 
Equation, and contains only the first power of the unknown 
quantity. 

An equation of the Second Degree is called a Quad^ 
ratic Equation, and the highest power of the unknown 
quantity it contains is a square. 

An equation of the Tliird Degree is called a Cubic 
Equation, and the highest power of the unknown quantity 
it contains is a cube. 

An equation of the Fourth Degree is called a 
Biquadratic, etc. 

322. Quadratic Equations are divided into pure 
and affected. 

323. A Pure Quadratic contains the sqtcare only of 
the unknown quantity ; as, n^ = i. 

324. An Affected Quadratic contains both ihe first 
and second powers of the unknown quantity ; as, rc^ + or = erf. 

Notes. — i. Pure quadratics are sometimes called incomplete equa- 
tions ; and affected quadratics, complete equations. 

331. How are equations divided ? What is an equation of the first degree ? The 
second? Third? Fourth? 32a. How are quadratic equations divided ? 325. What 
is a pure quadratic f 324. An affected quadratic ? N(M. What are they sometimea 
called? 
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2. A Complete Equation contains every integral power of the un- 
known quantity from that which denotes its degree down to the zero 
power. 

An Incomplete Equation is one which lacks one or more of these 
poweia 



PURE QUADRATICS. 

325. Every pure qtuidratic may be reduced to the form 

a? = a. 

For, by transposition, etc., all the terms containing a^ can be 
reduced to one term, as bai? ; and all the known quantities to one 
term, as e. Then will 

Dividing both members by b, and substituting a for the quotient of 
C-i-b, the result is the form^ 

326. Pure quadratic equations have two rootSy which are 
the same numerically, but have opposite signs. (Art. 293, n.) 

Thus» the square of +a and of ^a is equally a'. Henoek 

327. To Solve a Pure Quadratic Equation. 

I. Find the value of a? in ^ 6=— +2* 

9 3 

Solution.— Given 6 = — + 2 

9 3 

Clearing of fractions^ 50^ — 54 = 3a? + 18 
Transposing, etc., 2a? = 72 

Removing coefficient, a? = 36 

Extracting s^. root, a? = ± 6, Ans, 

Substituting b for 2, and e for 72, in ^e third equation, we have 
the form, b7? — c. 

Removing coefficient, etc., ofi = a. Hence, the 

Rule. — Reduce the given equation to the form a^ = a, and 
extract the square root of both members. (Art. 296.) 

jsdi. How many roots has a pure Quadratic t 
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Find the value of a; in the following equations : 

2. $x^^5 = 70. 10. 20?+ 11 ^ ^a^-^ 37. 

3. ga?+S = s^ + 62. II. 72;^ — 7 =3ar^ + 9. 
4* sa^ + 9 = 20;^ + 57* 12. dhfi = a*. 

5. 6a;^ + 5 = 4a;8 + 55. 13. (a? + 2)' = 4a? + 5. 

4 4 

22:3 + 8 a:8 — 6 . a?(2a? + 9) 3a? + 6 

'10 10 •' •' 30 10 

8. f=5_l ,6. -i- + ^ = t 

42 a? 4 — a? 4 + a? 3 

^2a;3a? i+a: 

328. Badical equations^ when cleared of radicals, often 
become pure quadratics. 



18. Given Vo? + n = Va^B* — S, to find ar. 

Solution. — Clearing of radicals, a^ + ii = 2a^ — 5 

Transposing and extracting root* « = ± 4 



4a; 



19. Given 2^/^ — 5 = — , to find x. 



20. Given 2V3? — 4 = 4Va^ — i, to find »• 

.— — ^ // 

31. Given Va? + c= , to find a^ 

^a. Given a/^ — — ^ = V^, to find x, 

33. Given . = VF+a, to find «. 

V (a? — a) 

34. Given - = V^ — 10, to find a;^ 

va? + 10 

397. What is the rale for the lOliiUon of pure quadratics? jaS. What may 
ladical eqnatioiis become ? 
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PROBLEMS 

1. The product of one-third of a number multipKed by 
one-fourth of it is io8. What is the number? 

2. What number is that, the fourth part of whose square 
being subtracted from 25, leaves 9 ? 

3. How many rods on one side of a square field whose 
area is 10 acres ? 

4. A gentleman exchanges a rectangular piece of land 
50 rods long and 18 wide, for one of equal area in a square 
form. Required the length of one side of the square. 

5. Find two numbers that are to each other as 2 to 5, and 
whose product is 360. 

6. If the number of dollars which a man has be squared 
and 7 be subtracted, the remainder is 29. How much 
money has he ? 

7. Find a number whose eighth part multiplied by its 
fifth part and the product divided by 16, will give a quotient 
of 10. 

8. The product of two numbers is 900, and the quotient 
of the greater divided by the less is 4. What are the 
numbers ? 

9. A merchant buys a piece of silk for $40.50, and the 
price per yard is to the number of yards as 3 to 54. 
Required the number of yards and the price of each. 

10. Find a number such that if 3 times the square be 
divided by 4 and the quotient be diminished by 12, the 
remainder will be 180. 

11. A reservoir whose sides are vertical holds 266,112 
gallons of water, is 6 feet deep, and square on the bottom. 
Required the length of one side, allowing 231 cubic inches 
to the gallon. 

12. What number is that, to which if 10 be added, and 
from which if 10 be subtra.cted, the product of the sum and 
Jifference will be 156 ? 
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AFFECTED QUADRATICS* 

329. An Affected Quadratic JEquation is one 

which contains \h.Q first and second powers of the unknown 
quantity; as, aa^ + Ja? = (?. 

330. Every affected quadratic may be reduced to the form, 

a;« ± flic = J, 
in which «, J, and x may denote any quantity, either 
positive or negative^ hitegral or fractional. 

For, by transposition, etc, all the tenns containing a? can be 
reduced to one term, as ca? ; also, those containing x can be reduced 
to one term, as dx ; and all containing the known quantities can be 
reduced to one term, as g. Then, ca^ + dx = g. 

Dividing both members by c, and substituting a for the quotient of 
d-i-e, and b for the quotient of ^ -s- c, we have, 

aj^ + ax = h. 

Take any numerical quadratic, as — 8 = 0^ + ^— 4. 

03 

Clearing of fractions, 8a^ — 40; — 48 = 60^ + 40; — 24 

Transposing, etc., 2a^ — 8a? = 24 . 

Removing the coefficient, aj? — 40? = 12 

Siibstituting a for 4, and & for 12 in the last equation, we have, 

aj? — oa? = 6. Hence, 

AH affected quadratics may be reduced to the general form, 

^ ±ax = b. 

331. The First Member of the general form of an 
affected quadratic equation, it will be seen, is a Binomial, 
but not a Complete Square, One term is wanting to make 
the square complete. (Art. 266, note.) The equation, 
therefore, cannot be solved in its present state. 

339. What Ib an aflfected quadratic equation ? 330. To what general form may 
every affected quadratic be reduced ? 331. What is true of the first member of the 
general form of an affected quadratic ? 

* QuadrcUic^rom the Latin quadrare, to make square. 
Affeded, made up of different powers ; from the Latin wd and/ooo, 
to make 01 join ta 
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332. There are three methods of completing the square 
and solving the equation* 



FIRST METHOD. 

1. Oiven a^ + 200; = i, to find the yalue of x. 

Analysis. — The first operatioh. 

and third tenns of the a:^ + 2ax = h 

equare of a binomial are ^ ^ 2ax '■\' d^ ^ c? '\' t 

complete powers, and the ^ + a ^ 4- ^/^^ + J 

second term is twice the , a//z2 4. h 

product of their roots; 

or the product of one of the roots into twice the other. (Art loi.) 

In the expression, x^ + 200;, the first term is a perfect square, and 
the second term 2ax consists of the factors 2a and x. Bat x is the 
root of the first term ^ ; therefore, the other factor 2a must be tioice 
the root of the third term which is required to complete the square. 
Hence, half of 2a, or a, must be the root of the third term, and a^ the 
term itself. Therefore, a^ + 2ax-\-a^ is the square of the first member 
completed. 

But since we have added a' to the first member of the equation, 
we must also add it to the second, to preserve the equalitj. 
Extracting the square root of both members, and transposing a, we 
have a? = — a ± >y/a*+6, the value sought. (Art. 297.) 

2. What is the value of x in 2a? 4- a? = 64 — 70?? 

Analysis. — Transposing — 70? operation. 

and removing the coefficient of nfi, 20? + ^ = 04 — 7.'?; 

we have the form jc* + 40? = 32. But 2^ + 8a? = 64 

the first member, jc* +40?, is an inoom- a^ -|- 4^^ ^ 32 

plete square of a binomial. fl^ 4- 4iP 4- d. = t6 

In order to complete the square^ , , , 

a? 4" 2 ^^ 4* o 
we add to it the square of half the "^ "^ 

coefficient of x. (Art. 266.) Now, a? = — 2 ± <5 

having added 4 to one member of %»e*y X ^ 4 Or — 8 

the equation, we must also add 4 to 

the other, to preserve their equality. Extracting the root of both, 

and transposing, we have aj = 4, or — 8, (Art. 297.) 



333. How many methods of comyleting the Bqnare? 
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Notes. — i. Adding the square of fialf the eoejjicienl of the second 
tenn to hoth membera of the equation is called completing the square, 

2. The first member of the fourth equation is the square of a bino- 
mial ; therefore, its root is found bj taking the roots of the first and 
third terms, which are perfect powers. (Art. 297.) From the process 
of squaring a binomial, it is obvious that the middle term (4a;) forms 
no part of the root. (Art. 266.) 

333. From these illustrations we derive the following 

EuLE. — I. Reduce the equation to the fornix a^ ± aa: = J. 

n. Add to each member the square of half the coefficient ofx 

m. Extract the square root of each, and reduce the result 
ing equation. 

3. Find the value of a? in — 2a? + Sax = — 6 J. 

Solution. — By the problem, — 2a^+ Sakc = — 6& 

Removing coefficient of a^, ^ofi+j^ax = — 3& 

Making a^ positive (Art, 140, Prin. 3), oj*— 403? = 35 
Completing square, s^—^ax + 4^*^ = 4a' + 36 



Extracting the root, X'~2a = ± ^/^f+^ 

.*. « =3 2a ± y'4a*-r3R 

4. Given a? + ax -{-Ix^zdy to find x. 

OFBBATIOH. 

«* + aa; + Ja; = rf 
sfi-\-{a + h)xz=id 






* \/Wh^ 



Analysis. — Factoring the terms which contain the first power of x, 
we have ax+hx = {a+h)x ; hence, {a+h) may be considered a com* 
pound coefficient of x. By adding the square of half this coefficient to 
both members, and extracting the root, the value of a; is found. 

333. What \a the role for the first method of aoVrViif^ «&»c\)n^ <V!>^ai^^KAi6fijb\ 
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5. Given 3a? — 2a? = — 9, to find x. 

Solution. — ^Bv the problem, 3J! — 2a? = — 9 

Making jc* posidve, etc., a* — — = - 

2 2 

%X Q Q Q 81 

Completing square, ^-ir + ^ = 2'*"i6 = i6 

Extracting root, a? — - = ± - 

/. a? = I ± }, k «., a? = 3 or — i^. 

6. Given 32;^ — 24a: = — 36, to find x. 

Arts. + 6 or +2. 

NoTB. — The two roots of an affected quadratic may have the same 
or different signs. Thus, in the 6th and i2tli examples they are the 
same ; in the ist, 2d, 3d, 4th, and 5th, they are different. 

7. Given s^ — 40a: = 45. to find x. 

8. Given x^ — Sax = d, to find x. 

9. Given 2X^ + 2ax = 2 {b + c), to find x. 

SonjnoN. — Completing the square, x^ + ax -\ — = — +6 + c. 

4 4 



Extracting root, x+- = ±y— + b + e 



2 f 4 



_, a /a' 
Transposing, x = ±4/— + 6 + C 

10. Given 2x^ — 22a; = 120, to find x, 

11. Given a^ — 140 = 13a;, to find x. 

12. Find the value of a; in x^ — ^x + i ^ ^x — 15. 

Solution. — By the problem, ofi—^x+i = sa?— 15 
Transposing, x^—Sx = —16 

Completing square, a;*— 8aj+ 16 = o 

Extracting root, a?— 4 = o 

.*. a? = 4 

Note. — In this equation, both the signs and the numerical values of 
the two roots are alike. Such equations are said to have eqital roots, 

JV27^— What signs have the roots of an affected quadratic t 
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SECOND METHOD, 

334. When an affected quadratic equation has been 
reduced to the general form, 

its root may be obtained tvithout recourse to completing the 
square. 

1. Given a? + 8a? = 65, to find x. 

Analysis. — ^Afterthe square oebbatioh. 

of an affected quadratic is com- ^ 1. c^. 6 c 

pleted and the root extracted, /^ — : — 7 

the root of the third term is ^^ = — 4 ± V05 + 16 

transposed to the second mem- •*• ^ ^^ — 4 ifc 9 

ber, by changing its sign, (Art. i. e,, a? = S ^^ "~ ^3 

204.) 

Now, if we prefix half the coefficient of x, with its sign changed, to 
plus or minus the square root of the second member increased bj the 
square of half the coefficient of x, the second member of the equation 
will contain the same combinations of the same terms, as when the 
square is completed in the ordinary way. Hence, the 

EuLE. — Prefix half the coefficient of x, with the opposite 
sigtiy to plus or minus the square root of the second member, 
increased ly the square of half the coefficient ofx. 

Solve the following equations: 

2. 32;^ — 9a? — 3 = 207. 8. a? + 4fla? = h. 

3. 4a^ + 12a? + 5=45. 9. 3a;^ — 74 = 6a; + 31. 

4. 3a^ — 14a: + 15 = a lo. a^ + 13 = 6a;. 

5. 4a^ — 9a;=:28. 11. (a? — 2) (a;— i)= 2a 

#; ?_+2, 2^ , ,, «+2. _^__i3 

O. ; = 2. 12. ; = "T"* 

2a?a: + 2 x x + i 6 

7. dj' + -7 — al = d. 13. a? ych^hd, 

' b ^ c 

HI. What is the second method of solTins affected <:^ds«jt^s»i^^ 
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THIRD METHOD. 

335. A third method of rednciDg an affected quadratic 
equation may be illustrated in the following manner: 

I. Given aa? + bx = e, to find x. 



Analysis. — Multiply- 
ing the given equation by OOfi -^ hx^^c , 
a, the coeflBcient of 7?, and /^cflsfi + ^ahx = ^OC 
by 4, the smallest square /^h?-\-/^hx+V = 4/K? + J* 
number, we have 202? + * = ± ^/WT'^ 

4a V + 4fl6a; = 4ac, 

the first term of which is . ^ __ ^ *± V4«^+^ 



• • 



fl? = 



an exact square, whose 2a 

root is 2ax, Factoring 

the second term, we have /^abx = 2 (200? x 5). (Art, 119.) 

As the factor 2ax is the square root of 40^2^, it is evident that 4a'a^ 
may be regarded as the first term, and ^abx the middle term of the 
square of a binomial. Since ^abx is twice the product of this root 2ax 
into &, it follows that h is the second term of the binomial ; conso' 
quently, l^ added to both members wiU make the first a complete 
square, and preserve the equality. (Axiom 2.) Extracting the square 
root, transposing, etc., we have, 

^ _- :i V4^£ ^ ^^ value of x required. 

2. Given 22;* + 3a: = 27, to find x. 

Solution. — ^By the problem, 20? + 33? = 27 

Multiplying by 4 times coef. of a^, i6a? + 240? = 216 
Adding square of 3, coef. of x^ i(a? + 243? + 9 = 225 
Extracting root, 4^+3 =s ± 15 

Transposing, 4« s= —3 ± 15 

.'. OJ = 3 or — 4j, 

336. From the preceding illustrations, we derive the 

EuLE. — ^I. Reduce the equation to the form, as? ± &p = c, 

II. Multiply loth members hy 4 times the coefficient ofcfi* 

III. Add the square of the coefficient of x to each member^ 
extract the root, and reduce the resulting equation, 

336, What is the rule for the third method of reducing affected Quadrbtiai ' 
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Notes. — i. Wlien the coeflBcient of a; is an even numbei It ia 
sufficient to multiply both members by the coeflBcient of a?, and add 
to each the square of half the coeflBcient of x, 

2. The cbject of multiplying the equation by the coeflBcient of o^ is 
to make the first term a perfect square without removing the coeflBcient. 
(Art. 251.) . 

3. The reason for multiplying by 4, is that it avoids fractions in 
completing the square, when the coeflBcient of ^ is an odd number. 
For, multiplying both members by 4, and adding the square of the 
entire coeflBcient of x to each, is the same in effect as adding the sqiian 
of half the coeflBcient of a? to each, and then clearing the equation of 
fractions by multiplying it by the denominator 4. 

4. This method of completing the square is ascribed to the Hindoos. 

3. Giyen 3a:? + 4a: = 39, to find x. Ans. 3 or — 4 J. 

Beduce the following equations: 

4. a;8 — 30 = — re 8. 2a;? — 6a? = 8. 

5. 5a: + 3a:^ = 2. 9. 3p(? + sx=. 42. 

6. 4a:* — 7a; — 2 = o. 10. a? — 153; = — 54. 
?• 52;^+ 2a; = 88. II. ga;^— 7a;=ii6. 

337. The preceding methods are equally applicable to all 
classes of affected quadratics, but each has its advantages in 
particular problems. 

The first is perhaps the most natural, being derived from 
the square of a binomial ; but it necessarily involves frao 
tionsy when the coefficient of x is an odd number. 

The second is the shortest, and is therefore a, favorite with 
experts in algebra. 

The advantage of the third is, that it always avoids 
fr auctions in completing the square. 



The student should exercise his judgment as to the method 
best adapted to his purpose. 

Notes, When the coefficient of x is an tven number, how proceed 7 Object ol 
mnltipi^ing bj coefficient of a;'' 7 By 4 7 
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EXAMPLES. 

Fiod the value of a? in the following equations: 

1. a^ — 4a; = — 3. 17. 3a? — 7a?— 20 = a 

2. aj2 — 52? = — 4. 18. 72:^—160 = 32:. 

3, 20:^ — 7a? = — 3. 19. 22^ — 20? = ij. 

4. a;8+ioa?=24« 20. (x — 2)(a;— i) = 6. 

5. 62:^— 130; + 6 = 0. 21. 4(2:?— i) = 42:— I. 

6. 142: — 2:^ = 33. 22. (22?— 3)^ = 82:. 

o a; — 3 14 

7. 2?^— 3 = -—-^. 23. 32:— 2 = 



6 -•»• a- --a?— I 

o 5^ . 7^ 73 14 — a? 

8. ^— + ^ = — -^^. 24. 42: 2- — = 14. 

16 100 — gx •.34^ 

^a: 42?* "^^ ^ 25 5 

a a; 2 . 2? I 

fo. - + - = — 26. a? + - = — 

X a a 22 

II. a^ + 2ma; = J'. 27. a;*— 2rw; = w'— w*. 

8 ® a? 4 

2:® — loa;^ +1 

'3- ^_6a? + 9 -^-3- 



14. 



42; a; — I 9a; -h 7 
14 — a; 3a: a? 

15. 2V^ — 42; — 1 = — 4a:. 



16. Vx 4- 5 + 6 = a; + 5. 

338. An Equation which contains but f wo powers of the 
unknown quantity, the index of one power being twice that 
of the other, is said to have the Quadratic Form. 

The indices of these powers may be either integral or 
fractional. 

Thus, afi—x^ = 12 ; a^+sr" = h ; and ^5 — ^x = c, are equations 
of the quadratic form. 

Note. — Equations of this character are sometimes called trinomial 
equations. 

338. When has an equation tbe anadratic formf Ifot^ Wliat tffe such eqnatioQp 
caUedf 
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339. Equations of the quadratic fomi may be Bo^yed by 
the rules for affected quadratics. 

1. Given a;* — 2a;3 = 8, to find x. 

80LUTIOK — By the problem, «* — 20? = 8 
Completing square, «* — 2a? + I = 9 

Extracting square root, a? — x s ± 3 

Transposing, d? = 4 or —a 

Extracting square root agidn, fl; = ± 2, or ^ y'— a 

2. Given a;* — 42)8 = 32, to find x. 

Solution. — By tlie problem, a? — 40? = 33 

Completing square, a? — 45* + 4 = 36 
Extracting square root, «• — 2 = ± 6 

Transposing, etc., «• = 8 or —4 

Extracting cube root, « = 3 or ^^4 

3. Given ^ — 480;* = a^ to find x. 

6oLUTiON.~By tlie problem, a?» — 4&af = a 

Completing square, a^* — 4&aj" + 46* = a + 46* 
Extracting square root, aj» — 25 = ± 'y/a+4^ 



Transposing, a?" = 2& ± ^a+4&' 

Extracting the nth root^ a? = V 26 ± ^a+4/^ 

4. Given a:* + 8 = 6aJ^, to find x. 
$. Given a;* — 22;^ = 3, to find x. 
6. Given a^ -~ 72^ = o, to find 0:^ 

/• Given j- - = — , to find x. 

3432 

8. Given \^ + Jv^i = i, to find ax. 

9. Given 4a? + 4\/a? +2 = 7, to find «. 

10. Given , ., = - — 7^, to find x. 
4 + V a? V « 
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PROBLEMS. 

1. Find two numbers such that their sum is 12 and theii 
product is 32. 

2. A gentleman sold a picture for I24, and the per cent 
lost was expressed by the cost of the picture. Find the cost 

Note. — Let x = the cost 

—, X . 

Tnen — = the per cent. 

100 '^ 

w 
We now have X'^x x — = 24, to find the value of x, 

100 

3. The sum of two numbers is 10 and their product is 24. 
What are the numbers ? 

4. A person bought a flock of sheep for |8o; if he had 
purchased 4 more for the same sum, each sheep would have 
cost $1 less. Find the number of sheep and the price of 
each. 

5. Twice the square of a certain number is equal to 65 
diminished by triple the number itself. Eequired the 
number. 

6. A teacher divides 144 oranges equally among her 
scholars ; if there had been 2 more pupils, each would have 
received one orange less. Eequired the number in the 
school. 

7. A father divides $50 between his two daughters, in 
such a proportion that the product of their shares is $600. 
What did each receive? 

8. Find two numbers whose sum is 100 and their product 
2400. 

9. The fence enclosing a rectangular field is 128 rods 
long, and the area of the field is 1008 square rods. What 
are its length and breadth ? 

10. A colonel arranges his regiment of 1600 men in a 
solid body, so that each rank exceeds the file by 60 eoldiera* 
How man/ does be place in rank and file ? 
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11. A drover buys a number of lambs for $50 and sells 
them at I5.50 each^ and thus gains the cost of one lamb. 
Required the number of lambs. 

12. The sura of two numbers is 4 and the sum of theii 
reciprocals is i. What are the numbers ? 

13. The sum of two numbers is 5 and the sum of their 
cubes 65. What ai^e the numbers ? 

14. The length of a lot is i yard longer than the width 
and the area is 3 acres. Find the length of the sides. 

15. A and B start together for a place 300 miles distant; 
A goes I mile an hour faster than B, and arrives at his 
journey's end 10 hours before him. Find the rate per hour 
at which each travels. 

16. A and B distribute $1200 each among a certain 
number of persons. A relieves 40 persons more than B, and 
B gives to each person $5 more than A. Required the 
number relieved by each. 

17. Divide 48 into two such parts that their product may 
be 252. 

18. Two girls, A and B, bought 10 lemons for 24 cents, 
each spending 12 cents ; A paid i cent more apiece than B: 
how many lemons did each buy ? 

19. Find the length and breadth of a room the perimeter 
of which is 48 feet, the area of the floor being as many 
square feet as 35 times the difference between the length 
and breadth. 

20. In a peach orchard of 180 trees there are three more 
in a row than there are rows. How many rows are there, 
and how many trees in each ? 

21. Find the number consisting of two digits whose sum 
is 7, and the sum of their squares is 29. 

22. The expenses of a picnic amount to $10, and this sum 
could be raised if each person in the party should give 30 cts. 
more than th^ number iu the party. How many compose 
the party ? 
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23. Find two numbers the product of which is 120, and 
if 2 be added to the less and 3 subtracted from the greater, 
the product of the sum and remainder will also be 120. 

24. Divide 36 into two such parts that their product shall 
be 80 times their difference. 

25. The sum of two numbers is 75 and their product is 
to the sum of their squares as 2 to 5. Find the numbers. 

26. Divide 146 into two such parts that the difference of 
their square roots may be 6. 

27. The fore- wheel of a carriage makes sixty revolutions 
more than the hind-wheel in going 3600 feet ; but if the 
circumference of each wheel were increased by three feet, it 
would make only forty revolutions more than the hind- 
wheel in passing over the same distance. What is the 
circumference of each wheel ? 

28. Find two numbers whose difference is 16 and their 
product ^6. 

29. What two numbers are those whose sum is i J and the 
sum of their reciprocals 3I ? 

30. Find two numbers whose difference is 15, and half 
their product is equal to the cube of the less number. 

31. A lady being asked her age, said. If you add the 
square root of my. age to half of it, and subtract 12, the 
remainder is nothing. What is her age ? 

32. The perimeter of a field is 96 rods, and its area is 
equal to 70 times the difference of its length and breadth. 
What are its dimensions ? 

33. The product of the ages of A and B is 120 years. If 
A were 3 years younger and B 2 years older, the product of 
their ages would still be 120. How old is each ? 

34. A man bought 80 pounds of pepper, and 36 pounds 
of saffron, so that for 8 crowns he had 14 pounds of pepper 
more than of saffron for 26 crowns; and the amount he 
laid out was 188 crowns. How many pounds of i)epper did 
he buy for 8 crowns ? 
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SIMULTANEOUS QUADRATIC EQUATIONS. 

TWO UNKNOWN QUANTITIES. 

340. A Moniogetieotis Equation is one in whick 
the sum of the exponents of the unknown quantities is the 
same in every term which contains them. 

Thus, 0?— y* = 7, and Q?—(ey-\-f^ = 13, are each homogeneous. 

341. A Symmetrical Equation is one in which 
the unknown quantities are involved to the same degree. 

Thus, aj'+y* = 34, and o^y—x^ = 34, are each symmetrical. 

342. Simultaneous Quadratic Equations con- 
taining two unknown quantities, in general involve the 
principles of Biquadratic equations, which belong to the 
higher departments of Algebra. 

There are three classes of examples, however, which may 
be solved by the rules of quadratics. 

ist. When one equation is quadratic, and the other simple. 
2d. When both equations are quadratic and homogeneous. 
3d. When each equation is symmetrical. 

343. To Solve Simultaneous Equations consisting of a 

Quadratic and a Simple Equation. 

I. Given a^ + y^= 13, and a; + y = 5, to find a* and p. 

Solution. — By the problem, a?+y* = 13 (i) 

«+y= 5 (2) 

By transposition, x = 5— y (3) 

Squaring each side of (?) (Art. 102), a? = 25— ipy+y' (4) 

Substituting (4) in (i), 25— iqy+y^+y* = 13 (5) 

Uniting and transposing, 2y'^—ioy = — 12 (6) 

Comp. sq. (Art. 336, 7i<>^e), 4^'— 20^+25 = —24 + 25 (7> 
Extracting root, 2^—5 = ± i 

.-. y = 3 or 2. 
Substituting value of y in (3), a; = 2 or 3. Hence, the 



340. What is a homogeneonH equation ? 341. A Bymmetrical ec^oatlont 
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Rule. — Find the value of one of the unknown qv^intities 
in the simple equatio7i ty tran^positiony and substitute this 
value in the quadratic equation. (Arts. 221, 223.) 

Solve the following equatioDs: 

2. Q? + f=2Sy 5. a:8 + j^ = 244, 

x + yz=ii2. « + 4y = 38. 

4. a;2 — y2 — 28, 7. 8ir? + 5^^=728, 

re — y = 2. 6y — a? = 15. 

344. To Solve Simultaneous Equations which are both 

Quadratic and Homogeneous. 

8. Given a?+xy =^ 40, and y^+xy = 24, to find x and y. 

SOLXJTION. — By the problem, a?+iry = 40 (i) 

^+a^ = 24 (2) 



*< <t 



Let x=:py (3) 

Substituting ^ in (i), p*y« +|^ = 40 (4) 

** (2X J^+i^« = 24 (5) 

Factoring, etc., (4), y» = -^ (6) 

'• " <5). !^ = j^ (7) 

Equating (6) and (7). ^=1^ W 

Clearing of fractions, 5 + 5i> = aP* + 3P (9) 

Transposing, etc., sp"— 2p = 5 (10) 

Comp. sq., 3d metb. (Art. 336), gp*— 6p + i = 15 + 1=16 (11) 

Extracting root, 3P— i = ± 4 (12) 

Transposing, 3p = i ± 4 

Dropping the negative value, P = i 

Substituting value of p in (7), y* = 24-4-(i +f)=9 

Extracting root, y = ± 3 

Substituting value ofp and y in (3), aj = |x ±3 = ±5. 
Hence, the 



343. Rule for Bolution of eqnatioQB consisting of a quadratic and Bimple eqwir 
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Bulb. — L For one of the unknown quantities sulstitute 
the product of the other into an auxiliary quantity ^ and then 
find the value of this auxiliary quantity. 

IL Find the values of the unknown quantities by substu 
tuting the value of the auxiliary quantity in one of the 
equations least involved. 

Note. — ^An auxiliary quantity is one introduced to aid in tbe aolo^ 
tion of a problem, as p in the a1x)ve operation. 

9. Given a?+y= 9, l.^j j 

And *»;sl«=i89;l*^^'^^^""^y-, 

10. Given a?— y= 2»)x2s:» j 
Aud ^-f=. 58; [ to find a. and y. 

11. Gireu ^^-^y»=-^, | to find :r and y. 
Ana 4a:y= 24, J ^ 

12. Given a^ — a?V + «* = 19, ) . ^ j , 

. , ^ » ^ ^' > to find X and y. 

And a?y=is, ) ^ 

345. To Solve Simultaneous Quadratic Equations when eacli 

Equation Is Symmetrical. 

13. Given x + y =zg, and xy = 20, to find x and y. 

SoLunoK.— By the problem, a?+y= 9 (i) 

•* •• • fl^ = 20 (2) 

Squaring (i), a^+2ay+y* = 8i (3) 

Multiplying (2) by 4, 40^ = 80 (4) 

Subtracting (4) from (3), a?— 2ay+^ = I (5) 

Extracting sq. root of (5), 0?— y = ± I (6) 

Bringing down (i), g-fy = 9 

Adding (1) and (6), 20? = 10 or 8 {7) 

Removing coefiQeient, (P s 5 or 4 

Substituting value of ^ in (i), t/= 4 <)f 5 

Notes. — i. The values of x and y in these equations are not equal, 
but interchangeable ; thus, when x = s* y=4 ; &nd when a; = 4, y = 5. 

344. How solve equations which are both quadratic and homogeneonsf. AM4 
What is an auxiliary quantity? 
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2. The solution of thSa daas of problems varies aooordiiig to the 
given equations. Consequently, no specific rules can be ^I^en tha; 
will meet every case. But judgment and practice will readily supply 
expedients. Thus, 

L When the sum and product are giyen. (Ex. 13, 15.) 
Find the difference and combine it with the sum. (Art 2 24.) 

II. When the difference and product are given. (Ex. 1 6.} 
Find the sum and combine it with the difference. 

IIL When the sum and difference of the same powers are 
given. (Ex. 14, 17.) 

Combine the two equations by addition and subtraction. 

rV. When the members of one equation are multiples of 

the other. (Ex. 18.) 

Divide one by the other, and then reduce the resulting 
equation. 

14. Given^i + yJ = 5, (0 1 to find:. and y. 
And re* — y^ = i, (2) ) 

SOLFTION, — Adding (i) and (2), and dividing, o?^ = 3 

Involving, « = 27 

Subtracting (2) from (i), eta, ^ = s 

Involving, y z= 8 

15. Given a? + y=27, ).£, , 

1^ . ^ o htofindfl?andy. 

And iPy = 180, 1 ' 



i6. Given a? — y=i4,),/s, , 
. , ^ }• to find X and u. 

And xy = 147, ) ^ 

1 7- Given xi + yi = 7, 
And x^ 



'. ■'■'^■"^'Ito find ar and «. 

18. 6ivenJj^ + ^=i2,K^g^^^ 

And a^y +xy^ = 6,) ^ 



NoTB. — What is true of the solution of pfmultaneous quadratics f When the cnmi 
and product are p^lveii^how proceed? When the difference and product? When 
the sum and difference of the pame powers are given ? When the members of <m6 
equation are moltipJes of the other "* 
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PROBLEMS. 

1. The difference of two numbers is 4, and the difference 
of their cubes 448. What are the numbers ? 

2. A man is one year older than his wife, and the product 
of their respective ages is 930. What is the age of each ? 

3. Required two numbers whose sum multiplied by the 
greater is 180, and whose difference multiplied by the less 
is 16. 

4. In an orchard of 1000 trees, thQ number of rows 
exceeds the number of trees in each row by 15. Required 
the number of rows and the number of trees in each row, 

5. The area of a rectangular garden is 960 square yards, 
and the length exceeds the breadth by 16 yards. Required 
the dimensions. 

6. Subtract the sum of two numbers from the sum of 
their squares, and the remainder is 78; the product of the 
numbers increased by their sum is 39. What are the 
numbers ? 

7. Find two numbers whose sum added to the sum of 
their squares is 188, and whose product is 77. 

8. A surveyor lays out a piece of land in a rectangular 
form, so that its perimeter is 100 rods, and its area 589 
square rods. Find the length and breadth. 

9. Required two numbers whose product is 28, and the 
sum of their squares 65. 

10. A regiment of soldiers consisting of 1154 men is 
formed into two squares, one of which has 2 more men on a 
side than the other. How many men are on a side of each 
of the squares ? 

11. Required two numbers whose product is 3 times their 
sum, and the sum of their squares 160. 

12. What two numbers are those whose product is 6 times 
their difference, and the sum of their squares 13 ? 

(8e^ Aooendix, p. 390W) 



CHAPTER XVII. 

RATIO AND PROPORTION, 

346. Ratio is the relation which one quantity bear& 1x 
another with respect to magnitude. 

347. The Terms of a Ratio are the quantities 
compared. The first is called the Antecedent, the second 
the Consequent,* and the two together, a Couplet. 

348. The Sign of ratio is a colon : f placed between the 
two quantities compared. 

Ratio is also denoted by placing the consequent under the 
antecedent, in the form of a, fraction. 

Thus, the ratio of « to 6 is written, aib, or =-• 



349. The Measure or Value of a ratio is the quotient 
of the antecedent divided by the consequent, and is equal 
to the value of the fraction by which it is expressed. 

Thus, the measure or value of 8 : 4 is 8-1-4 = c 

Note. — ^That quantities may have a ratio to each other, they must 
t)e so far of the same nature, that one can properly be said to be equal 
to, or greater, or less than the other. 

Thus, a foot has a ratio to a yard, but not to an hour, or & pound. 

350. A Simple Ratio is one which has but two terms *, 
AS, a:b, 8:4. 

346. What Ib ratio ? 347. What are the termR of a ratio ? 348. The sign f How 
also is ratio denoted? 349. The measure or valae? I^ote. What qnnntltteB have* a 
sitio to each other ? 350. What is a simple ratio ? 

• Antecedent, Latin ante, before, and cedere, to go, to preeecce. 
Consequent, Latin con, and sequi, to follow, 

f The sign of ratio : is derived from the sign of division -*-, the 
horizontal line being dropped. 
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351. A Compound Hatio is the product of two or 
more mnple ratios. 

ThuSf 4 : 2 ) are each simple Bat 4x9: 2x3 

9:3) ratios. is a compound ratio. 

Note. — The nature of compound ratios is the same as that of am- 
ple ratios. They are so called to denote their origin, and are usually 
expressed by writing the corresponding terms of the smiple ratios one 
nnder another, as above. 

352. A Direct Ratio arises from diyiding the ante- 
cedent by the consequent. 

353. An Inverse* or Reciprocal Ratio arises 
from dividing the consequent by the antecedent, and is the 
same as the ratio of the reciprocals oi the two numbers 
compared. 

Thus, the direct ratio of a to a& = -=- » or ^ > &nd that of 4 to 

ah h 

4 1 

la = — , or - • 

12 3 

The inverse ratio of a to a5 s= — , or ft ; of 4 to la = — ^ op 3. 

a 4 

U is the same as the ratio of the reciprocals. - to — 7 , and - to — • 

'^ a ab 4 13 

Note. — A reciprocal ratio is expressed by inverting the fraction 
which expresses the direct ratio. When the colon is used, it is 
expressed by inverting the order of the terms. 

354. The ratio between two fractions which have a 
common denominator, is the same as the ratio of their 
numerators. 

Tl^us, the ratio of } : f is the same as 6 : 3. 

Note. — When the fractions have different denominators, reduce 
them to a common denominator; then compare their numerators. 
(Art. 175.) 

355. A Ratio of Equality is one in which the quan- 
tities compared are equal, and its value is a unit or i. 

351. What is a componnd ratio? Note, Why bo called? 359. What Is a direct 
mtio ? 353. A reciprocal ? 355. What Ib a ratio of equality ? 

* Inverse, from the Latin in and verto, to turn upside doum^ to tuiMrC 

9 
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356. A RaHo of Greater Inequality is one whose 
antecedent is greater than its consequent^ and its value is 
greater than i. 

357. A Ratio of Less Ineqtiality is one whose 
antecedent is less than its consequent, and its yalue is less 
than I. 

358. A Duplicate Ratio is the square of a simple 
ratio. It arises from multiplying a simple ratio into itself, 
or into another equal ratio. 

359. A Triplicate Ratio is the cube of a simple ratio, 
and is the product of three equal ratios. 

Thus, the duplicate ratio of a to & is a' : fi'. 
The triplicate ratio of a to ( 1b a* : 5*. 

360. A Subduplicate Ratio is the square root of a 
simple ratio. 

361. A Subtriplicate Ratio is the cube root of a 
simple ratio. 

Thus, the subduplicate ratio of a; to ^ is \/S : \/y. 
The svbtriplicate ratio of ^ to ^ is \/x : ypy etc. 

362. Since ratio may be expressed in the form of a 
fraction^ it follows that changes made in its terms have the 
same effect on its value, as like changes in the terms of a 
fraction. (Art 167.) Hence, the following 

PRINCIPLES. 

1°. Multiplying the antecedent, or ) ,r tj- t- jr j- 
Tx' 'f- J A f Multtpltes the ratio. 

Dividing the consequent, ) 

2^. Dividing the antecedent, or ) r^• -j ^t ^* 
^^,,.7. .7 A > Divides the ratw. 

Multiplying the consequent, ) 

3*. Multiplying or dividing loth ) Does 7iot alter the value 

terms by the same quantity y ) of the ratio. 



356. Of greater inequality? 3S7. Of lees Inequality? 358. A duplicate ratio 7 
^59. Triplicate? 360. Subduplicate? 361. Subtriplicate? 36a. Name Principle 1. 
PrinciplB 3 Principl« > 
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EXAMPLES. 

1. What 18 the ratio of 4 yards to 4 feetf 

BoLunoB. 4 jaids = 12 feet ; and the latio of 12 ft to 4 ft ia 3 

2. What is the ratio of 6a? to 2X? Ans. ^x. 

3. What is the ratio of 40 sqnare rods to an acre? 

4. What is the ratio of i pint to a gallon ? 

5. What is the ratio of 64 rods to a mile ? 

6. What is the ratio of 8a' to 4a ? 

7. What is the ratio of is^iic to 5^6? 

8. What is the ratio of $5 to 50 cents ? 

9. What is the ratio of 75 cents to 16 ? 

10. What is the ratio of 35 quarts to 35 gallons ? 

11. What is the ratio of 20^ to 4a? 

12. What is the ratio ofa? — y*toa? + y? 

13. What is the compound ratio of 9 : 12 and 8 : 15 f 

Solution. 9 x 8 = 72, and 12x15= i8a Now 72-1- 180 = /r> '^^ 
Or, 9: I2=^,and8: 15 = A. Now ^x^ss^o = A*-^'**- 

14. What is the compound ratio of 8 : 15 and 25 : 30? 

15. What is the compound ratio of o : J and 2 J : 303?? 

16. Eeduce the ratio of 9 to 45 to the lowest terms. 

Solution. 9 : 45 = A» *^<1 A = l» ^^^ 

17. Eeduce the ratio of 24 to 96 to the lowest terms. 

18. Beduce the ratio of 144 to 1728 to the lowest terms. 

19. What kind of ratio is 25 to 25 ? 

20. What kind of a ratio is abiab? 

21. What kind of ratio is 35 to 7 ? 

22. What kind of ratio is 6 to 48 ? 

23. Which is the greikter, the ratio of 15 : 9, or 38 : 19? 

24. Which is the greater, the ratio of 8 : 25, or V4 : V25, 

25. K the antecedent of a couplet is 56^ and the ratio 8 
what is the consequent? 

26. If the consequent of a couplet is j, and the ratio 14 
what 18 the antecedent t 
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PROPORTION. 

363. Proportion is an eqnalify of ratios. 

Thus, the ratio 8 : 4 = 6 : 3, is a proportion. That !s» 
Four quantities are in proportion, when the firti is the tarns tnulti' 
\fle or part of the second that the third is of ihefaurtlL 

364. The Sign of Proiyortion is a double colon : :,♦ 

or the sign =. Thus, 

The equality between the ratio of a to ft and e to (f ia expressed by 

aih : : c : tf , or by ^ = 3 

a 

The former is read, "aistofta^K^istoc^;" the latter, "h is contained 

in a as many times as (2 is contained in e." 

NoTB. —Each ratio is called a caupietf and each term a proporOanat. 

365. The Terms of a proportion are the quantities 
compared. The first and fourth are called the extremes, the 
second and third the means. 

366. In every proportion there must be at least four 
terms ; for the equality is between two or more ratios, and 
each ratio has two terms. 

367. A proportion may, however, be formed from three 
quantities, for one of the quantities may be repeated, so as 
to form two terms ; as, a : d : : d : ^ 

Note. — Care should be taken not to confound proportion with ratio. . 
In common discourse, these terms are often used indiscriminately. 
Thus, it is said, " The income of one man bears a greater proportion 
lo his capital than that of another/' etc. But these are loose expressions 

In a simple ratio there are but two terms, an antecedent and a 
consequent ; whereas, in a proportion there must at least be four 
terms. (Arts. 350, 366.) 

363. What is proportion? 364. The sign of proportion? Note. What is each 
ratio called ? 365. What are the terms of a proportion ? 366. How many terms in 
every proportion ? 367. Dow form a proportion from three qnantities ? 

* The sign : : is derived from the sign of equality =, the four 
points being the terminations of the lines. 
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Again, one ratio may be greater or lesa tlian another, but one 
proportion is neither greater nor less than another. For equality does 
not admit of degrees. In scientific investigations, this distinction 
should be carefully observed. 

368. A Mean Proportional between two quantities 
is the middle term or quantity repeated, in a proportion 
formed from three quantities. 

369. A Third Proportional is ibe last term of a 
proportion having three quantities. 

Thus, in the proportion a\h ::(:«» Ms a mean proportional, and 

e a third proportional. 

370. A Direct Proportion is an equaKty between 
two direct T2Li\oB\ eis, a:b :: e:d, 3:6 :: 4:8. 

371. An Inverse or Reciprocal Proportion is an 

equality between a direct and reciprocal ratio ; as, 

3:4 :: irf 

372. Analogous Terms are tbe antecedent and con- 
sequent of the same couplet. 

373. Homologous Terms are either two antecedents 
or two consequents. 

PROPOSITIONS, 

374. A Proposition is the statement of a truth to be 
proved, or of an operation to be performed. 

Propositions are of two kinds, theorems and problems. 

375. A T/ieorem is something to be proved. 

376. A Problem is something to be done. 

377. A Corollary is a principle inferred from > 
preceding proposition. 

368. Wbat is a mean proportional? 369. What is a third proportlonai t 370. A 
direct proportion? 371. An inverse or reciprocal proportion? 37a. What ar« 
analoprouB term? ? 373. IIomoloi<:oaB ? 374. What is a proposition t How divided f 
375. What is ft theorem ? 376. A problem T -^77. A .v toUftx^i^ 
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378. The more important theorems in proportion are 
the following: 

Theorem I. 

If four quayititie^ are proportional^ tlie product of the ex- 
tremes is equal to the product of the meam. 

Let a I'b ii c : dL 

^ . a c 

By Art. 363, - = ^• 

Clearing of f ractioDS, ad = be. 

Verification by Numbers. 
Given, 2 : 4 : : 8 : 16 ; and 2 X 16 = 4 X 8. 

Cor.— The relatioii of the four terms of a proportion to 
each other is such tliat if aiiy three of them are given, 
the fourth may be found. 

Thus, since ad = be, it follows that 

a = b€ -i-dy b=ad -i-c, c = ad-^b, and tf = 6c -*- o. (Ax. 5.) 

Notes. — i. The rule of Simple I^oportion in Arithmetic is 
fouuded upon this principle, and its operations are easily proved 
by it. 

2. This theorem furnishes a veiy simple test for determining 
whether any four quantities are proportional. We have only to 
multiply the extremes together, and the means. 

Theorem IL 

If three quantities are proportional ^ the product of the ex- 
tremes is equal to the square of the mean. 

Let a '. b : : b 

By Art. 363. ^ = -. 

b c 

Clearing of fractions, ac = b*. 

Again, : 9 : 6 : : fi : 4, and 4X9 = 6*. 

CoR. — A mea7i proportional between tiuo quantities is 
egiial to the square root of their product. 
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Theorem III. 

If the product of ttoo qtiantities is equal to the product 
of ttoo others, the four qxuintities are proportional ; the 
factors of either product being taken for the extremes, and 
the factors of the other for the means. 

Let ad = be. 

Dividing by M, ? = f» 

^ ^ ' b d 

Or, by Art. 363, a i b \ \c id. 
Again, 4X6 = 3X8, and 4:3 : 8 : 6. 



Theorem IV. 

If four quantities are proportional, they are proportional 
when the means are inverted. 



Let a : b : '. c :d. 


then 


a : c lib xd. 


For, by Art. 363, 




b~~d 


Multiplying by -, 

c 




a b 


Or. 


a : 


e ::b :d. 



Again, 3 : 6 : : 4 : 8, and 3 : 4 : : 6 : 8. (Th. i.) 

Note. — Tliis change iu the order of the means is called **Aliema' 
tion/' 



Theorem V. 

If four quantities are proportional, they are proportional 
when the terms of each couplet are inverted. 

Let a :b \',C'. dy then b : a : : d : c. 

By Theorem I, ad = be. 

By Theorem 3, b : a : : d : c. 

Again, 6:2:115:5, then 2 : 6 : : 5 : 15. (Th. i.) 

Cor. — If the extremes are inverted, or the orrfer of the 
terms, the quantities will bo proportional. 
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Notes. — i. If the terms of only one of the couplets are inverted, 
the proportion becomes reciprocal. 

2. The change in the order of the terms of each couplet is called 
*' Inversion ." 

3. This proposition supposes the quantities compared to be of the 
same kind. Thus, a line has no relation to weight. Art. 349, note.) 

Theorem VL 

If four quantities are proportional, ttvo analogous or 
two homologous terms may he multiplied or divided by the 
same quantity without destroying the proportion. 

Let a : h : : e : d. 

Multiplying analogous terms, am : bm : : e : d, 

and a :b : : cm : dm. 
— a e 

Fo^' b = d 

Hence, (Art. 362, Pnn. 3). ^= 5. and y = ^• 

Multiplying homologous terms, am : b : : cm : d, 
and a : bm : :c : dm. 

TT /A . am cm a c 

Hence, (Ax. 4, 5), y = ^, and ^=^- 

a b 
Dividing analogous terms, "^ : ~ : : c :d. 



and 


c d 

<^ ' : I'-r : — 

m m 


Dividing homologous terms. 




and 


b d 
a : — : : c : — • 
m m 


Clearing of fractions (Th. i), 


ad = be. 



Cor. — All the terms of a proportion may be multiplied 
or divided by the same quantity without destroying the 
proportion. 

Notes. — i. When the homologous terms are multiplied or divided, 
both ratios are equally increased or diminished. 

2. When the analogous terms are multiplied or divided, the ratios 
^re not altered. 
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Theorem VIL 

Ij four quantities are proportional, the sum of the first 
and second is to the second, as the sum of the third and fourth 
is to the fourth. 

Let a b li c : d, then a+& : 6 :: e+d i d 
V a e 

^°'' i=d 

Adding i to eacli member, A "*" ' ~ S "*" '• ^^^ ^^ 

T .. a-hh e+d 

Incorporatmg i, • = ■ 

Therefore (Art. 363), a-hh : h :: e-hd i d 

Again, 4:2 :: 6:3, then 4+2 : 2 :: 6+3 : 3 

KoTE. — This combination is sometimes called " ComposiHon," 



Theorem VIIL 

// four quantities are proportional, the difference of the 
first and the second is to the second, as the difference of the 
third and fourth is to the fourth. 

Let a :b i: e : d, then a^h : b :: e^d : d 

For, ?=?. 

' b d 

Subtracting i from each member, r- — i s= - — x 

a 

» ... a^b e—d 

Incorporatmg — i, — =— = -~— 

b d 

Therefore, a—b : & : : c^d ; d 

Again, 4:2 : : 6:3, then 4—2 : 2 : : 6—3 : 3 

Note. — This comparison is sometimes called '* Division" * 



* The technical terms. Composition and Division^ are calculated 
rather to perplex than to aid the learner, and are properly falling into 
disuse. The objection to the former is, that it is liable to be mistaken 
fQr the composition or compounding of ration, Ni\v^\^^ >^^ N:^^ 
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Theorem IX. 

If two ratios are respectively equal to a third, they are 
equal to each other. 

Let a : b : : m : n, and e : d : : m : n 

Then ^ = — » *od ^ = — 

b n d n 

ByAx.!, - = -r. That is, aibsseid 

a 

Again, 12 : 4 s= 6 : 2, and 9:3 = 6:8 

.*. 12 : 4 s 9 : 3 



Theorem X. 

Wlien any number of quantities are proportional, any 
antecedent is to its cofiftequent, as the sum of all the ante* 
cedents is to the sum of all the consequents. 



Let 

Then 

For (Th. i). 
And, " 
Also, 


a : b 
a : b 

2), 

» V • « 


:: e \ d :: < 

ad 
af 
ab 


> :/, etc 
b+d+f, etc 
= be 

= ba 




Adding (Ax, 
Factoring, 
Hence, (Th. 3), a 


ab+ad+(tf= ba+bc+be 

a(b+d+f) = b{a+e+e) 

t (a-he-he, etc) : (5+(f +/, 


etc.) 



operations are entirely different In one the terms are added, in the 
other they are multiplied together. (Art. 351.) 

The objection to the latter is, that the change to which the term 
ditinon is here applied, is effected by subtraction, and has no 
reference to dinsioUy in the sense the word is used in Arithmetic and 
Algebra. Moreover, the alteration iu the terms of Theorem 6 is 
produced by actual division. Usage, however ancient, can no longer 
justify the employment of the same word in two different semes, in 
explaining the same subject. 
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Theobeh XL 

If the corresponding terms of two or more proportions are 
multiplied together, the products will be proportiondL 

Let a : b :: e : d, and e ; f :: g : h 

Then ae i bf :: eg : dh 

V o e :» e g 

Molt ratioB together (Ax. 4% hf^^ 

Hence, (Th. 3), ae : hf 11 eg i dh. 



Theobem XIL 

If four quantities are proportional, like powers or roots 
of these quantities are proportional 

Let a lb : : e z d^ then x = ^ 

By Ax. 10^ T- = :j- 

Hence (Th. 3), a» : 6» : : c'* : d» 

Extracting sq. root, a* : 6* : : c* : d* 
Again, 2:3 : : 4:6, then 2* : 3* : : 4* : 6^ 

In like manner, ^4 : ^/g ; : \/i6 : \/36. 
Note. — ^The index n may be either integral or firaetional. 



Theoeem XIIL 

Equimultiples of two quantities are proportional to the 
f^uantities themselves. 

Since I = 5. by Art. 362. Prin. 3, |^ = | 
Hence, am i bm n c i d* 
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PROBLEMS. 

1. The first three terms of a proportion are 6, 8, and 3, 
What is the fourth ? 

Let X =: the fourth term. 

Then 6:8 :: 3 : « 

.*, 6fl; = 24, and a; = 4. 

2. The last three terms of a proportion are 8, 6, and 12. 
What is the first ? 

3. Required a third proportional to 25 and 400. 

4. Required a mean proportional between 9 and 16. 

5. Find two numbers, the greater of which shall be to 
the less, as their sum to 42 ; and as their diflference to 6. 

6. Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

7. Divide the number 28 into two such parts, that the 
quotient of the greater divided by the less shall be to the 
quotient of the less divided by the greater as 32 to 18. 

8. What two numbers are those whose product is 24, and 
the difference of their cubes is to the cube of their difference 
as 19 to I ? 

9. Find two numbers whose sum is to their difference as 
9 is to 6, and whose difference is to their product as i to 12. 

10. A rectangular farm contains 860 acres, and its length 
is to its breadth as 43 to 32. What are the length and 
breadth ? 

1 1. There are two square fields ; a side of one is 10 rods 
longer than a side of the other, and the areas are as 9 
to 4. What is the length of their sides ? 

12. What two numbers are those whose product is 135, 
and the difference of their squares is to the square of their 
difference as 4 to i ? 

13. Find two numbers whose product is 320 ; and the 
difference of their cubes is to the cube of their difference 
Sfi 6j to J» 



CHAPTER XYIII. 

PROGRESSION. 

379. A Progression is a series of quantities which 
increase or decrease according to a fixed law. 

380. The Terms of a Progression are the quan- 
tities which form the series. The first and last terms are 
the extrefnes; the others, the means. 

381. Progressions are of three kinds: arithmetical, 
geometrical, and harmonical. 

ARITHMETICAL PROGRESSION. 

382. An Arithmetical Progression is a series 
which increases or decreases by a constant quantity called 
the common difference, 

383. In an ascending series, each term is found by adding 
the common difference to the preceding term. 

If the first tenn is a, and tlie common difference d, the series is 

a, a+d, a + 2d, a+^d^ eta 
Ji a = 2, and c? = 3, the series is 2, s, 8, ii, 14, etc 

384. In a descending series, each term is found by 
subtracting the common difference from the preceding term. 

If a is the first term, and d the common difierence, the series is 

a, a — d, a — 2d, a — ^d, etc. 

In this case, the common difference may be considered —d. Hence^ 
the common difference may be either positive or negative. And, since 
adding a negative quantity is equivalent to subtracting an equal 

379. What is a progreBBion? 380. The terms? 381. How many kinds of 
progreBBion? 38a. An arithmetical progresBion? What ie this couBtant qnantitj 
called ? 383. An aBcending eeriei ? 384. A descending series f 
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poiitive one, it may therefore properly be said that each saccessive 
term of the series is derived from the preceding by the addition of the 
eammon difference. (Art. 75, Prin. 3.) 

Notes. — i. The common difference was formerly called arithmetical 
ratio; but this term is passing out of ase. 

2. An Arithmetical Progression is sometimes called an Equidifferent 
Series, or a Pntgreseion by Difference, In every progression there may 
be an infinite number of terms. 

385. If four quantifies are in arithmetical progression, 
the sum of the extremes is equal to the sum of the means. 

Let a, a + d, a+2d, a-^yt, be the series. 
Adding extremes, etc, 2a+3d = 2a+3dL 

Or, let 2, 2 + 3, 2+6, 2 + 9, betheseriea 
Then 2 + 2 + 9 = 2 + 3+2+6. 

386. If three quantities are in arithmetical progression, 
the sum of the extremes is equal to double the mean. 

Let a, a+d, a-\-2d, be the series. 
Then 2a+2d = 2{a+d), 

Again, let 2, 2+4, 2 + 8, be the series. 
Then 2 + 2 + 8 = 2(2+4). 

CoE. — ^An Arithmetical Mean between two quantities 
may be found by taking half their sum. 

387. In Arithmetical Progression there are five 

elements to be considered: the first term, the common 

difference, the last term, the number of terms, and the sum 

of the terms. 

Let a =s the first term. 

d s= the common difference^ 
I = the last term. 
n = the number of terms. 
8 = the sum of the terms. 

The relation of these five quantities to each other is such 
that if any three of them are given, the other two can be 
found. 



385. What is trne of fonr qaantitieB in arithmetical progreseion ? 386. Of thre« 
qnantitieB ? 387. Name the elements in arithmetical progression ? What relation 
huyo they to each other? 
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CASE I. 

388. The First Term, the Common Difference, and Number 
of Terms being given, to Find the Last Term. 

Each succeeding term of a progression is found by adding the 
common diflference to the preceding term. (Art. 384.) Therefore the 
terms of an ascending series are 

a, a+d, a+2d, a+^d, eta 

The terms of a descending series are 

a, a—d, a— 2d, a— 3d, etc. 

It will be seen that the coeflBcient of d in each term of both series 
is one less than the number of that term in the series. Therefore, 
putting I for the last or 71th term, we have 

Formula I. ? = a ± (n- — i) d. 

EuLE. — L Multiply the common difference by the number 
of terms less one. 

II. When the series is ascending, add this prodtcct to the 
first term ; when descending, subtract it from the first term. 

1. Given a = 3, rf = 2, and w = 7, to find I. 

l = a± (n—i) d = 3 + (7—1) 2 = 15, Ans. 

2. Given a = 25, ^ = — 2, and n = g, to find /. 

3. Given a = 12, J = 4, and n = 15, to find h 

4. Given a= 1, d= —i, and n = 13, to find JL 

5. Given a = J, d = i, and w = 9, to find l. 

6. Given a = i, d= — .01, and w = 10, to find Z> 

7. Find the 12th term of the series 3, 5, 7, 9, 11, etc 
Note. — In this problem, a = 3, d = 2, n = i2. Ans. 25. 

8. Find the 15th term of i, 4, 7, 10, etc. 

9. Find the 9th term of 31, 29, 27, 25, etc. 

10. What is the 30th term of the series i, 2^, 4, 5 J, etc. 

11. Find the 25th term of the series x+^x+sx + jx, etc. 
It. Find the nth term of the series 2a, 5a, Sa, iia, etc 

a88. What Lb tlio rule for flndinij: the laet termt 
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CASE II. 

389. The Extremes and Number of Terms being given, to 

Find the Sum of the Series. 

Let a, a + d, a-\-2d, a + sd . . . I, be an arithmetical progression, 
the sum of which is required. 

Since the sum of two or more quantities is the same in whatever 
order they are added (Art. 63, Prin. 2), we have 

8 = a+ (a+ d) + (a+ 2d) + (a+ 3d) + . . . +1 
Inverting, »=l -\- (l-- d) -^ {I — 2d) + g— 3<^) + . . . +a 

Adding, 2« = a + / + (a + + («+0 + («+0 + • • • +a+^ 

/. 28 = (a+l) taken n times, or as many times as there are 

terms in the series. 

That is, 2« = (a + n. Hence, the 

Formula IL « = ^ — ^t_J x n. 

2 

Exile. — Multiply half the sum of the extremes by the 
number of terms. 

Cor. — From the preceding illustration it follows that the 
sum of fche extremes is equal to the sum of any two terms 
equally distant from the extremes. 

Thus, in the series, 3, 5, 7, 9, 11, 13, the sum of the first and last 
terms, of the second and fifth, etc., is the same, viz., 16. 

I. Given a = 4, Z = 148, and w = 15, to find s. 
Solution. 4+148 = 152, and (i52-*-2)x 15 = 1140, Ans. 

t. Given a = i, ^ = 30, and w = 50, to find s. 

3. Given a = 6, Z = 42, and w = 9, to find s. 

4. Given a = 5, ? = 75, and w = 35, to find s. 

5. Given a = 2, Z = i, and tj = 17, to find s. 

6. Find the sum of the series 2, 5, 8, 11, etc., to 20 terms. 

7. Find the sum of the series i, i J, 2, 2^, etc., to 25 terms. 

8. Find the sum of the series 75, 72, 69, 66^ 63, eta, 
to 15 terms. 
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390. The two preceding formulas are fundamental, and 
furnish the means for solving all the problems in Arith- 
metical Progression. From them may be derived eighteen 
other formulas. 

By FoRanJLA L 

391. This formula eon tains /owrrf(^(9rew^ quantities; the 
first term, the common difference, the last term, and the 
number of terms. If any three of these quantities are given, 
the other may be found. (Art. 388.) 

I. ?i=a±(n — i)d/ a, rf, and w being given. 

3. Given d, I, and «, to find a, the first tenn.* 

Transposing (w— i) d in (i), . 

4. Given a, ?, and n^ to find rf, the common difference. 

Transposing in (i), and dividing by (it— i), 

- l — a 

a = • 

n — I 

5. Given at, d, and I, to find n, the number uf terms. 

Clearing of fractions and reducing (4% 

I — a ^ 

n = —J- + I. 
a 

1. Given « = 25, rf =' 3, and w = 12, to find I 

2. Given a = 58, rf = 5, and n = 45, to find I 

3. Given ^ = 3, ? = 35, and n= 9, to find a. 

4. Given 1 = ^y, d= 5, and w = 21, to find a. 

5. Given a = 15, Z = 85, and n = 31, to find d. 

6. Given a = 28, Z = 7, and ?i = 26, to find d. 

7. Given a = 23, e? = 5, and Z = 5138, to find n. 

8. Given a = 6, d = 6, and I = 1152, to find n. 



• For Formula 2 M>ie An. ^'ici. 
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By PoemuIiA IL 

392. In this formula there are four different quantities: 
the first term, the last term, the number of terms, and the 
sum of the terms. If miy three of these quantities are 
given, the other may be found. (Art. 3S9.) 

2. « = — ^ X n, a, I, and n being given. 

Note. — ^For Formalas 3-5, see Article 391. 

6. Given l, n, and 5, to find a, the first term. 

Clearing (2) of fractions, dividing and transposing, 

28 , 

a = L 

n 

7. Giv^n a, w, and s, to find I, the last term. 

Transposing in (6), we have 

n 

8. Given a, I, and s, to find w, the number of terms. 

Clearing (7) of fractions, transposing, factoring, and dividing, 

28 

n = J. 

a +1 

X. Given a = 9, Z = 41, and w = 7, to find 8. 

2. Given a = J, / = 45, and w == 50, to find s. 

3. Given Z = 50, d = 4, and n= 12, to find a. 

4. Given a= 9, 7 = 41, and 5=150, to find n* 

5. Given d= 7, Z = 2i, and w= 35, to find a. 

6. Given a = 46, Z = 24, and « = 455, to find n. 

7. Given a = 27, w = 9, and 5 = 72, to find I. 

8. Given a = 72, tj = 8, and s = 288, to find I 

9. Find the sum of the series 3, 5, 7, 9, etc., to 15 terms. 

10. Find the tw.entieth term of 5, 8, 11, 14, 17, etc. 

11. If the first term of an ascending series is 5, and the 
common difference 4, what is the 15th term ? 
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393. The remaining twelve fonnulas are derived by 
combining the preceding ones in such a manner as to 
eliminate the quantity whose value is not sought. They 
are contained in the following 

TABLE. 



No. 



9- 

ID. 
II. 
12. 

14. 

IS- 

16. 

18. 
19. 
20. 



Giyeh 



d n, s 

d, I, 8 

a, J, 8 

If n, 8 

Of ft, 8 

dy n^ 8 

Oy df 8 

a, d, 8 

d, I9 8 

a, df n 

ay d, I 

d, I, n 



Requibbd. 



a 
a 
d 
d 
d 
I 
I 



n 



8 



8 



Formulas. 



a = 



28 — dn^ -f dn 



2n 



-U\/{'^^'-'^ 



a 
d^ 



25 — Z — fl 
2 (nl — 8) 
» (» — l) 

28 — 2an 



I 



I 



n=z- 



n^ — n 
8 (w — i) rf 
n 2 

^^{2a—dy+Sds—2a'\-d 



2d 



_ 2l+d ± V{2l -^-dfS ds 



n=z 



8 = 



5 = 



2d 
- [2a + (w — i) (?1 

2 

1+ a , P _ ^a 

— z — + 



2d 



« = 



n 



-^[2l-{n-i)d] 



Of the twenty fonnulas in Arithmetical Progression, the first 
tiDO are indispensable , and should be thoroughly committed to memory ; 
the next six are important in the solution of particular problems. The 
remaining twelve are of less consequence, but will be fo^asi 
Interesting to the inquisitive student. 
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394. By the fourth formnla in Art 391, any number of 

arithmetical means may be inserted between two given 

terms of an aritlimetical progression. For, the number of 

terms consists of the two extremes and all the intermediate 

terms. 

Let m = the number of means to be inserted. 
Then m+2 = w, the whole number of terms. 
Substituting m + 2 for n in the fourth formula, we have 

d = . Hence, 

The required number of means is found by the continued 
addition of the common difference to the successive terms. 

1. Find 4 arithmetical means between i and 31. 

2. Find 9 arithmetical means between 3 and 48. 



PROBLEMS, 

1. K the first term of an ascending series is 5, the common 
difference 3, and the number of terms 15, what is the last 
term? 

2. If the first term of a descending series is 27, the 
common difference 3, and the number of terms 12, what is 
the last term ? 

3. If the first term of an ascending series be 7, and the 
common difference 5, what will the 20th term be ? 

4. Find 5 arithmetical means between 2 and 60. 

5. What is the sum of 100 terms of the series J, f, i, f, 

TJ 2j T' T' 3> ^^^* 

6. If the sum of an arithmetical series is 18750, the least 
term 5, and the number of terms 20, what is the common 
difference ? 

7. Required the sum of the odd numbers i, 3, 5, 7, 9, 1 1, 
etc., continued to 76 terms? 

8. Required the sum of 100 terms of the series of even 
numbers 2, 4, 6, 8, 10, etc 
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9. The extremes of a series are 2 and 47, and the number 
of terms is 10. What is the common difference ? 

10. Insert 8 means between 6 and 72. 

11. Insert 9 means between 12 and 108. 

12. The first term of a descending series is 100, the 
common difference 5, and the number of terms 15. What 
is the sum of the terms ? 

Note. — i. In Arithmetical Progression, problems often occur in 
which the terms are not directly given, but are implied in the 
conditions. Such problems may be solved by stating the conditions 
algebraically, and reducing the equations. 

13. Find four numbers in arithmetical progression, whose 
aum shall be 48, and the sum of their squares 656. 

Let X = the second of the four numbers. 

And y = their common difference. 

By the conditions, (a?— y) + x+{x+y) + (x+ 2y) = 48 (i) 

And (a?— y)*+a?+(aj+y)»+(a:+2y/ = 656 (2) 

Uniting terms in (i), 4aj+2y= 48 (3) 

« " "(2), 4aJ»+4ay+6y* = 656 (4) 

Transposing and dividing in (3), y = 2^ — 2x (5) 

Dividing (4) by 2, 2a? + 2a!y + 3^* = 328 (6) 

Substituting value of y, 23^+20(24—20;) + 3(24 —2o;)' = 328 
Reducing, a?— 240?=— 140 

Completing square, eta, ir = 14 or 10 

Substituting in (5) y = —4 or 4 

Ilence the required numbers are 6, 10, 14, and 18. 

NoTB. — 2. The first two values of x and y produce a descending series ; 
the other two an ascending series. In both the numbers are the same. 

14. Find three numbers in arithmetical progression whose 
sum is 15, and the sum of their cubes is 495. 

15. If 100 marbles are placed in a straight line a yard 
apart, how far must a person travel to bring them one by 
one to a box a yard from the first marble P 
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1 6. How many strokes does a common clock strike in 
24 hours? 

17. A student bought 25 books, and gave 10 cents for the 
first, 30 cents for the second, 50 cents for the third, etc. 
What did he pay for the whole ? 

18. A boy puts into his bank a cent the first day of the 
year, 2 cents the second day, 3 cents the third day, and so 
on to the end of the year. What sum does he thus lay up 
in 365 days ? 

19. The clocks of Venice go on to 24 o'clock. How many 
strokes does one of them strike in a day ? 

20. What will be the amount of li, at 6 per cent simple 
interest, in 20 years ? 

21. What three numbers are those whose sum is 120, and 
the sum of whose squares is 5600 ? 

22. A traveller goes 10 miles a day ; three days after, 
another follows him, who goes 4 miles the first day, 5 the 
second, 6 the third, and so on. When vrill he overtake the 
first? 

23. Find four numbers, such that the sum of the squares 
of the extremes is 4500, and the sum of the squares of the 
means is 4100. 

24. A sets out from a certain place and goes i mile the 
first day, 3 miles the second day, 5 the third, etc. After he 
has been gone 3 days, he is followed by B, who goes 11 miles 
the first day, 12 the second, etc. When will B overtake A ? 

25. The first term of a decreasing arithmetical progression 
is 10, the common difference |, and the number of terms 21. 
Required the sum of the series. 

26. A debt can be discharged in 60 days by paying |i the 
first day, $4 the second, I7 the third, etc. Eequired the 
amount of the debt and of the last payment 
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GEOMETRICAL PROGRESSION. 

395. A Geometrical Progression is a series of 
quantities which increase or decrease by a constant multiplier 
called the ratio. Hence, 

The ratio may be an integer or b, fraction. 

Note, — When the ratio \b fractional^ the series will decrease. For 
multiplying by a fraction is taking a certain part of the multiplicand 
as many times as there are like parts of a unit in the multiplier. 

396. In a geometrical series^ each succeeding term is 
found by multiplying the preceding one by the ratio. 

Thus» if a is the first term, and r the ratio, the series Ib 

a, or, ar*, ar*, ar^^ ar^^ ar*, eta 
If the ratio is 3, the series is 

a, ax 3, ax 3*, ax 3*, eta 
If the ratio is }, the series Ui 

a, ax^, ax}x}, ax}x}x), eta 

397. An Ascending Series is one which increases 
by an integral ratio ; as, 2^ 4, 8, 16, 32^ eta 

398. A Descending Series is one which decreases 
by a fractional ratio; as, 64, 32, 16^ 8, etc. 

399. When the ratio is a positive quantity^ all the terms 
of the progression are positive; when it is negative, the 
terms are alternately ^o^Y^V^ and negative. 

Thus, if the first term is a, and the ratio —3, the series is 
a, —3a, +9a, —27a, +8ia, etc. 



995. What ts a geometrical progreBsion t 397. What In an aeoeodinfr porfwf 
398. Depcendlnc f 399. What law gOTema the niga^ t 
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400. In geometrical progression there are five elements, 
the first term^ the last term, the number of terms, the 
common ratio, and the sum of the terms. 

iiet a = the first tenn« 
I = the last term, 
n = the number of terms, 
T = the ratiOf 
8 = the sam of the terms. 

The relation of these five quantities to each other is such 
that if any three of them are given, the other two can be 
found. 

CASE I. 

401. The First Term, the Number of Terms, and the Ratio 

being given, to Find the Last Term. 

In this problem, a, n, and r are given, to find /, the last term. 

The successive terms of the series are 

a, or, at^, ai*, ar^, etc., to ar»-'. (Art. 397.) 

67 inspection, it will be seen that the ratio r consists of a regular 
series of powers, and in each term the index of the power is (me less 
than the number of the terms. Therefore, the last or nth term of the 

■ 

series is ai*"— ^ Hence, we have 

Formula L J = ar*^^. » 

Rule. — Multiply the first term by that power 0/ the ratio 
whose index is one less than the number of terms. 

CoR. — Any term in a series may be found by the preceding 
rule ; for the series may be supposed to stop at that term. 

1. Given a = 5, n = 6, and r = 2, to find h 

2. Given a= 2, n = S, and r = 3, to find L 

3. Given a = 72, n = $, and r = i, to find L 

4. Given a= $, n = 4, and r = 4, to find L 

5. Given a = 7, w = 5, and r = 2, to find /. 

6. Given a = 10, n = 6, and r = — 5, to find /. 

ioo. N9me tl)e elemeute ip freometrioal progreseiop. 40^ Sow flod tbe Isat 
termY 
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CASE II. 

402. The First Term, the Last Term, and the Ratio being 
given, to Find the Stun of the Terms. 

In this problem, a, ly and r are given, to find %, 

Since 8 = the sum of the terms, we have 

« = a+ar+«r*+ar'+ .... +ar"-'+ar*-*. (ij 

Multiplying (i) by r, 

rs = ar+ar^-\-a7*-\-a7^+ .... ^-ar^^+a/t*. (2) 

Subtracting (i) from (2), r*— « = ar*— a. {3) 

Factoring and dividing, s = • (4) 

T — I 

In equation (4), ar^ is the last term of {2), and is therefore tha 
product of the ratio by the last term in the given series. 

Substituting Ir for ar^, we have 



Formula n. « = 



r— I 



EdLE. — Multiply the last term hy the ratio, from the 
product subtract the first term, and divide the remainder iy 
the ratio less 07ie. 

^^ For the method of finding the sum of an infinite descending 
series, see Art. 435. 

1. Given a = 2, l=z 500, and r = 3, to find the sum. 

^ h—a 500 X 3 — 2 . 

Solution, s = = = 740, Ans. 

2. Given « = 3, Z = 9375, and r = 5, to find s. 

3. Given a = 9, / = 9000, and ;• = 10, to find s, 

4. Given a = $, I = 20480, and r = 4, to find s, 

5. Given a = 15, ?= 3240, and r =: 6, to find s, 

6. Given a = 25, l=z 6400, and r = 4, to find 5 



403. How find the Bom of the terme f 
10 
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403. The two preceding formulas furnish the means loi 
solving all problems in geometrical progression. They nuiy 
be varied so as to form eighteen other formulas. 



By Formula L 

404. The first formula contains /owr different quantities: 
the first term, the last term, the ratio^ and the number of 
terms. If any three of these quantities are given, the oiuer 
may be found. By the first formula, 

I. J = ar**"' ; a, w, and r being given. (Art. 401.) 

For formula 2, see Article 402. 

3. Given ?, w, and r, to find a, the first term. 

Factoring (i), and dividing by !*-'» 

I 
a = 



4* Given a, 7, and n, to find r, the ratio. 

Dividing (i) hj a, and extracting the root denoted hj the index^ 

5. Given a, I, and r, to find w, the number of terms. 

Dividing (i) by a, r*"* = - • 

Cb 

By logarithms^ Iqg r (»— i) = log I — log a 

Tv._ij. A log/ — log a 

Dividmg, etc., n = ^ , ^^ + i. 

Note. — Since this formula contains logarithms, it may be deferred 
till that subject is explained. 

1. Given a = 3, /i = S, and r = 10, to find I 

2. Given a = 5, w = 6, and r = 5, to find 2L 

3. Given Z = 256, w = 8, and r = 2, to find a. 

4. Given Z = 243, w = 5, and r = 3, to find a. 
f;. Given a = 2^ i = 2592, and w = 5, to find r. 

6. Given a = 4, 7 = 2500^ and 7^ = 5, to fiad n 
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By Formula IL 

405. This formula contains four different quantities : the 
first term, the lad term, the raiioy and the sum of the 
terms. If a7iy three of them are given, the other may be 
found. By the second formula, 

2. « = — , a, Z, and r being given. (Art. 402,) 

For formulas 3-5, see Article 404. 

6. Given ?, r, and s, to find a, the first term. 

Clearing (2) of fractions, etc., 

a = lr — s{r^ i) 

7. Given a, r, and s, to find I, the last term. 

Transposing in (6), 

^r = a + 8 (r — x). 
Dividing by r, 

I = a + g(r-y) . 
r 

S. Given a, 2, and 5, to find r, the ratia 

Clearing (2) of fractions, 

sr — 8 = Ir — a. 
Transposing in the last equation, 

«r — Zr = « — fit. 
Factoring, etc., 

r = =-• 

1. Given a = 2, / = 162, and r = 3, to find s. 

2. Given / = 54, r = 3, and s = 80, to find a, 

3. Given a = 4, r = 5, and s — 624^ to find I. 

4. Given « = 4, Z = 12500, and s = 15624, to find n 

5. Given a = 5, ? = 180, and r = 6, to find s. 

6. Given a = 7, r = 3, and s = 847, to find L 
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406. The remaining twelve formulaa are derived by 
combining the preceding ones in such a manner as to 
eliminate the quantity whose value is not sought. 

TABLE. 



No. 



9- 

ID. 
II. 
12. 

14. 

IS- 

16. 

17. 

18. 

19. 

20. 



6IYEK. 



n, r, 8 

I, n, 8 
a, n, 8 
n, r, 8 

a, J, 8 

a, r, 8 

h r, 8 

a, n, 8 

I, n, s 

a, n, r 

7, n, r 

a, I, n 



Bequibed. 



a 



I 
I 

n 
n 
n 



8 



FOBMULAS. 



r" — I 



l{8 — Z)*^* = a(s — a)»-^ 
r"— I 



/ = 



^^ logZ-logg 

log(5— a)— log(5— Z)"^ 
^ _ log[a + (r— i)^] — logg 

log r 
^_ logZ--log [/r— (r— i)g] J 

log r 

r» r = i • 

a a 



Z— 5' i — « 

a(r" — i) 



5 = 



« = 



r — I 

■ ■ < 

Mjt ___ A.n — i 

«— I/t: 






Of the twenty formulas in Geometrical Progression, the first 
two are fundamental, and should be thoroughly committed to memory ; 
the next six are important in the solution of particulakT problems. The 
remainder are less practical. 
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407. By the fourtli formula (Art 404), any number of 
geometrical means may be found between two given 
nuantities. 

Let m = the number of means required. 

Then w+2 = w. 

Substituting 191 + 2 for n in the formula, we have 



- (4)* 



The ratio being found, the means required are obtained by continued 
multiplication. 

1. Find two geometrical means between 3 and 192. 

Solution, r = Q^ = |/i5? = ^6^ = 4. 

The ratio being 4, the first mean is 3 x 4 = 12 ; the second is 

12 X 4 s= 48. 

2. Find three geometrical means between | and 128. 



PROBLEMS. 

1. In a geometrical progression, the first term is 6, tbe 
last term 2916, and the ratio 3. What is the sum of all the 
terms ? 

2. In a decreasing geometrical series, the first term is i, 
the ratio ^, and the number of terms 8. What is the sum 
of the series ? 

3. What is the sum of the series i, 3, 9, 27, etc., to 15 • 
terms? 

4. Find the sum of 12 terms of the series, i, |, ^, -jV* etc. 

5. If the first term of a series is 2, the ratio 3 and the 
number of terms 15, what is the last tenn ? 

6. What is the i6th term of a series, the first term of 
which is 3, and the ratio 3 ? 

Note. — When the terms of the series are not stated directly, they 
may be represented algebraicalijf* 
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7. Find three numbers in geometrical progression, such 
that their sum shall be 2 1, and the sum of their squares 189. 

Let the three numbers be x, \^xy, and y'. 

By the conditions, x+ y^+y = 2Z (i) 

And aJ*+ajy+y* = 189 (2) 

Transposing and sq. (i), a? + 2a!>y +y* = 441— 42 'y/a^+ ay (3) 

Subtracting (2) from (3), wy = 252— 42y^+a?y (4) 

Transposing, etc., V^ ^ ^ (S) 

Involving, iey = ^6 (6) 

And yey = 108 (7) 

Subtracting (7) from (2), sfi^2xy+f^ = 81 

Extracting root, a?— y = 9 (8) 

Substituting (5) in (i), a?+y = 15 (9) 

Combining (8) and (9), d; = 12 

y= 3 

Hence the numbers, 12, 6, and 3, An8, 

8. A father gives his daughter $1 on New Tear's day 
t(>^ards her portion, and doubles it on the first day of every 
month through the year. What is her portion ? 

9. A dairyman bought 10 cows, on the condition that he 
should pay i cent for the first, 3 for the second, 9 for the 
third, and so on to the last. What did he pay for the last 
cow and for the ten cows? 

10. A man buys an umbrella, giving i cent for the first 
brace, 2 cents for the second brace, 4 for the third, and so 
on, there being 10 braces. What is the cost of the 
umbrella ? 

11. The sum of three numbers in geometrical progression 
is 26, and the sum of their squares 364. Find the numbers. 

12. What would be the price of a horse, if he were to be 
sold for the 32 nails in his shoes, paying i mill for the first, 
2 mills for the second, 4 for the third, and so on ? 

13. Find four numbers in geometrical progression, such 
that the sum of the first three is 130, and that of the last 

tAree is jgo. 
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14. A man divides $210 in geometrical progression among 
three persons; the first had I90 more than the last How 
much did each receive ? 

15. There are five numbers in geometrical progression. 
The sum of the first four is 468, and that of the last four is 
2340. What are the numbers ? 

16. The sum of $700 is divided among 4 pei'sons, whose 
shares are in geometrical progression; and the difference 
between the extremes is to the difference between the means 
as 37 to 12. What are the respective shares? 

17. The population of a town increases annually in 
geometrical progression, rising in four years from loooo to 
14641. What is the ratio of annual increase ? 

1 8. The sum of four numbers in geometrical progression 
Is 15, and the sum of their squares 85. What are the 
numbers ? 



HARMONICAL PROGRESSION.* 

408. An Harmonical Progression is such, that 
of any three consecutive terms, the first is to the third as the 
difference of the first and second is to the difference of the 
second and third. 

Thus, 10^ 12, 15, 20, 30, 60, 

are in harmonic progression ; for 

10 : 15 :: 12—10 : 15—12 
12 : 20 :: 15—12 : 20—15 
15 : 30 :: 20—15 : 30—20 
20 : 60 : : 30—20 : 60—30 

Let a, h, e, d, e,f, ^, be an harmonical progression, then 

a : e z a—b : b—c, etc. 

Note.— When three quantities are such, that the ^r«^ is to the 
third as the difference of the first and second is t^ the differsnce of the 
second and third, they are said to be in Harmoniccd Proportion, 

Thus, 2, 3, and 6, are in harmonical proportion. 

408. What 1b &n harmonica] pro^eBsion ? 
* If a musical string be divided m Yvaunxiativcsil \ftw^Y^^scL^ "Qas^ 
Jfferent porta will vibrate in barmouy . IL^tkCft, VSaa tmhc**^. 
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409. To Find the Third Term of an Harmonical 
Progression, the First Two being given. 

Let a and h be the first two terms, and x Clie third term. 

Then a x x ii a^h : >— « 

Multiplying extremes, etc., ab—ax = ax—bx 

Transposing, etc., 2ax^bx = ah 

Factoring, and dividing by 2a— &, we have the 

ah 



Formula. x = 



za^b 



KuLE. — Divide the product of the first two terms hy tw%ci 
the first minus the second term ; the- quotient will he ths 
third term. 

Note. — ^This rule furnishes the means for extending an harmonic 
progression, by adding one term at a time to the two preceding terms. 

1. Find the third term in the harmonic series of which 
12 and 8 are the first t^o terms. Ans. 6. 

2. Find the third term in the harmonic series of which 
12 and t8 are the first two terms. Ans. 36. 

3. If the first two terms of an harmonic progression are 
15 and 20, what is the third term? Ans. 30. 

4. Continue the series 12, 15, 20, for two terms. 

Ans, 30 and 60. 

5. Continue the series yj^, 9, 12, for two terms. 

Ans, 18 and ^6, 

410. To Find a Mean or IMiddSe Term between Two Te^ms 

of an Harmonic Progression. 

Let a and c be the first and third of three consecutive terms of an 
harmonic progression, and m the mean. 

Then a i c 11 a—m . m—e 

Mult, extremes and means, am—ac = ac—cm 
Transposing and uniting, am + cm = 200 

Factoring and dividing by «+c, we have the 

2ac 



FOBMULA. m = 



a -t c 



409. How find the third term of an harmonical progresBion, the first two being 
given f 
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EuLE. — Divide twice the product of the first and third 
terms hy their sum; the quotient will be the mean or middle 
term. 

6. The first and third of three consecutive terms of an 
harmonic progression are 9 and 18. Eequired the mean or 
middle term. 

Solution. 2x9x18 = 324, and 9 + 18 = 27. 
Now 324-^27 = 12, Ans, 

7. Find an harmonic mean between 12 and 20. Ans. 15. 

8. Find an harmonic mean between 15 and 30. Ans. 20. 

411. The Reciprocals of the terms of an harmonic 
progression form an arithmetical progression. 

Thus, the reciprocals of 10, 12, 15, 20, etc., viz., 

A» 17» iTf* ¥T» A» etc., 
are an arithmetical progression, whose common difference is ^» 

Again, let a, 6, <; be in harmonic progression. 

Then a : c : : a—h : &— 

Mnlt. extremes and mean% ab—CLC = ac—be 

Dividing by abe, & ~ & * ^^^' 3^') 

Conversely, the reciprocals of an arithmetical progression 
form an harmonic progression. Thus, 

The reciprocals of the arithmetical progression i, 2, 3, 4, 5, etc., 
'^•> h i» h h i> ®^> ^^ 1^ harmonic progression. 

412. If the lengths of six musical strings of equal weight 
and tension, are in the ratio of the numbers 

i» h h h h h ete., 

the second will sound an octave above the first; the third 
will sound the twelfth ; the fourth the double octave, etc. 

41a. How find a mean between two terniB- of an harmonic progression t 
4ZX. What do the reciprocals of an harmonlctU. VNiKressioii foriL.' 
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INFINITE SERIES. 

413. An Infinite Series is one in which the successive 
terms are formed by some regalar law^ and the number of 
terms is unlimited. 

414. A Converging Series is one the sum of whose 
terms, however great the number, cannot numerically 
exceed definite quantity. 

415. A Diverging Series is one the sum of whose 
terms is numerically greater than ojij finite quantity. 

416. To Expand a Fraction into an Infinite Series, 

Kemahe. — Any common fr^ion whose exact value cannot be 
expressed by decimals, may be expanded into an infinite series. 

1. Expand the fraction \ into an infinite series. 
Solution. 1-^3 = .333333, and so on, to infinity. 

Or, 1-5-3 = A + i^ + nAnr+nrJinF. etc. Hence, the 

BuLE. — Divide the numerator ly the denominator. 

2. Reduce to an infinite series. 

I —a? 

I— « ) I ( I +aj+a?+aj'+aj*, etc, the qnotient. (Art. 17a) 
I— a? 



+a^ 
+a^^a^ 

+aj» 

+a^, etc. 

Therefore, = i + aj+a? + jr»+a^+ajK,etc., toinfiniiy. 

I — X 



413. What is an infinite series? 414. A converging series? 4x5. DiveiglDgf 
416. How expand a fraction into ai\ infinite series ? 
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Let « = 1 ; then will = 7 = 2 ; and the series will be 

' I — « I — J 

I+i+i+i+ A+ A* etc, the sum of which = 2. 

If ;b = 4, then will = r = |, and the series will become 

■ I — « I — i 

i+i+i+ifr+A+ilT» etc = f 

Notes. — i. If x is less than i, the series will be convergent. 
For, when x is less than i, the remainder must continually decrease ; 
therefore, the further the division is carried, the less will be the 
quantity to be added to the last term of the quotient in order to 
express the eauui value of the fraction. 

2. If X is greater than i, the series will be divergent 

For, when x is greater than i, the remainder must constantly 
increase ; therefore, the farther the division is carried, the ^recrfer will 
be the quantity either positive or negative to be added to the quotient. 

3. Bednce the fraction to an infinite series. 

Solution. t-*-(i+a?) = i— a?+a?— oj'+aj*— aj"+, etc 



This series is the same as that in Ex. 2, except the odd powers 
of X are negative. 

Let X = ^ ; then will -r = f ; which is equal to the series 

i-i + i-i+A-A+, etc 

I -I- X 

4. Beduce the fraction to an infinite series. 

Ans. I + 2X + 2aP + 2afl + 2X^, etc. 

417. A fraction whose denominator has more than two 
terms, may also be expanded into an infinite series. 

5. Expand -— « into an infinite series. 

I ^"^ X "J" x^ 

I'^w+sfi ) I (i+a?— aj*— aj*+«*, etc. Am, 

a?— g^+a^ 

— «•• etc. 
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418. To Expand a Compound Surd into an Infinite Series 



6, Beduce Vi -Vx to an infinite series. 

OFKBATIOH. 






.f?| +«. 



+ « + — 
4 



9 + a; — — 
^ 8 



a? a!» 
4 i6 



4 

a!? a^ aj* 



-¥ -z — r- » ®*c. Hence, the 
o 04 



SiTLE. — Extract the sqtiare root of the given sufd. 
(Art 298.) 

7. Expand V^=p- Jtw. a?-^- ^-:^, etc 

8. Expand \/2, or Vi + i. -4«A i + i — i + tV> eta 

419. The Binomial Theorem applied to the Formation of 

infinite Series. 

The Binomial Theorem may often be employed with 
advantage, in finding the roots of binomials. For a root -is 
expressed like a power, except the exponent of one is an 
integer, and that of the other is 2kfr(iction. 

9. Expand {x + y)^ into an infinite series. 

Solution. — ^The tenns without coefficients are 

«*. «~*yf aHy", ar*^, ^^y^, eta 

The coeffident of the second term is + J ; of the 3d, - — - — - = — i; 

df the 4th term, — = + X, etc. 

3 

The series is «* + ^"^y — Jaj'^y' + A^^'y*, etc 
4zS. How expand a turd into an inflnite aerlea t 
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420. When the index of the required power of a binomial 
is a positive integer, the series will tenninate. For, the 
index of the leading quantity continually decreases by i ; 
and soon becomes o ; then the series must stop. (Art 269.) 

421. When the index of the required power is negative^ 
the series will never terminate. For, by the successive 
subtractions of a unit from the index, it will never become 
o ; and the series may be continued indefinitely. 

10. Expand {x^+y)^ into an infinite series, keeping the 
factors of the coefficients distinct. 

2X 2, 4^ 2.4. oar 2.4.0. GX^ 

11. Expand \/2, or (i + i)i» keeping the factors of the 
coefficients distinct. 

Ans. i+- ^+— ^ — K+ ^'VI >^to, 

2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 

422. An Infinite Series must not be confounded with an 

Infinite Quantity. 

423. An Infinite Quantity is a quantity so great 
that nothing can be added to it. 

424. An Infinite Series is a series in which the 
number of terras is unlimited. 

425. The magnitude of the former admits of no increase; 
wliile in the latter the number of terms admits of no 
increase, and yet the sum of all the terms may be a small 

quantity. 

Thus, if the series i + }+)+^+/^» etc., in which each sncceeding 
term is Tialf the preceding, is continued to infinity, the 8um of all the 
terms cannot exceed a urdt, 

426. When one quantity continually approximates 
another without reaching it, the latter is called the Idmit 
of the former. 
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427. An Infinitesimal is a qnantiiy whose valne is 
less than any assignable qtcantity. 

428. The Sign of Infinity ^ or of an infinite 
quantity, is a character resembling an horizontal fignre 
eight ( 00 ). 

The Sign of an Infinitesimal is zero ( o ). 

429. One infinite series may be greater or less than 
another. 

Thus, the series i+i+i + i+^, etc, whose limit is 2, is greatei 
than the series i + i + i + ^ + iV> ^^> whose limit is i. 

430. Since an infinitesimal is less than any assignable 
quantity, and in its limit approaches zero, when connected 
with finite quantities by the sign + or — , it is of so little 
value that it may be rejected without any appreciable error. 

431. An infinite series may be multiplied by a finite 
quantity. 

Thus, if the series 222222, etc.* is multiplied by 3, 

the product 666666, etc., is three times the multiplicand. 

432. An infinite series may also be divided by a finite 
quantity. 

Thus, if the series 888888, etc., is divided by 2, 
the quotient 444444» etc , is haU the dividfind. 

433. If vl finite quantity is multiplied by an infinitesimal^ 
the product will be an infinitesimal. For, with a given 
multiplicand, the less the multiplier, the less will be the 
product. Thus, a; x o = o. 

434. If a fiiiite quantity is divided by an infinitesimal, 
the quotient will be infinite. Thus, a; -i- o = 00 . 

If a finite quantity is divided by an infinite quantity, the 
quotient will be an i^ifinitesimal. Thus, ic ~- 00 = o. 

If an infinitesimal is divided by a finite quantity, the 

quotient is an infinitesimal Thus, o ~ a: = o. 

Note.— In higher mathematics, the expression o-f-o admits of 
variouB mteTpreULUona, 
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435. To Find the Sum of a Converging Infinite Series, the 
First Term and Ratio being given. 

By tlie seccyid formnla in geometrical progressioiiy we have for an 
increasing series (Art. 402), 

« = , or • 

In a decreasing series, the ratio r is less tlian i ; therefore, I or ar^"^ 
Is less than a. (Art. 398.) 

That both terms of the fraction , or may be positive 

we change the signs of both (Art 166}, and 

Bnt, in a decreasing infinite series, I becomes an Infinitesimal^or o; 
therefore, lr = o, (Art 427.) Hence, rejecting the infinitesimal from 

t= , we have the 

I — r 

FOBIOTLA. S s= 



I — r 

BiTLB. — Divide the first term by i minus the ratio. 

I. Find the sum of the infiDite series 

i+i + i + A + A^eta 
3. Bequired the sum of the infinite series 

I — i + i — i +, eta 

3. Find the sum of the series i + i + I +, etc. 

4. Find the snm of the infinite series -J + i + f +, eta 

5. Find the sum of the series i + i -h -ff +, etc, 

6. Find the sum of the series 3 + 2 + J +, etc. 

7. Find the sum of the series 4 + «¥• + if +, eta 

8. Find the sum of the series .3333, eta 

9. Find the sum of the series .66666, etc. 

10. Find the sum of the series - H — 5 -| — = + eta 

a a'* cr 

11. Suppose a ball to be put in motion by a force which 
impels it 10 rods the first second, 8 rods the next, and so on, 
decreasing by a ratio of f each second to infinity. Through 
what space would it move ? 



CHAPTER XIX. 

LOGARITHMS* 

436. The Logarithm of a number is the exponent ol 
the power to which a given fixed number must be raised to 
produce that number. 

437. This Fixed Number is called the Base of the 
system. 

Thus, if 3 is the base, then 2 is the logarithm of 9, because 3' = 9 5 
and 3 is the logarithm of 27, because 3* = 27, and so on. 

Again, if 4 is the base, then 2 is the logarithm of 16, because 
4« = 16 ; and 3 is the logarithm of 64, because 4* = 64, and so on. 

438. In forming a system of logarithms, any positive 
number, except i, may be taken as the base, and when the 
base is selected, all other numbers are considered as some 
power or root of this base. Hence, there may be an unlim- 
ited number of systems. 

Note. — Since all powers and roots of i are i, it is obvious that other 
numbers cannot be represented by its. powers or roots. (Art. 289.) 

439. There are two systems of logarithms in use, the 
Napierian system,! the base of which is 2.718281828, and 
the Common System, whose base is 10. J 

Q^^ The abbreviation log. stands for the term logarithm. 

436. What are logarithmB? 437. What is this fixed number called? 439. Name 
the systems in use. The base of each. 

* The term logarithm is derived from two Greek words, meaning 
the relation of numbers, 

f So called from Baron Napier, of Scotland, who invented log^ 
arithms in 1614. 

X The common system was invented by Henry 6riggs» an English 
mathematician, in 1624. 
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440. The Sase of common logarithms being lo, all 
other numbers are considered as powers or roots of lo. 



Thus, the log. of i is o 
" " 10 ifl I 

*• ** 100 is 2 

** ** looo is 3 



for lo® equals i (Art. 259) ; 

for 10* " 10; 

for lo*^ ** 100; 

for lo* •* 1000, etc Hence, 



The logarithm of any number between i and 10 is a 
fraction ; for any number between 10 and 100, the logarithm 
is I plus a fraction ; and for any number between 100 and 
1000, the logarithm is 2 plus a fraction, and so on. 

441. By means of negative exponents, this principle may 
be applied to fractions. 

Thus (Art. 256), the log. of .1 is —i ; for 10-' equals .1 ; 

** ** .01 is — 2; for 10-' ** .01; 
*• " .001 is —3; for 10-* ** .001. 

Therefoi e, the logarithms for all numbers between i and 
0.1 lie between o and — i, and are respectively equal to — i 
plus a fraction; for any number between o.i and 0.0 1, the 
logarithm is —2 plus a fraction ; and for any number 
between 0.0 1 and 0.00 1, the logarithm is — 3 plus a fraction, 
and so on. 

Hence, the logarithms of all numbers greater than 10 or 
less than i, and not exact powers of 10, are composed of 
two parts, an integer and dk fraction. 

Thus, the logarithm of 28 is 1.447 16 » 

and of .28 is 1447 16. 

442. The integral part of a logarithm is called the 
Characteristic; the decimal part, the Mantissa. 

443. The Characteristic of the logarithm of a whole 
number is one less than the number of integral figures in 
the given number. 

Thus, the characteristic of the logarithm of 49 is I ; that of 495 is 
% ; that of 4956 is 3 ; that of 6256.414 is also 3, etc. 

440. What is the logarithm of any number from x to 10? Prom zo to too? Fron\ 
too to 1000? 44a. What ie the internal part of a logarithm called? The decimal 
l^rt ? 443. What is the characteristlQ ol the logarithm of a whQla b.\vd^V^^ 
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444. The Characteristic of the logarithm of a 
decimal is negative, and is one greater than the number of 
ciphers before the first significant figure of the fraction. 

Thus, the characteristic of the logarithm of 3^ or .i is — t ; that of 
Y^, or .01, is —2 ; that of ywihs* or .001, is —3, etc. (Art. 256.) 

The logarithm of .2 is — i with a decimal added to it ; that of 05 
is —2 with a decimal added to it, eta 

Note. — ^It should be observed that the characteristic only is negative, 
while the mantissa, or decimal part, is always positive. To indicate 
this, the sign ~ is placed over the characteristic, instead of before it. 

Thus, the logarithm of .2 is i. 30103, 

*• *' " .05 is 2.69897, eta 

445. The Decimal Part of the logarithm of any 
number is the same as the logarithm of the number 
multiplied or divided by 10, 100, 1000, eta 

Thus, the logarithm of 1876 is 3.27325 ; of 18760 is 4.27325, eta 



TABLES OF LOGARITHMS. 

446. A Table of Jjogarithms is one which contains 
the logarithms of all numbers between given limits. 

447. The Table found on the following pages gives the 
mantissas of common logarithms to five decimal places for 
all numbers from i to 1000, inclusive. 

The characteristics are omitted, and must be supplied by 
inspection. (Arts. 443, .444.) 

Notes. — i. The first decimal figure in column is often the same 
for several successive numbers, but is printed only once, and is 
understood to belong to each of the blank places below it, 

2. The character ( ♦ ) shows that the figure belonging to the place 
it occupies has changed from 9 to o, and through the rest of this line 
the first figure of the mantissa stands in the next line below. 

444. What is the characteristic of the logarithm of a decimal ? 445. What is the 
effect upon the decimal part of the log. of a mimber, if the number is multiplied or 
divided hy zo^ zoo, xooo^ etc. 446. What is table of logarithms ? 
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448. To Find the Logarithm of any Number from I to 10. 

EcLE. — Look for the given number in the first line of ths 
table; its logarithm will be found directly below it. 

1. Find the logarithm of 7. Ans. 0.8451a 

2. Find the logarithm of 9. Ans. 0.95424. 

449. To Find the Logarithm of any Number from 10 

to 1000, Inclusive. 

EuLE. — Look in the column marked If for the first two 
figures of the given number, and for the third at the head 
of one of the other columns. 

Under this third figure, and opposite the first two, will 
be found the last decimal figures of the logarithm. The first 
one is found in the column marked 0. 

To this decimal prefix the proper characteristic, (Art. 443.) 

Note. — If the number contains 4 or more figures, multiply the 
tabular difference by the remaining figures, and rejecting from the 
right of the product as many figures as you multiply by, add the rest 
to the log. of the first 3 figures. 

3. Find the logarithm of 108. Ans. 2.03342. 

4. Find the logarithm of 176. Ans. 2.24551. 

5. Find the logarithm of 1999. Ans. 3.30085. 

450. To Find the Logarithm of a Decimal Fraction, 

EuLE. — Take out the logarithm of a whole number consist- 
ing of the same figures, and prefix to it the proper negative 
characteristic. (Art. 444.) 

Note. — If the number consists of an integer and a decimal^ find the 
logarithm in the same manner as if a^ the figures were integers, and 
prefix tliQ characteristic which belongs to the integral part. (Art. 443.) 

6. What is the log. of 0.95 ? Ans. 1.97772. 

7. What is the log. of 0.0125 ? Ans. 2.09691. 

8. What is the log. of 0.0075? Ans. 3.87506. 

9. What is the log. of 16.45 ? Ans. 1.21616. 
10. What is the log. of 185.3 ? Ans. 2.26787. 

448. How find the logarithm of a miinber from i to xof 449. From to to vcao:^\ 
450. How find the log. of a decimal? Nf4A Of «aiVvi\,vi\g&T ttsi<^«k^««^«&aiL\ 
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451. To Find the Number belonging to a given Logarithm. 

KuLE. — Look for the decimal figures of the given logarithm 
in the table under the column marked ; and if all of thetn 
are not found in that column^ look in the other columns on 
the right till you fitid the^n exactly, or very iiearly ; directly 
opposite, in the column marked N, vrill te found the first 
two figures, and at the top, over tJie logarithm, the third 
figure of the given number. 

Make this number correspond to th^ characteristic of the 
given logarithm, by pointing off decimals, or by adding 
ciphers, if necessary, and it will be the number required. 

Note. — If the characteristic of a logarithm is negative, the number 
belonging to it is b, fraction, and as many ciphers most be prefixed to 
the number found in the table, as there are units In the characteristic 
les8 I. (Art. 444.) 

452. When the Decimal Part of the given Logarithm is 
not exactly, or very nearly, found in the Table. 

Rule. — From the given logarithm subtract the next less 
logarithm found in the tables ; annex ciphers to the remain- 
der, and divide it by the tabular difference {marked D) 
as far as necessary. 

To the member belonging to the less logarithm annex the 
quotient, and make the number thus produced correspond to 
the characteristic of the given logarithm, as above. 

Note. — For every cipher annexed to the remainder, either a sig- 
nificant figure or a ciphtrr must be put in the quotient. 

11. What number belongs to 2. 1 7231 ? Ans. 148,7, 

12. What number belongs to 1.25 261 ? Ans. 17.89, 

13. What number belongs to 3.27715 ? Ans. 1893. 

14. What number belongs to 2.30963 ? Ans. 204. 

15. What number belongs to 4.29797 ? Ans. 19858.29. 

16. What number belongs to 1. 14488 ? Ans. 0.1396. 

17. What number belongs to 2.29136 ? Ans, o,oig^6. 

18. What number belongs to 3.30928 ? Ans. 0.002038. 

^^i. How And the number belongiog to a logaritbmf 
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453. Computations by logarithms are based upon the 
following principles : 

i\ The sum of the logarithms of two numbers is equal to 
the logarithm of their product. 

Let a and c denote any two numbers, m and n their logarithms, 
and h the base. 

Then 6» = a 

And Ir = e 

Multiplying, 6*+* = oa 

2®. The logarithm of the dividend diminished ly the 
logarithm of the divisor is equal to the logarithm of the 
qtiotient of the two numhers. 

Let a and c denote any two numbers, m and n their logarithms, 
and h the base. 

Then 6* = a 

And h* = e 

Dividing, If^ = a+a 

454. To Multiply by Logarithms. 

1. Eequired the product of 35 by 23. 
Solution.— The log. of 35 = 1.54407 

4t « (• 22 = I.36I73 

Adding, 2.90580. (Art. 453, Prin. I.) 

The number belonging is 805, Ans, Hence, the 

EuLE — Add the logarithms of the factors; the sum will 
be the logarithm of the product. 

Notes. — i. If the sum of the decimal parts exceeds 9, add the tens 
figure to the characteristic. 

2. If either or aU the characteristics are negative, they must be 
added according to Art. 65. But as the mantissa is always positive, 
that which is carried from the mantissa to the characteristic must be 
considered positive. 

2. What is the product of 109.3 by 14.17 ? 

3. What is the product of 1.465 by 1.347 ? 

4. What is the product of .074 by 1500 ? 

453. Upon what two principles are compntations by logarithms based Y 454. How 
multiplj by logarithms f 
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455. To nivide by Logarithms. 

5. Eequired the quotient of 120 by 15. 

Solution. — The log. of 120 = 2.07918 
•* «• « 15 = 1.T7609 
• • * quotient = 0.90309. Ans. 8. Hence, the 

EuLE. — From tlie logarithm of the dividend subtract ths 
logarithm of the divisor ; the difference will he the logarithm 
of the quotient. (Art. 453, Prin. 2.) 

Notes. — i. When either of the characteristics is negative, or when 
the lower one is greater than the one above it, change the sign of the 
subtrahend, and proceed as in addition. 

2. When i is carried from the mantissa to the characteristic, it 
must be considered poHtive^ and be added to the characteristic before 
the sign is changed. 

6. What is the quotient of 12.48 by 0.16? 

7. What is the quotient of .045 by 1.20? 

8. What is the quotient of 1.381 by .096 ? 

456. Negative quantities are divided in the same manner 
aa positive quantities. 

If the sign of the divisor is the same as that of the 
dividend, prefix the sign + to the quotient; but if different, 
prefix the sign — . 

9. Divide —128 by — 47. 

10. Divide — 186 by — 0.064. 

11. Divide —0.156 by —0.86. 

12. Divide — 0.194 by 0.042. 

457. To Involve a Number by Logarithms. 

Multiplication by logarithms is performed by adcUtion. (Art. 453.) 
Therefore, if the logarithm of a quantity is added to itsdf once, the 
result will be the logarithm of the second power of that quantity ; if 
added to itself twice, the result will be the third power of that 
quantity, and so on. Hence, the 

Rule. — Multiply the logarithm of the number by the 

exponent of the required power. 

455, How divide by tbem f 457 How tavoWe a UTunber by log&riUimi f 
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Notes. — i. This rule depends upon the principle that logarithms 
are the exponents of powers and roots, and a power or root is involved 
by multiplying its index into the index of the power required. 

2. In this rule, whatever is carried from the mantissa to the 
characteristic is posUide, whether the index itself is positive or negative. 

13. What is the cube of 1.246. 

Solution. — The log. of 1.246 is 0.09551 

Index of the required power is 3 

Log. of power is 0.28653. -4w& 1^93435. 

14. What is the fourth power of .135 ? 

15. What is the tenth power of 1.42 ? 

16. What is the twenty-fifth power of 1.234? 

458. To Extract the Root of a Number by Logarithms. 

A quantity is resolved into any numher of equal factors, by dividing 
its index into as many equal parts. (Art. 281.) Hence, the 

Rule. — Divide the logarithm of the numler "by the index 
of the required root. 

Note. — This rule depends upon the principle that the root of a 
quantity is found by dividing the exponent by the number expressing 
the required root. (Art. 296.) 

17. What is the square root of 1.69? 

Solution. — The log. of 1.69 is 0.22789 
The index is 2, 2 ) .22789 

Logarithm of root, 0.11394. Ans. L3. 

18. What is the cuhe root of 143.2 ? 

19. What is the sixth root of 1.62 ? 

20. What is the eighth root of 1549 ? 

21. What is the tenth root of 1876? 

459. If the characteristic of the logarithm is negative^ 
and cannot be divided by the index of the required root 
without a remainder, make it positive by adding to the 
characteristic such a negative number as will make it 
exactly divisible by the divisor, and prefix an equal positive 
number to the decimal part of the logarithm. 

458. Uow extract the roott 
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22. It is required to find the cube root of jox6^ 

Solution.— The log. of .0164 !s 2.21484. 

Preparing the log., 3)3 + 1.21484 

140494. Ans. 0.25406 +. 

23. What is the sixth root of .001624 ? 

24. What is the seventh root of .01449 ? 

25. What is the eighth root of .0001236 ? 

460. To Calculate Compound Interest by Logarithmt. 

Rule. — Find the amount of i dollar for i year ; multiply 
its logarithm hy the number ofyearsy and to the product add 
tlie logarithm of the principal. The sum will be the logarithm 
of the amount for the given time. 

From the amount subtract the principal, and the remain^ 
der will be the interest. 

Notes. — i. If the interest becomes due half pearly or quarterly, 
find the amonnt of one dollar for the half year or quarter, and multiply 
the logarithm hj the number of half years or quarters in the time. 

2. This rule is based upon the principle that the several amounts in 
compound interest form a geometrical series, of which the principal is 
the first term, the amount of $1 for i year the ratio, and the number 
of years + i the number of terms 

26. What is the amount of $1565 for 40 years, at 6 per 
cent compound interest ? 

Solution.— The amt. of |i for i year is $1.06 ; its log., 0.02531 
The number of years, 40 

Product, 1.01240 

The given prindpal, $1565 ; its log., 3.19453 

Ans. $16103.78. 4-20693 

27. What is the amount of $1500, at 7 per cent compound 
Interest, for 4 years ? Ans. $1966.05. 

28. What is the amount of $370, at 5 per cent compound 
interest for 33 years ? Ans. $1851.27 +. 



460. How calculate compoiuid interest by los^thmf f 
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CHAPTER XX. 

MATHEMATICAL INDUCTION AND 
BUSINESS FORMULAS. 

461. Mathematical Induction consists in proving 
by trial that a proposition is true in a certain case ; and, 
finding it true in the next case, then in the third, and so 
on, we conclude it must be true in all similar cases. 

462. Many of the principles and formulas of Arithmetic 
and Algebra are established by this mode of reasoning. 

463. Take the familiar principle in Arithmetic: 

The product of any two or more numbers is the same, in 
whatever order the factors are taken. 

To prove this principle of two numbers, as 5 and 3, the pupil 

represents the number 5 by as many unit marks in a 

horizontal row, and imder this places two similar rows. 

He sees that the number of marks in the horizontal 

# # # # # 
row taken 3 times is equal to the number of marks in 

a perpendicular row taken 5 times ; that is, 3 times 5 = 5 times 3. 

He then takes three factors and finds the proposition true, and so 

on. Hence, he concludes the principle is univeraaJH/y true, 

464. Next, suppose it be asserted: 

The product of the sum and difference of two quantities is 
equal to the difference of their squares. (Art. 103.) 

Taking two quantities, as 4+3 and 4—3, or a+& and a— 6, 

Multiply 4 + 3 Or a + 6 

By 4 — 3 Bya — 6 





4' + 4x3 


«• + «& 




-4X3-3' 


-a6-5> 


Product, 


4» -3* 


o« -6« 



461. In what does Mathematical VudTLcWoiv cata\&\.\ 'VSraA^x«^3i^Tu 
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CHAPTER XX. 

MATHEMATICAL INDUCTION AND 
BUSINESS FORMULAS. 

461. Mathematical Induction consists in proving 
by trial that a proposition is true in a certain case ; and, 
finding it true in the next case, then in the third, and so 
on, we conclude it must be true in all similar cases. 

462. Many of the principles and formulas of Arithmetic 
and Algebra are established by this mode of reasoning. 

463. Take the familiar principle in Arithmetic: 

The product of any two or more numbers is the same, in 
whatever order the factors are taken. 

To prove this principle of two numbers, as 5 and 3, the pnpil 

represents the number 5 by as many unit marks in a 

# j> ♦ j> lilt 
horizontal row, and under this places two similar rows. 

# # # # # 
He sees that the number of marks in the horhontal 

# # # # # 
row taken 3 times is equal to the number of marks in 

a perpendicular row taken 5 times ; that is, 3 times 5 = 5 times 3. 

He then takes three factors and finds the proposition true, and so 

on. Hence, he concludes the principle is universaUff true, 

464. Next, suppose it be asserted: 

The product of the sum and difference of two quantities ia 
equal to the difference of their squares. (Art. 103.) 

Taking two quantities, as 4+3 and 4—3, or a+& and a— 6. 
Multiply 4 + 3 Or a + 6 

^y 4'" 3 ^y g— & 

4' + 4>^ «• + oft 

— 4 x3 — 3* — a6 — y 

Product, ? ^1* a' ^^^ 



461. In what does Mathematical VudacWoiv <:oiV(&s>\.\ 'VSraA^x«^3^cscu 
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He takes another example of two quantities, and finds tbe 
iitatement true ; then another, and so on. Hence, he concludes the 
proposition is a universal truth. 

465. Suppose this proposition were enunciated: 

Tlie sum of any number of term^ of the arithmetical series 
I, 3, 5, 7, etCy to n terms^ is equal to n\ 

We see by inspection that the sum of the first two terms, 1 + 3 — 4, 
or 2* ; that the sum of the first three terms, i + 3 + 5 = 9, or 3* ; that 
the sum of four terms, i + 3 + 5 + 7 = 16, or 4*, and so on. Hence, we 
may conclude that the proposition is true if the series be extended 
Indefinitely. Or, 

Since we know the proposition is true when n denotes a small num- 
ber of terms, and that the value of any jterm in the series, as the 5th, 
7th, 9th, etc., is equal to 2/1—1, we may suppose for this value of n, 

that I + 3 + 5 + 7. •• • +(2^— I) = »'• W 

Adding 2/1 + 1 to both members, we have 

1 + 3 + 5 + 7.... +(271— l) + (27l + l) = 7l« + 27l+I. (2) 

Factoring second member of (2), n^ + 2n + i = {n+ ff. 
Therefore, since the sum of n terins of the series = n^, it follows 
that the sum of » + i terms = {n + if, and so on. Hence, the prop- 
osition must be uni'oersaUy true. 

466. In Geometry, we have the proposition : 

The sum of the three angles of a triangle is equM to two 
right angles. 

We find it to be true in one case ; then in another, etc. 
Hence, we conclude the proposition is universally true. 

Notes.— I. It is sometimes objected that thismethod of proof \& less 
satisfactory to the learner than 2k more rigorous process of reasoning. 
But when it is fully understood, it is believed that it will produce the 
fullest conviction of the truths designed to be established. 

2. In metaphysics and the natural sciences, the term induction is 
applied to the assumption that certain laws are general which by 
experiment have been proved to be true in certain cases. But we 
cannot be sure that these laws hold for any cases except those which 
have been examined, and can never arrive at the conclusion that they 
are necessary truth/s. 
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BUSINESS FORMULAS. 

467. The principles of Algebra are not confined to the 
demonstration of theorems and the solution of abstruse 
equations. They are equally applicable to the development 
of formulas and for business calculations. 

Note. — In reciting fonuulas, the student should first state the 
proposition, then write the formula upon the blackboard, explaining 
the several steps by which it is derived as he proceeds. He should 
then translate the formula from algebraic into common langua>ge. 

PROFIT AND LOSS. 

468. Profit and Loss are computed by the principles 
of Percentage. 

469. To Find the JProfit or Loss, the Cost and the iper 

cent Profit or Loss being given. 

Let c denote the cost, r the per cent profit or loss, and p the 
percentage, or sum gained or lost. 

Since per cent means hundredtJia, r per cent of a number must be r 
hundredths of that number. (Art. 237.) Therefore, 

c dollars x r = p, the sum gained. Hence, the 

Formula. p = cr. 

EuLE. — Multiply the cost hy the rate per cent, and the 
product will be the profit or lossy as the case may require, 
(Art. 237.) 

1. Suppose c = $3560, and r = 12 per cent. Required 
tlie profit. 

Solution. $3560 x .12 = $427.20, Ans. 

2. If a house costing $4370 were sold at 8 per cent lesp 
than cost, what would be the loss ? 

470. To Find the per cent Profit or Loss, the Cost and 

the Sum Gained or Lost being given. 

Let c denote the cost ; p the percentage, or sum gainea or lost : and 
r the per cent. 
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Since the cost multiplied by tlic rate gives p, the given profit of 
loBb, it follows ih&ip-i-c must be the rate. (Art 469.) llence, the 

Formula. r = — • 

c 

BuLE. — Divide the gain or loss by the cost, and tlie quo- 
tient mil be the per cent j^Tofit or loss. 

3. A farm costing ^2500 was sold for $500 advance. 
Required the per cent profit. Ans. 20 per cent. 

4. A teacher's salary being $1800 a year, was raised $300. 
What per cent was the increase ? 

471. To Find the Cost^ the Profit or Loss and the per oent 

Profit or Loss being given. 

Let p denote the sum gained or lost, r the per cent, and e the cost. 

Since the sum gained is equal to the cost multiplied by the rate per 
cent (Art. 469), it follows that p dollars the sum gained, divided by r 
the rate, will be the cost. Hence, the 

FOBMULA. C = — • 

r 

BuLE. — Divide the profit or loss by the rate per cent. 

5. The gain on a bill of goods was $67.48. At 2<^ per 
cent profit, what was the cost ? Ans. $269.92. 

6. An operator in stocks lost $iS7S> which was 12 J per 
cent of his investment. What was the investment? 

472. To Find the Selling Trice^ the Cost and per cent 

Profit or Loss being given. 

Let c denote the cost, r the per cent of profit or loss, and % the 
selling price. 

When there is a gain^ the amount of $1 = i +r ; when there is a 
loMy the amount of $1 = i— r ; and the amount of c dollars = c(i ± r). 
Therefore, we have the general 

FOBMULA. « = c(i ± r). 

EuLE. — Multiply the cost by 1 plus or minus the rate, as 

the case may require. (Art. 240.) 

7. A man paid $750 for a piano* For what must he sell 
it to gain 15 per cent? Ans. $862.50. 

8. A man bought a carriage for $960, and sold it at a lose 
of J2J per cent. What did he receive for it ? 
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473. To Find the Cost^ the Selling Price and the per cent 

Profit or Loss being given. 

Let 8 denote the selling price, r the per cent profit or loss, and c the 
cost required. 

When there is a gain^ the selling price e<jLuals the cost plus r per 
cent of itself, that is, i+r times the cost; when there is a lo88, the 
selling price equals the cost minus r per cent of itself, that is, i— r 
times the cost ; therefore the cost equals the selling price divided by 
I ± r. Hence, we have the general 

S 

Formula. c = — ; — • 

i±r 

EuLE. — Divide the selling price iy i plus or minus the 

rate, as the case may require ; the quotient will be the cost* 

9. A goldsmith sold a watch for $175 and made 20 per 
cent profit. What was the cost? 

Solution. 1 + 20 per cent = 1.20 ; and 

$175 -*- 1.20 = $i45-83j» ^»«. 

I a A jockey sold a horse for $540^ and thereby lost 
10 per cent. What did the horse cost him ? 



SIMPLE INTEREST. 

474. The Elements or Factors involved in calcula- 
tions of interest are the same as those in percentage^ with the 
addition of time* 

475. Interest is of two kinds, simple and compound. By 
i\iQ former y interest is derived from the principal only; by 
the lattery it is derived both from the principal and the 
interest itself y as soon as it becomes due. 

476. To Find the Time in which any Sum at Simple interest 
will Double itself, at any given Rate Per Cent. 

Let p denote the principal, r the rate per cent, % the g^ven interest, 
and t the tiice in years. 

Then i = prt. (Art 242.) 

Making i equal to p, p = prt. 

Dividing by jw, - = t. Hence, the 
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FOBMUUU ^ = — • 

r 

BuLE. — Divide i by the rate, and tlie quotient will be the 
time required. 

1 1. How long will it take $1500, at 5 per cent, to doable 
itself? 

Solution. « = - = — = 2a Ans. 20 jeare. 

r .05 ^ 

12. How long will it take $680, at 6 per cent, to double 
itself? 

13. How long will it take $8475, at xo per cent, to double 
itself? 

477. To Find the Hate at which any Principal, at Simple 

Interest, will Double itself in a Given Time. 

By the preceding formula, ^ = - • 

T 

T 

Maltiplying by - , we have the 

Formula. r = ^« 

Rule. — Divide i by the time ; the quotient mU be the rate 
per cent required, 

[For other formulas in Simple Interest, see Arts. 242-246.] 

14. If $1700 doubles itself in 8 years, what is the rate? 

Ans. 12 J percent 

15. At what rate per cent will I5000 doable itself in 
40 years ? 

COMPOUND INTEREST. 

478. Interest may be compounded anntuzllyy semi^ 
annually, quarterly, etc. It is understood to be com- 
pounded annually^ unless otherwise mentioned. 

479. To Find the Amount of a given Principal at Compound 

Interest, the Rate and Time being given« 

Let p denote the principal, r tbe rate, n tb© iwwt^^r 9( 7wni« «nd 
a the awouot 
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Since the amount equals the principal plus the interest, it follows 
that the amount of $i fori year equals i+r; therefore, p{i-\-r) 
equals the amount of p dollars for i year, which is the principal for 
the second year. 

Again, the amount of this new principal p(i+r) for i year = 
p{i + r) (i +r) = p (i + r)*, which is the amount of p dollars for two 
years. 

In like manner, jo (1 + r)' is the amount of p dollars for three years 
and so on, forming a geometrical series, of which the principal p is 
the first term, i+r the ratio, and the number of years + i, the num- 
ber of terms. The terms of the series are 

p, p(n-r), i?(i+r)*, p(i+r)*, p{i-^rY, . ... p{i+ry. 

The last term, p(i+r)», is the amoimt of p dollars for n years. 
HencQ the 

Formula. a =p(i + r)\ 

Rule. — Multiply the principal by the amount of $i for 
I year, raised to a power denoted by the number of years; 
the product will be the amount. 

480. To Find the Compound Interest for the given Time 

and Rate. 

Subtract the principal from the amount, and the remainder 
will be the compound interest. 

Note. — Wlien the number of years or periods is large, the oper- 
ations are shortened by using logarithms. 

16. What is the amount of I842, at 6 per cent compound 
interest, for 4 years ? 

Solution. $842 x (1.06)* = $1063, Ans. 

17. WTiat is the amount of $1500, at 5 per cent for 6 yrs., 
compound interest ? 

, r 

481. If the interest is compounded semi-annually, - will 

denote the interest of li for a half year. Then, at com- 
pound interest, the amount of p doUwrs for n years is 



pi'+y- 
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482. If the interest is compounded rjuarterltf, then - 

4 

will denoto the interest of 8i for a quarter. Then, at 
com|>ound interest, the amount of p dollars for n years is 

i^ (i + n , etc. 

i8. What is the amount of $2000, for 3 years at 6 per 
lent, compounded semi-annually ? A?is. $2388.05. 

19. What is the amount of $5000 for 2 years, at 4 per ct., 
compounded quarterly ? 

483. By transposing, factoring, etc., the formula in 
Art. 479, we have. 

The first term, p = 



(i + r)« 

..« , . , loff. a — loff. p 

The number of tenns, n = — ^ > ^V^ • 

' log. (i+r) 

The ratio, r=f-V — I. 

DISCOUNT. 

484. Discount is an allowance made for the payment 

of money before it is due. 

485. The Present Worth of a debt payable at a future 
time is the sum which, if put at legal interest, will amount 
to the debt in the given time. 

486. To Find the Present Worth of z Sum at Simple Interest, 

the Time of Payment and the Rate being given. 

Let 8 denote the sum due, n the number of years, and r the interest 
of $1 for I year. 

Since r is the interest of $1 for i year, nr must be the interest for n 
years, and i+nr the amount of $1 for n years. Therefore, «-h(i +»r) 
is tlie present worth of the given sum. 

Putting P for present worth, we have the 

Formula. P = — : • 

I +nr 

Bulb. — Divide the sum due ly the amount of ii for the 

given time and rate; the quotient will he the present worth* 



;.I25, pres. worth ;/ . 

>• A718, 

•.875, diBCount, ) 
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487« To Find the Discount^ the Present Worth being given. 

Subtract the present worth from the debt. 

20. What is the present worth of $2500 payable in 4 yrs., 
interest being 7 per cent ? What the discount ? 

Solution. P = -J— = *???? = $1053 

i + nr 1.28 * ^^^ 

$2500 — I1953.125 = $546 

21. What is the present worth of $3600 due in 5 years, at 
6 per cent ? What is the discount ? 

22. Find the present worth of I7800 due in 6 years, 
interest 5 per cent ? What the discount ? 



COMPOUND DISCOUNT. 

488. To Find the Present Worth of a Sum at Compound 
Interest, the Time and the Rate being given. 

Let 8 denote the sum due, n the number of years, r the rate per ct. 

Since r is the rate, i + r is the amount of $1 for i year ; then the 
amount for n years compound interest is (i + ry, (Art. 479.) That is, 
$1 is the present worth of (1+ r)» due in n years. Therefore, 8A-{i + T)n 
must be the present worth of the given sum. 

Putting P for the present worth, we have the 

Formula. P = 



(i + r)~ 

Rule. — Divide the sum due by the amount of $i at com^ 
pound interest, for the given time a7id rate; the quotient 
will be the present worth. 

23. What is the present worth of liooo due in 4 years, at 

5 per cent compound interest ? 

8 ^1000 

Solution. P = r- = ^ — r. = $822.71, An». 

(i+r)» (1.05)* 

24. What is the present worth of $2300 due in 5 years, at 

6 per cent compound interest ? 



2Jjt BCsiSL;ts lOfeXL'LAs, 



COMMERCIAL DISCOUNT. 

Comnu^reiiU I^iscount u a per c>riit taken 
from the face of bills, the marked price of g^pid^ etc^ 
without regard to time. 

490. To Fndtlie CUmtmerriai iHscount om a Bill of Goods, 
the Face of the Bill and the Per Cent Discoont being given. 

I>!;t h d^nvHe the baue or faee cf the loH, r the nte, and d the 
dhMXNiiit err pere^mtage. 

Then hxr will be the dlBeouot. Henee, the 

FOKMUUU €f = ftr. 

Rule. — Multiply the face of the hill hy the given rate, and 
the j/roduct vnll be the commercial discount. 

491. To Find the Ca»h Vidue or Net Proceeds of a Bill. 

Huhtract the commercial discount from the face of the UlL 

25* lieqnired disconnt and net Talae of a bill of goods 

amounting to $960, on 90 days, at 12^ per cent off for cash ? 

Solution. $q6o x .125 = $120, discount ; $960— $120= $840, Anti 

26. Kcquired the cafih value of a bill amounting to $2500, 
the disc^iunt Ixiing 10 per cent, and 5 per cent off for cash. 

492. To Mark Goods 80 as to allow a Discount, and make 

any proposed per cent Profit. 

I^et e denote the cost, r the per cent profit, and d the per cent disc 

Hince r is tlio per cent profit, i +r is the selling price of $1 cost, and 
e(i 4 r) the selling price of c dollars cost. 

Again, sinc/e d is the per cent discount from the marked price, and 
the marked price Is 100 per cent of itself, i~<f must be the net value 
of $1 marked price. Tlierefore, 

c(i+r) •*- (I— d) = the marked price. 

Putting m for the marked price, we have the 

Formula. m = ■ - ^ • 

Rule. — Multiply the cost hy i plus the per cent gain, and 
divide the product hy i minus the proposed discount* 
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27. A trader paid $25 for a package of goods ; at what 
price must it be marked that he may deduct 5 per cent, and 
yet make a profit of 10 per cent ? 

„ e(i+r) $25x1.10 ^ ^ - 

Solution, m = ~ — J = ^-^ = $28.04+, An8. 

l—d .95 ^ :rr , 

28. A merchant buys a case of silks at $1.75 a yard; 
what must he mark them that he may deduct 10 per cent, 
and yet make 20 per cent ? 

29. A grocer bought flour at 16^ a barrel ; what price 
must he mark it that he may fall 8 per cent, and leave a 
profit of 25 per cent ? 



INVESTMENTS. 

493. The Value of an Investment in National and 
State securities, Railroad Bonds, etc., depends upon their 
market value, the rate of interest they bear, and the cer- 
tainty of payment. 

494. Tlie Dividends of stocks and bonds are reckoned 
at a certain per cent on the par value of their shares, which 
is commonly $100. 

495. To Find the Per Cent which an Investment will pay, the 
Cost of a Share and the Rate of Dividend being given. 

Let c denote the co8t or market value of i share of stock, p its par 
value^ and r the annual rate of dividend. 

Since r is the rate of dividend and p the par value, pr must be the 
dividend on i share for i year. Therefore, pr -i-c wiU be the per cent 
received on the cost of i share. (Art. 238.) 

Putting B for the per cent received on the cost of i share, we have 
the 

FOEMULA. a = —• 

C 

EuLE. — Find the dividend on the given shares at the given 
rate, and divide this by the cost ; the qtiotient will be the per 
cent received on the investmenU 
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Note. — When the stock is above or below par, the premium or 
discount must be added to or subtracted from its par value to give the 
cost. 

30. What per ceot interest does a man receive on an 
investment of I5000 in the Bank of Commerce, its dividends 
being 10 per cent, and the shares 5 per cent above par? 

Solution. — The premium on the stock = $5000 x ^5 = $25a 
Therefore, the cost = $5000 +$250 = $5250. 

Again, the dividend on stock = $5000 x .10 = $5oa Therefore, 
$5oo-s-$525o = 9^ per cent, Ans, 

31. A invested I6000 in New York 6 per cent bonds, at 
3 per cent premium. What per cent did he receive on his 
investment ? 

32. A man lays out 1 1000 in Alabama 10 per cents, at a 
discount of 20 per cent. What per cent did he receive on 
his investment ? 

33. What per cent will a man receive on 50 shares of 
Pennsylvania Railroad stock, the premium being 4 per ct, 
and the dividend 10 per cent? 

34. Which are preferable, Massachusetts 6 per cent bonds 
at par, or Ohio 8 per cent bonds at 2 per cent premium ? 

496. To Find the Amount of a given Remittance wtiicl^ a 
Factor can Invest, and Reserve a Specified Per Cent for his 

Commission. 

Let 8 denote the sum remitted, and r the per cent commission. 

The sum remitted includes both the sum invested and the comnds- 
sion. Now $1 remitted is 100 per cent, or once itself ; and adding the 
per cent to it, we have i + r, the cost of $1 invested. Therefore, 
« -f- (i +r) must be the amount invested. 

Putting a ioT the amount invested, we have the 

POEMULA. a = 



I + r 



Rule. — Divide the rmnittance by 1 plus the per cent 
comf?nssion J the quotient will he the amount to invest. 
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35. A clergyman remitted to his agent I2500 to purchase 
books. After deducting 4 per cent commission, how much 
does he lay out in books ? 

Solution, a = = ^-^ = $2403.85, Ans. 

i + r 1.04 

s6. A gentleman remitted $25000 to a broker, to be 
invested in stocks. After deducting i J per cent, how much 
did he invest, and what was his commission ? 



SINKING FUNDS. 

497. Sinking Funds are sums of money set apart or 
deposited annually, for the payment of public debts, and for 
other purposes. 

CASE I 

498. To Find iheAfnount of an Annual Deposit at Compound 

Interest, the Rate and Time being given^ 

Let 8 denote the annual deposit or sum set apart, r the rate per 
cent, n the number of years, and a the amount required. 

Since the same sum is deposited at the end of each year, and put 
at compound interest, it foUows that the deposit at the end of the 

ist year = 8 

2d ** =« + «(n-r) 

3d " = « + «(i+r) + «(i+r)' 

nth ** = « + «(i+r) + «(i+ry .... + «(i+r>»-«, 

forming a geometrical series ; the annual deposit being the first term, 
ihe amount of $1 for i year the ratio, the number of years the num- 
ber of terms, and the annual deposit multiplied by the amount of $i 
for I year, raised to that power whose index is i less than the number 
of years, the last term ; and the amount is equal to the sum of the 
series. (Art. 402.) Hence, we have the 

(l + 7.)* _ I 

Formula. a = ^^ — ■ — s* 

r 

EuLE. — Multiply the amount of $1 annual deposit for the 
given tijne and rate by the given anmial deposit ; the product 
will he the amount required* 
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37. A clerk annn^lly depoBited I150 in a savings bank 
which pays 6 per cent compoand interest What amount 
will be due him in 5 jears ? 

--_ (i-i-rr — I (ijo6)»— i^ ^^ - 

Sqlutioh. a = '' $ = ' — -~ — $150 = $845.75, -4JM. 

38. A man agrees to give $300 annually to build a church 
What will his subscription amount to in 4 years, at 7 pei 
cent compoand interest? 

39. If a teacher lays up I500 annually, and puts it at 
5 per cent compound interest for 10 years, how much will 
he be worth ? 

CASE II. 

499. To Find the Annual JDepoHit required to produce a 
given Amount at Compound Interest, tlie Rate and Time being given. 

B7 tlie formula in tlie preceding article, we have 

(i+r)»— I 

i 8 = cu 

r 

Dividing bj coefficient of «, we have the 

Formula. 8 = a-^ \L:±- — ' "~ . 

r 

Rule. — Divide the amount to be raised by the amount of 
1 1 annual deposit for the given time and rate; the quotient 
will be the annual deposit required. 

Note. — To cancel the debt at maturity, the sum set apart as a 
sinking fund is supposed to be put at compound Interest for the giveit 
time and rate. 

40. A father promises to gives his daughter $5000 as a 
wedding present. Suppose the event to occur in 5 years, 
what sum must he annually deposit in a Trust Company, at 
5 per cent compound interest, to meet his engagement ? 

(I + r)» — I A (1.05)* — I $250 • 

Solution. # = a h- li-U^^ = $5000 + ^ — ^- — = y^ = 

$90^.80, Ans. 
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41. A man having lost his patrimony of 1 20000, wishes 
ko know how much must be annually deposited at 10 per 
cent, to recover it in 5 years ? 

42. A county borrows $30000, at 6 per cent compound 
interest, to build a court-house ; what sum must be set 
apart annually as a sinking fund to cancel the debt in 
10 years? 

ANNUITIES. 

500. Annuities are sums of money payable annually, 
or at regular intervals of time. They are computed accord- 
ing to the principles of compound interest. 

CASE I. 

501. To Find the Amount of an Unpaid Annuity at Compound 

Interest, the Time and Rate per cent being given. 

Let a be the annuity, 1 + r the amount of $1 for i year, and n th« 
uumber of years. 

The amount due at the end of the 

ist year = a, 

2d ** = a + a(i+r; 

3d •• = a + a{i+r) + a{i-hrf, 

4th " = a + a(i + r) + o(i+r)« + «(i+r)*, 

nth year = a + a{i+r) + a(i+rf + a(i + rf , ,, a{i+ry*-l. 

forming a g-eometrical progression, the annuity being the first term, the 
amount of $1 for i year the ratio, the number of years the number of 
terms, and the annuity multiplied by the amount of $1 for i year 
raised to that power whose index is i less than the number of years, 
the last term. Therefore, the amount is equal to the sum of the 
series. 

Putting 8 for the amount (Art 498), we have the 

FOBMITLA. 8 = (^ + ^)" - I ^ 

r 

EuLB. — Multiply the amount of %i annuity , far the given 
time and rate, by the given annuity. 
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Formula. t = — • 

r 

BuLE. — Divide i by tJie rate, and tlie quotient will be the 
time required, 

11. How long will it take $1500, at 5 per cent, to doable 
itself? 

Solution. t = - = — = 2a Ans, 20 Tears. 

r .05 ^ 

12. How long will it take $6So, at 6 per cent, to double 
itself? 

13. How long will it take $8475, &* ^^ per cent, to double 

itself? 

477. To Find the Hate at which any Principal, at Simple 

Interest, will Double itself in a Given Time. 

By the preceding formula, ^ == - • 

Multiplying by - , we have the 

« 

Formula. !• = -• 

EuLE. — Divide i by the time ; the quotient will be the rate 
per cent required. 

[For other formulas in Simple Interest, see Arts. 242-246.] 

14. If $1700 doubles itself in 8 years, what is the rate? 

Ans. 12 J per cent 

15. At what rate per cent will $5000 doable itself in 
40 years ? 

COMPOUND INTEREST. 

478. Interest may be compounded anntially, semi* 
annually, quarterly, etc. It is understood to be com-^ 
pounded annually, unless otherwise mentioned. 

479. To Find the Amount of a given Principal at Compound 

Interest, the Rate and Time being given* 

Let p denote the priucipal, r the rate, n tb© i>\M»l?^r Qf ^WTO* «nd 
a the awouot. 
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Since the amount equals the principal plus the interest, it follows: 
that the amount of $i fori year equals i+r; therefore, p{i+r) 
equals the amount of p dollars for i year, which is the principal for 
the second year. 

Again, the amount of this new principal p (i + r) for i year = 
p{i + r){i+r)=:p (i +r)*, which is the amount of p dollars for two 
years. 

In like manner, p (i +r)* is the amount of p dollars for three years 
and so on, forming a geometrical series, of which the principal p is 
the first term, i +r the ratio, and the number of years + i, the num- 
ber of terms. The terms of the series are 

p, p(i+r), i>(i+r)«, p(i+rf, i>(i+r)*, . .. . ;>(i+r)». 

The last term, p{i + rY, is the amount of p dollars forn years. 
HencQ the 

FoEMULA. a = p(i + ry. 

Rule. — Multiply the principal by the amount of |i for 
I year, raised to a power denoted by the number of years; 
the product will be the amount. 

480. To Find the Compound Interest for the given Time 

and Rate. 

Subtract the principal from theamounty and the remainder 
will be the compound interest. 

Note. — When the number of years or periods is large, the oper- 
ations are shortened by using logarithms. 

1 6. What is the amount of $842, at 6 per cent compound 
interest, for 4 years ? 

Solution. $842 x (1.06)* = I1063, Ans. 

17. What is the amount of $1500, at 5 per cent for 6 yrs., 
compound interest ? 

r 

481. If the interest is compounded semi-annually^ - will 

denote the interest of li for a half year. Then, at com- 
pound interest, the amount of p doUftra for n years is 



etc. 
4^ 
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482, If the interest is compounded quarterly, then - 

4 

will denote the interest of $i for a quarter. Then, at 
com|)ound interest, the amount of p dollars for n years is 

1 8. AVhat is the amount of $2000, for 3 years at 6 per 
lent, compounded semi-annually ? Ans. $2388.05. 

19. What is the amount of I5000 for 2 years, at 4 per ct., 
compounded quarterly ? 

483. By transposing, factoring, etc., the formula in 

Art. 479, we have. 

The first term, p = 



(i + r)* 

The number of terms, n = — ^ > ^r^ • 

• log. (i+r) 



The ratio. 



=©■'-• 



DISCOUNT. 



484. Discount is an allowance made for the payment 
of money before it is due. 

485. The Present Worth of a debt payable at a future 
time is the sum which, if put at legal interest, will amount 
to the debt in the given time. 

486. To Find the Present Worth of a Sum at Simple Interest, 

the Time of Payment and the Rate being given. 

Let 8 denote the sum due, n the number of years, and r the interest 
of $1 for I year. 

Since r is the interest of $1 for i year, nr must be the interest for n 
years, and i + wr the amount of $1 for n years. Therefore, «-i-(i +»r) 
is the present worth of the given sum. 

Putting P for present worth, we have the 

FOEMULA. jP = ; • 

I + nr 

BuLE. — Divide the sum due hy the amount of %i for the 
ffiven time and rate; the quotieiit will he the present worth. 
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487. To Find the IHscount^ the Present Worth being given. 

Subtract the present worth from the debt. 

io. What is the present worth of $2500 payable in 4 yrs., 
interest being 7 per cent ? What the discount ? 

Solution. P = -^ = *?5oo ^ ^ 

i-\-nr 1.28 ^ ^^^ 

$2500 — $1953.125 = $546 



i.i25, pres. wortli ;/ ^ 

y Ans, 

>.875, discount, ) 



21. What is the present worth of $3600 due in 5 years, at 
6 per cent ? What is the discount ? 

22, Find the present worth of $7800 due in 6 years, 
interest 5 per cent ? What the discount ? 



COMPOUND DISCOUNT. 

488. To Find the Present Worth of a Sum at Compound 
Interest, the Time and the Rate being given. 

Let 8 denote the sum due, n the number of years, r the rate per ct. 

Since r is the rate, i +r is the amount of $1 for i year ; then the 
amount for n years compound interest is (i + r)», (Art. 479.) That is, 
$1 is the present worth of (i + r)» due in n years. Therefore, «-s-(i + rjn 
must be the present worth of the given sum. 

Putting P for the present worth, we have the 

Formula. P = -, vs* 

(i + rf 

EuLE. — Divide the sum due by the amount of $1 at com- 
pound interest^ for the given time arid rate; the quotient 
will be the present worth. 

23. What is the present worth of $1000 due in 4 years, at 

5 per cent compound interest ? 

Solution. P = — ?— = f^ = $822.71. An$. 

(i+r)» (1.05)* ^ 

24. What is the present worth of $2300 due in 5 years, at 

6 per cent compound interest ? 
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COMMERCIAL DISCOUNT. 

489. Commercial Discount is a i)er cent taken 
from the face of bills, the marked price of goods, etc., 
without regard to time. 

490. To Find the Commercial IHscount on a Bill of Goods, 
the Face of the Bill and the Per Cent Discount being given. 

Let h denote the base or face of the bill, r the rate, and d the 
discount or percentage. 

Then bxr will be the discount. Hence, the 

Formula. d = br. 

Rule. — Multiply the face of the hill by the given rate, and 
the product loill he the commercial discount. 

491. To Find the Cash Value op Net Proceeds of a Bill. 

Subtract the commercial discount from the face of the bill. 

25. Eequired discount and net value of a bill of goods 
amounting to $960, on 90 days, at 1 2^ per cent off for cash ? 

Solution. $q6o x .125 = $120, discount ; $960 — $i2o=$840, Ans, 

26. Eequired the cash value of a bill amounting to I2500, 
the discount being 10 per ceut, and 5 per cent off for cash. 

492. To Mark Goods so as to allow a Discount, and make 

any proposed per cent Profit. 

Let c denote the cost, r the per cent profit, and d the per cent disa 

Since ris the per cent profit, i +r is the selling price of $1 cost, and 
c(i +r) the selling price of c dollars cost. 

Again, since d is the per cent discount from the marked price, and 
the marked price is 100 per cent of itself, i—d must be the net value 
of $1 marked price. Therefore, 

c{i+r) -i- (i—d) = the marked price. 

Putting m for the marked price, we have the 

Formula. m = ■ ^^ "*" ^ 

i — d 

Rule. — Multiply the cost by i plus the per cent gain, and 

divide the product by i minus the proposed discount* 
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27. A trader paid $25 for a package of goods ; at what 
price must it be marked that he may deduct 5 per cent, and 
yet make a profit of 10 per cent ? 

„ e(i+r) $25x1.10 ^ ^ - 

Solution, m = -> — -- = ^-^ = $28.04+, An8, 

l—d .95 ^ :rr , 

28. A merchant buys a case of silks at $1.75 a yard; 
what must he mark them that he may deduct 10 per cent, 
and yet make 20 per cent? 

29. A grocer bought flour at $6^ a barrel ; what price 
must he mark it tliat he may fall 8 per cent, and leave a 
profit of 25 per cent ? 



INVESTMENTS. 

493. The Value of an Investment in National and 
State securities, Railroad Bonds, etc., depends upon their 
market value, the rate of interest they bear, and the cer- 
tainty of payment 

494. The Dividends of stocks and bonds are reckoned 
at a certain per cent on the par value of their shares, which 
is commonly $100. 

495. To Find the Per Cent which an Investment will pay, the 
Cost of a Share and the Rate of Dividend being given. 

Let c denote the cost or market value of i share of stock, p its par 
mluBy and r the annual rate of dividend. 

Since r is the rate of dividend and p the par value, pr must be the 
dividend on i share for i year. Therefore, pr -^c wiU be the per cent 
received on the cost of i share. (Art. 238.) 

Putting R for the per cent received on the cost of i share, we have 
the 

FOEMULA. R = —• 

C 

EuLE. — Find the dividend on the given shares at the given 
rate, and divide this by the cost ; the quotient will be the per 
cent received on the investmenU 
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Note. — When the stock is above or below par, the premium or 
discount must be added to or subtracted from its par value to give the 
cost. 

30. What per ceot interest does a man receive on an 
investment of $5000 in the Bank of Commerce, its dividends 
being 10 per cent, and the shares 5 per cent above par? 

Solution. — The premium on the stock = $5000 x .05 = $25a 
Therefore, the cost = $5000+1250 = $5250. 

Again, the dividend on stock = $5000 x .10 = $5ca Therefore, 
$5oo-s-$525o = 9^ per cent, Ans, 

31. A invested I6000 in New York 6 per cent bonds, at 
3 per cent premium. What per cent did he receive on his 
investment ? 

32. A man lays out $1000 in Alabama 10 per cents, at a 
discount of 20 per cent. What per cent did he receive on 
his investment ? 

33. What per cent will a man receive on 50 shares of 
Pennsylvania Eailroad stock, the premium being 4 perct, 
and the dividend 10 per cent ? 

34. Which are preferable, Massachusetts 6 per cent bonds 
at par, or Ohio 8 per cent bonds at 2 per cent premium ? 

496. To Find the Amount of a given Remittance which a 
Factor can Invest, and Reserve a Specified Per Cent for his 

Commission. 

Let 8 denote the sum remitted, and r the per cent commission. 

The sum remitted includes both the sum invested and the comn^s- 
sion. Now %i remitted is 100 per cent, or once itself ; and adding the 
per cent to it, we have i + r, the cost of $1 invested. Therefore, 
« -f- (i + r) must be the amount invested. 

Putting a ioT the amount invested, we have the 

POEMULA. a = 



I + r 



Rule. — Divide the rmnittance hy i plus fJie per cent 
eomf?nssion ; the quotient will be the amount to invest. 
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35. A clergyman remitted to his agent I2500 to purchase 
books. After deducting 4 per cent commission, how much 
does he lay out in books ? 

Solution, a = = 1-1_ = $2403.85, Ans, 

i + r 1.04 

^6, A gentleman remitted I25000 to a broker, to be 
invested in stocks. After deducting i| per cent, how much 
did he invest, and what was his commission ? 



SINKING FUNDS. 

497. Sinking Funds are sums of money set apart or 
deposited annually, for the payment of public debts, and for 
other purposes. 

CASE I 

498. To Find the Atnmint of an Annual Deposit at Compound 

interest, the Rate and Time being given^ 

Let s denote the annual deposit or sum set apart, r the rate per 
cent, n the number of years, and a the amount required. 

Since the same sum is deposited at the end of each year, and put 
at compound interest, it foUows that the deposit at the end of the 

ist year = 8 

2d •' =« + «(n-r) 

3d " = 8 + 8\i+r) + 8{i-\-rf 

nth ** = « + «(i+r) + «(i+ry .... + «(i+r>»-«, 

forming a geometrical series ; the annual deposit being the first term, 
ihe amount of $1 for i year the ratio, the number of years the num- 
ber of terms, and the annual deposit multipUed by the amount of $1 
for I year, raised to that power whose index is i less than the number 
of years, the last term ; and the amount is equal to the sum of the 
series. (Art. 402.) Hence, we have the 

T. (i + ^r — I 

Formula. a = ^^ — ■ — 8. 

r 

Hulk — Multiply the amount of $i annual deposit for the 
given time and rate ly the given annual deposit; the product 
will be the amount required* 
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37. A clerk annually deposited I150 in a savings bank 
which pays 6 per cent compound interest. What amount 
will be due him in 5 years ? 

„ (i+r)» — I (i.o6)» — I ^ ^„ . 

Solution, a = ^ ~ a = ^^ — ^ — $150 = $845.75, Ans, 

38. A man agrees to give $300 annually to build a church 
What will his subscription amount to in 4 years, at 7 pei 
cent compound interest ? 

39. If a teacher lays up I500 annually, and puts it at 
5 per cent compound interest for 10 years, how much will 
he be worth ? 

CASE II. 

499. To Find the Annual Deposit required to produce a 
given Amount at Compound Interest, the Rate and Time being given. 

By the formula in the preceding article, we have 

(i4-r)»~i 

r 

Dividing by coefficient of «, we have the 

■ni (l 4- r)* — I 

Formula. « = a -5- ^^ — - — '- . 

r 

Rule. — Divide the amount to he raised by the amount of 
$1 annual deposit for the given time and rate; the quotient 
will be the annual deposit required. 

Note. — To cancel the debt at maturity, the sum set apart as a 
sinking fund is supposed to be put at compound interest for the given 
time and rate. 

40. A father promises to gives his daughter $5000 as a 
wedding present. Suppose the event to occur in 5 years, 
what sum must he annually deposit in a Trust Company, at 
5 per cent compound interest, to meet his engagement ? 

(I + f.)n — I (1.05)* — I $250 

Solution. # = a h- ii-^-^? = $5000 -h ^^ — ^ = ^^ = 

r .05 .270 

$90^.80, Ans, 
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41. A man having lost his patrimony of 1 20000, wishes 
ko know how much must be annually deposited at 10 per 
cent, to recover it in 5 years ? 

42. A county borrows $30000, at 6 per cent compound 
interest, to build a court-house ; what sum must be set 
apart annually as a sinking fund to cancel the debt in 
10 years? 

ANNUITIES. 

500. Annuities are sums of money payable annually, 
or at regular intervals of time. They are computed accord- 
ing to the principles of compound interest. 

CASE I. 

501. To Find the Amount of an Unpaid Annuity at Compound 

Interest, the Time and Rate per cent being given. 

Let a be the annuity, i + r the amount of $1 for i year, and n the 
uumber of years. 

The amount due at the end of the 

ist year = a, 

2d '* = « + a(i+r; 

3d * = « + a(i+r) + o(i+r)', 

4th '* = a + a(i+r) + o(i+r)' + «(i+r)*, 

nth year = a + a(i +r) + a(i +r)' + aii + rf . ,,a{i +r>^l. 

forming a f^-eometrical progression, the annuity being the first term, the 
amount of $1 for i year the ratio, the number of years the number of 
terms, and the annuity multiplied by the amount of $1 for i year 
raised to that power whose index is i less than the number of years, 
the last term. Therefore, the amount is equal to the sum of the 
series. 

Putting 8 for the amount (Art 498), we have the 

FOBMITLA. 8 = (^ + ^)" - I 

r 

EuLB. — Multiply the amount of %i annuity y for the given 
time and rate, by the given annuity. 
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Note. — ^Logarithms may be used to advantage in some of the 
following examples. 

43. What is due on an annuity of $650, unpaid for 
4 years, at 7 per cent compound interest ? 

Solution. 8 = {L±l)L'Zl « = ^^-^7)^ - t ^ _ j^gg^ ^ 

r .07 

44. An annual pension of I880 was unpaid for 6 years ; 
what did it amount to at 6 per cent compound interest ? 

45. An annual tax of I340 was unpaid for 7 years; what 
was due on it at 5 per cent compound interest ? 

CASE II. 

502. To Find the Present Worth of an Annuity at Compound 
Interest, the Time of Continuance and the Rate being given. 

Let P denote the present worth ; then the amount of P in w years 
will be equal to the amount of the annuity for the same time. 
Therefore^ 

r 
IHviding each member by (i + r)» (Art. 279), we have the 

Formula. P = ^^ — ' — ^— a. 

r 

Note. — ^In applying the formula, the negative exponent may be 
made positive by transferring the quantity which it affects from the 
numerator to the denominator (Art. 279). 

Thus. P = iriil±^«^!_jL±^a. 

r r 

EuLE. — Multiply the present worth of an annuity of $1 
for the given time by the given annuity. 

46. What is the present worth of an annuity of $375 for 
6 years, at 7 per cent compound interest ? 

r xyj ,(yj 

=r $1785.71, Ans, 

47. What is the present worth of an annual pension of 
$j2j for 5 jears, at 4 per cent compound interest ? 
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CASE III. 

503. To Find the Present Worth of a Perpetual Annuity, the 

Rate being given. 

Let n denote infinity, then redadng the formula in Art. 502, we 
have this 

FOBMULA. P = - . (Art. 435.) 

EuLB. — Divide the annuity ly the interest of li for 
I year, at the given rate. 

48. What is the present worth of a perpetual scholarship 
that pays $150 annually, at 7 per cent compound interest? 

Solution. P = - = ?^ = $2142.86, Ans. 

r sy] 

49. What is the present worth of a perpetual ground rent 
of I850 a year, at 6 per cent ? 

CASE IV. 

504. To Find the Present Worth of an Annuity, commencing 
in a given Number of Years, the Rate and Time of Continuance 

being given. 

Let n be the nomber of years before it will commence, and N the 
number of years it is to continue. Then, 

r r 

Performing the subtraction indicated, we have the 

Formula. J> = - [(i + r)"' — (i + r)"^^. 

Rule. — Find the present worth of the given annuity to 
the time it terminates ; from this subtract its present worth 
to the time it commences. 

50. What is the present worth of an annuity of $600, to 
commence in 4 years and to continue 12 years, at 7 per 
cent interest ? 

Solution. P = ? [(i + r)-" — (i + r)-»--w], 

r 

P = ^ [(1.07H - (ix)7)-^«]. 
P = ^^^4212 = ,3636, An,. 



200 BUSINESS FORMULAS. 

51. A father left an annual rent of I2500 to his son for 
6 years, and the reversion of it to his (laughter for 12 years. 
What is the present worth of her legacy at 6 per cent 
interest ? 

CASE V. 

505. To Find the Annuity, the Present Worth, the Timo^ 

and Rate being given. 

67 tlie fonnala in Article 502, 

T 

Dividing by the coefficient of a, we have the 

JV 



FOBMULA. a = 



EuLE. — Divide the present worth hy the present worth of 
an annuity of%i for the given time and rate. 

52. The present worth of a pension, to continue 20 years 
at 6 per cent interest, is $668. Required the pension. 

Pr $668 X. 06 $668 X. 06 ^ „ a 

Solution, a = — r- = -^^-7 — znTi = ^qq — ■ = $58.23,4w& 

I— (I +*•)-» i--(i.o6)-'^ .6882 

53. The present worth of an annuity, to continue 30 years 
at 5 per cent interest, is $3840. What is the annuity ? 

Note. — The process of constructing formulas or rules, it will be 
seen, is based upon the principles of generalization combined with 
those of algebraic notation. The student will find it a profitable 
exercise to form others applicable to different classes of problems. 



CHAPTER XXI. 

DISCUSSION OF PROBLEMS. 

506. The Discussion of a Problem consists in assign* 
ing all the different values possible to the arbitrary quanti- 
ties which it contains, and interpreting the results. 

507. An Arbitrary Quantity is one to which any 
value may be assigned at pleasure. 

Problem. — If b is subtracted from a, by what number 
must the remainder be multiplied that the product may be 
equal to c? 

Let X = the nnmber. 

Then (fl^b)x = 6. 

Therefore, x = =•. 

a — 6 

508. The result thus obtained mav have five different 
forms, depending on the relative values of a, b, and c. To 
represent these forms, let m denote the multiplier. 

I. Suppose a is greater than J. In this case a — 6 is positive, 
and c being positivey the quotient is positive. (Art 112.) Consequently, 
tbe required multiplier must be positive, and the value of x will be of 
the form of + m. 

II. Suppose a is less than i. In this case a — b is negative^ 
and c divided by a —6 is negative, (Art. 112.) Hence, the required 
multiplier must be negative, and the value of a? is of the form of — m, 

III. Suppose a is equal to h. In this case a — 6 = o. There- 
fore, the value of a; is of the form of — , or aj = - = 00. (Art. 434.) 

506. In what does the discusBion of problems conilst ? 507. What 1& «a.«sL\kS^x«n 
quantity t 
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ly. Suppose c is o, and a is either greater or hss than I. 

In this case the value of a; has the form — , or a; = a 

m 

V. Snppose c equals Oy and a equals & In this case the 

valne of x has the form - • 

o 

Note. — The student can easily test these principles hy substituting 
numbers for a, h, and c, 

509. The Discussion of Problems may be further illus- 
trated by the solution of the celebrated 



PROBLEM OF THE COURIERS.* 

• 

Two couriers A and B, were traveling along the same 
road in the same direction, from C toward Q ; A going at the 
rate of m miles an hour, and B n miles an hour. At 
12 o'clock A was at a certain point P; and B d miles in 
advance of A, in the direction of Q. When and where were 
they together ? 

P d Q 

This problem is general : we do not know from the statement 
whether the couriers were together before or after 12 o'clock, nor 
whether the place of meeting was on the right or the left of P. 

Suppose the required time to be after 12 o'clock. Then the time after 
12 is positive, and the time before 12 is negative; also, the distance 
reckoned from P toward Q is positive, and from P toward C is negative. 

Let t = time of meeting in hours after 12 o'clock ; then tnt = dis- 
tance from P to the point of meeting. 

Since A traveled at the rate of m nules an hour, and B n nules an 

hour, we have 

mt = the distance A traveled. 

And nt= " - B 

Again, since A and B were d miles apart at 12 o'clock, 

fnt -^ nt =i cL 
Factoring and dividing we have the 

* OriginaUy proposed by Glairaut, an eminent French mathemati- 
emn, bom in 1713. 
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I 

Formula. t = • 

The problem may now be discussed in relation to the 
time t, and the distance mt, the two unknown elements. 

I. Suppose m > w. 

Upon this supposition the values of t and mt viill both be positive; 
because their denominator m — nia positive. Now since t is pogitive^ 
it is evident the two couriers came together after 12 o'clock ; and as 
mt is positive, the point of meeting was somewhere on the right of P, 

These conclusions agree with each other, and correspond 'jo the 
conditions of the problem. For» the supposition that m>n implies 
that A was traveling faster than B. A would therefore gain upon B, 
and overtake him some time after 12 o'clock, and at a point in the 
direction of Q. 

Let (2 = 24 miles, m = 8 miles, and n=6 miles. 

By the formula, t = = 7—^ = 12 hours. 

•^ m — n 8 — 6 

m^ = 8 X 12 = 96 miles A traveled. 

n< = 6 X 12 = 72 " B •• 

Now, 96 — 72 = 24 m. their distance apart at noon, as given above. 

These values show that the couriers were together in 12 hours past 

noon, or at midnight, and at a point Q, 96 miles from P and 72 miles 

from d. 



II. Suppose m <^n. 

Then in the formula, the denominator m — n\B negative, therefore 
both t and m>t are negative. 

Hence, both t and mt must be taken in a sense contrary to that 
which they had in supposition (I), where they were positive ; that is, 
the time the couriers were together was before 12 o'clock, and the 
place of meeting on the left of P. 

This interpretation is also in accordance with the conditions of the 
problem under the present supposition. For, if m < w, then B was 
traveling faster than A ; and as B was in advance of A at 12 o'clock, 
he must have passed A before that time, somewhere on the left of P, 
in the direction of C. 

Let (2 = 24 miles, m = 5 miles, and n = 8 miles. 

By the formula, t = = — ^ = — 8 hours. 

m—n 5—8 

And iw/ = 5x— 8 = — 40 miles A traveled 

« »^ = 8x-8=-64-B - 
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These values show that the couriers were together 8 hours before 
noon, or at 4 o'clock A. m., and at a point C, 40 miles from P and 
64 miles from d, 

III. Suppose m = n. 

Upon this supposition we have m^n =s o, and 

. d - . md 

t = - =co, also mt = — = »• 
o o 

According to these results, t the time to elapse before the couriers are 
together, is infinity (AH;. 434) : consequently they can never be together. 
In like manner mt, the distance from P of the supposed point of 
meeting, is infinity ; hence, there can be no such point. 

This interpretation agrees with the supposed conditions of the 
problem. For, at 12 o'clock the two couriers were d miles apart, and 
if m = » they were traveling at equal rates, and therefore could 
never meet. 

IV. Suppose d = 0, and m either greater or less than n. 

We then have t = = o, and nU = o, 

m — n 

That is, both the time and distance are nothing. These results show 
that the couriers were together at 12 o'clock at the point P, and at no 
other time or place. 

This interpretation is confirmed by the conditions of the problem. 
For, if (Z = o, then at 12 o'clock B must have been with A at the point 
P. And if w is greater than n, or m is less than n, the couriers were 
traveling at different rates, and must either approach or recede from 
each other at all times, except at the moment of passing ; therefore 
they can be together only at a single point. 

V. Suppose J = o, and m=zn. 

Then we have ^ = - 1 and mt = -• 

o o 

These results must be interpreted to mean that the time and the 
distance may be anything whatever, and that the couriers must be 
together at all times, and at any distance from P, 

This conclusion also corresponds to the conditions of the problem. 
For, if d = o, the couriers were together at 12 o'clock, and if m = n, 
they were traveling at equal rates, and therefore would never part 
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IMAGINARY QUANTITIES. 

510. An Imaginary Quantity is an indicated even 
root of a weg^o^f 2;^ quantity ; as^ V — 1> V— «, '^—7. 

Notes. — i. Imaginary quantities are a species of radicaUy and are 
called imaginary, because they denote operations which it is impossi- 
ble to perform. (Art. 294.) 

2. Though the operations indicated are in themselves impossible, 
these imaginary expressions are often useful in mathematical analyses, 
and when subjected to certain modifications, lead to important results. 

511. Imaginary quantities are added and subtracted like 
other radicals. (Arts. 310, 311.) 

But to multiply and divide them, some modifications in 
the rules of radicals are required. (Arts. 31 2, 313.) 

512. To Prepare an Imaginary Quantity for Multiplioation 

and Division. 

EtTLE. — Resolve the given quantity into two factors^ one 
of which is a real quantity^ and the other the imaginary 
expression V— i. 

Notes. — i. This modification is based upon the principle that any 
negative quantity may be regarded as the product of two quantities, 
one of which is — i. Thus, —a = a x — i ; —6* = 6* x — i, 

2. The real factor is often called the coefi&cient of the ima^nary 
expression, y'— i, 

1. Multiply V— a by V^J. 

Solution, ^y/— a = ^a x y'— i, and -y^— 6 = ^h x y^— 1« 
Now /y/a X a/^i X y^ x /y/^ = >y/a& x — I = — y^. Am. 

2. Multiply + V — a? by — V— y. 

3. Multiply V^ by V^. 

51a Wbat are Imaglmary qnantitioB? 5x1. How added and sabtractedf 
sxa How prepare them for miiltiplicatloii and divlaloxit 

12 



266 IMAGINARY QUANTITIES. 

513. It will be seen from the preceding examples: 

First. That the product of two imaginary quantities is a 
real quantity. 

Second, That the sign before the product is the opposite 

of that required by the common rule for signs. (Art. 92.) 

For, while the sign to be prefixed to an even root is ambiguous, 
this ambiguity is removed when we know whether the quantity whose 
root is to be taken has been produced from positive or negative 
quantities. (Art. 293.) 

4. Multiply V^ by VTs, 

5. Multiply ^/—xhy Vy* 

Note. — i. Prom these examples it will be seen that the product of 
a real quantity and an imaginary expression, is itself imaginaiy. 

6. Divide V— ^ by V— ^. 

Solution. — ^^-=^ = -^^ — ^^--= = r -/ -4^- 

V — y ^/y x v — i ^ 

7. Divide V— ^ by V— ai, 

Note. — 2. Hence, the quotient of one imaginary quantity divided by 
another, is a real quantity ; and the sign before the radical is the same 
as that prescribed by the rule. (Art. 92.) 



8. Divide ^/—x by v^, 

9. Divide \/x by a/— ^, 

Note. — 3. Hence, the quotient of an imaginary quantity divided by 
a real one, is itself imaginary, and mce versa, 

10. Divide 10 a/— 14 by 2 V — 7, 

1 1. Divide c V— i by d V— i, 

514. The development of the different powers of V — i. 

12. {^^^lf = — I. 15. {V^Y = +a/^ 
13- {V^f = -V^. 16. (V=^)« = -I. 

14. (\/^y= +1. 17- (V^)^= — a/"-^. 

Hence, ^^6 eogn powers are aUematety — i and +1, and the od^ 
powers — /y/— I and + y'— i- 
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INDETERMINATE PROBLEMS. 

515. An Indeterminate ^Problem is one which does 
not admit of a definite answer. (Art. 220.) 

Note. — ^Among the more common indeterminate problems, are 
I St. Those whose conditions are satisfied by different values of the 

same unknown quantity. (Art 220.) 

2d. Those which produce identical equations. (Art. 200.) 

3d. Those which have a less number of independent simultaneous 

equations than there are unknown quantities to be determined. 
4th. Those whose conditions are inconsistent with each other. 

1. Given the equation a; + y = 9, to find the value of x. 

Solution. — Transposing,, a; = 9 — y, Ans, This result can be 
verified by assigning any values to a? or y. 

2. What number is that, f of which minus i half of itself 
is equal to its 12th part plus its sixth part? 

Let X = the number* 

Then 3a_?^a.^« 

4 2 12 6 

Clearing of fractions, eta, 9* = 9* 

Transposing and factoring, (9—9) x = o 

o 

/. X = -. 

o 

IMPOSSIBLE PROBLEMS. 

516. An Impossible Frohlem is one, the conditions 
of which are contradictory or impossible, 

I. Given a; + y = 10, a; — y = 2, and xy = 38. 

OFERATION. 

Solution. — By combining equations (i) x + y =1 10 (i) 

and (2), we find jc = 6 and y = 4. Again, x V = 2 (2) 

a;xy = 6x4 = 24. But the third condition 
requires the product of x and y to be 38, 
which is impossible. • *• ^ = " 

y = 4- 



$15. WlMt is an indetermioate problem ? ^16. WbiBit\ft «A.^mv=Mi&^^^R^^'tsS^^siBk^ 
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2. What number is that whose sth part exceeds its 4th 
part by 15? 

3. Divide 8 into two such parts that their product shall 
be 18. 



NEGATIVE SOLUTIONS. 

617. A Negative Solution is one whose result vs a 
minus quantity. 

518. An odd root of a quantity has the same sign as the 
quantity. An even root of a positive quantity is either 
positive or negative, both being numerically the same. 
(Art. 293.) 

But the results of problems in Simple Equations, it is 
understood, are positive; when otherwise it is presumed 
there is an error in the data, which being corrected, the 
result will be positive. 

1. A school-room is 30 feet long and 20 feet wide. How 
many feet must be added to its width that the room may 
contain 510 square feet ? 

Solution. — Let x = the number of feet. 

Then (20 + a;)30 = area. 

By conditions, 600 + 30a; =510 
Transposing, 30a? = — 90 

.*. a; = — 3 ft.. Ana. 

Notes. — i. It will be observed that this is a problem in Simple 
£k][uations. The steps in the solution are legitimate and the result 
satisfies the conditions of the problem algebraically, but not arith- 
metically. Hence, the negative result indicates some mistake or 
inconsistency in the conditions of the problem. 

If we subtract 3 ft. from its width, the result will be a positivi 
quantity. 

2. V^ere it asked how much must be added to the width that the 
room may contain 690 square feet, the result would be + 3 feet. 

5x7. What is a oefrative solatios? 
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3. In sue cases, by changing some of the data, a similar problem 
may be easily found whose conditions are consistent with a possible 
result. 

2. What number must be subtracted from 5 that the 
remainder may be 8 ? 

Solution. — Let x = the number. 

Then 5 — a? = 8 

Transposing, OJ = — 3, Ans, 

3. A man at the time of his marriage was 36 years old 
and his wife 20 years. How many years before he was twice 
as old as his wife ? Ans. — 4 years. 



HORNER'S METHOD OF APPROXIMATION.* 

519. This method consists in transforming the given 
equation into another whose root shall be less than that of 
the given equation by the first figure of the root, and 
repeating the operation till the desired approximation is 
found. 

The process may be illustrated in the following manner: 

Let it be required to find the approximate value of a; in the general 

equation, 

A(x? -h Ba? -h Ox =: D. (i) 

Having found the first figure of the root by trial, let it be denoted 
by a, the second figure by b, the third by e^ and so on. 
Substituting a for ic in equation (i), we have. 



Aa* + Ba^ + Ca=:D, nearly. 
Factoring and dividing, 

"* 0+ Ba + Aa* 



D 



* So called from the name of its author, an Engliflh mathematician^ 
who communicated it to the Boyal €oci<^;} m \^\^ 
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By patting y for the sum of all the figures of the root except the 
first, we have a; = a+y, and substituting this value for x in equation 
(i), we have, 

A(a+yy + B\a+yy + C(a+y) = D; 
or A(cfi+3a^y+3ai^-hy^) + 5(a« + 2ay+y«) + C{a+y) = J>. 
or Aa*+3Aa^y+3Aa$/* + Ay^+Ba^-h2Bay-\-By^-hGa+Oy = D. 

Factoring and arranging the terms according to the powers of p, 
we obtain 

Ay^+(B-\- sAa)}/^ + ((7+ 2Ba + 3Aa^)y = 2>-((7a + Ba^ + Aa*). (3) 

To dmplify this equation, let us denote the coeffident of ^ by B', 
that of yhy 0', and the second member by JD' ; then. 

Ay' + 5y + (7V = D'. (4) 

It will be seen that equation (4) has the same form as (i). It is the 
first transformed equation, and its root is less by a than the root of 
equation (i). 

By repeating the operation, a second transformed equation may be 
obtained. Denoting the second figure in the root by b, and reducing 
as before, we find, 

. _ ly . 

C + B'b + Al^' ^^^ 

Patting z for the sum of all the remaining figures in the root, we 
have y = 6+g ; and substituting this value in equation (4), we obtain 
a new equation of the same general form, which may be written, 

Affi + B^'z^ + C"z = iy', (6) 

This process should be continued till the desired accuracy is attained. 
The first figure of the root is found by trial, the second figure from 
equation (5), and the remaining figures can be found from similar 
equations. 

But it may be observed that the second member of equation (5) 
involves the quantity 6, whose value is sought. That is, the value of 
b is given in terms of &, and that of c would be given in terms of c, and 
so on. For this reason, equations such as (5) might appear at first 
fight to be of little use in practice. This, however, is not the case ; 
for after the root has been found to several decimal places, the value 
of the second and third terms, as B'b-hAb* and B"e+A(? in the 
ieDomin&toTBt will be very small compared with 0' and 0'\ conse- 
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quently as 6 is very nearly equal to D' divided by C, they may be 
neglected. Therefore the successive figures in the root may be 
approximately found by dividing D' by G\ D" by C"\ and so on, 
regarding G\C'\ etc., as approximate divisors. 

In transforming equation (i) into (4), the second member jy and 
the coefficients G ' and B' of the transformed equation may be thus 
obtained. 

Multiplying the first coefficient A by a, the first figure of the root, 
and adding the product to By the second coefficient, we have, 

B ^ Aa (7) 

Again, multiplying this expression by a, and adding the product to 
Gy the third coefficient, we have, 

C + Pa + Aa\ (8) 

Finally, multiplying these terms by a, and subtracting the product 

from By we have 

D-ipa^Bd? ^Aa^^jyy 

which is the same as the expression for B^ in equation (4). 

Now to obtain C7', we return to the first coefficient, multiply it by a, 
add the product to expression (7), and thus have the sum 

B + 2Aay (9), 

which we multiply by a, and adding the product to expression (8) 

obtain, 

C + 2Ba + zAa^ = G\ 

which is the desired coefficient of y in equation (4). 

Finally, to obtain B\ we multiply the first coefficient by a, and add 
the product to expression (9), and thus obtain, 

B + zAa - B', 

In this way the coefficients of the first transformed equation are 
discovered ; and by a similar process the coefficients of the second, 
third, and of all subsequent transformed equations may be found. 

520. This method of approximation is applicable to 
equations of every degree. For the solution of cubic equa- 
tions, it may be summed up in the following 

EuLE. — ^I. Detach the coefficients of the given equation, 
and denote them by A, B, (7, and the second member by D. 
Find the first figure of the root by trials and Tei^Te-^^M. \\.>i'^ 



cu 
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Multiply A by a, and add the product to B. Multiply 
the sum by a and add the product to 0. Multiply this sunt 
by a and subtract the product from D. The remainder is 
the first dividend, or D\ 

II. Multiply A by a and add the product to the last sum 
under B. Multiply this sum by a and add the product to 
the last sum under C. The result thus obtained is the first 
divisor, or C. 

III. Multiply A by a and add the product to the last sum 
U7ider B, The result is the second coefficient, or B\ 

IV. Divide the first dividend by the first divisor. The 
quotient is the second figure of the root, or J. 

V. Proceed in like manner to find the subsequent figures 
of the root, 

NOTB. — I. In finding the second figure of the root, some allowance 
should be made for the terms in the divisor which are disregarded ; 
otherwise the quotient will furnish a result too large to be subtracted 
from ly. 





EXAMPLES. 


. Given a? + 201^ + ^x — 24, 


to find X. 


A B 

I +2 

2 

4 

2 

6 

2 


SOLUTION. 

C B a be 
+ 3 =24 a; = (2.o8, ^n£ 
8 22 

11 2 = iy 

12 1.891712 

23 - 0' .108288 - B^' 
.6464 


x)8 


23.6464 
.6528 


\ 


8.08 
/)8 


24.2992 =s 


0" 


8.16 
.08 







9M = Br ! 
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Note. — 2. In the following example, the last figures of the root are 
found by the contracted method of division of decimals, an expedient 
which may always be used to advantage after a few places of decimals 
have been obtained. (See Higher Arithmetic.) 

2. Given re* + 12a;' — i8i« = 216, to fiud x. 

soLxrriON. 
A B D ahc 

t +12 — 18 S2l6 ( 4.24264 + . 

_4 +64 184 

16 +46 32 = iX 

4 ^o 26.168 

20 126 = C" 5.832 = D" 

4 4.84 5.468224 

24 = 5' 130.8 4 .363776 = D"' 

24.2 4-8 8 275385 

^•4 135.7 2 = (7" 88391 

24.6 = B'f .9856 82615 



24.64 
24.68 



136.7 056 5776 

_ .987 2 5508 

I37.0|9|2|8 = C" 

X = 4.24264+9 Am, 



3. Given a;* + 3a;? + 5a? = 178, to find a?. 

a? = 4.5388, Ans. 

4. Given 53^* + 9a;'— 73? = 2200, to find x. 

a? = 7.1073536, Ana* 

5. Given sfi + ofi-^x^ 100, to find x. 

ir = 4.264429+, Ana, 
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TEST EXAMPLES FOR REVIEW, 

1. Bequired the value of 

6a + 4a X 5 + 8a 4- 2 — 30 + i2fl X 4. 

2. Bequired the value of 

(8a? + 3a:) s + 4a: + 7 - (sa? + 9a;) ^ 7. 
3* Bequired the value of 

500? — aS + 4CC? — (200? — 4aJ + 2cd). 
4* Bequired the value of 

Abe + {zed — {2xy — mn) 5 + 36^?]. 

5. Show that subtracting anegative quantity is equivalent 
to adding a positive one. 

6. Explain by an example why a positive quantity 
multiplied by a negative one produces a negative quantity ? 

7. Explain why a minus quantity multiplied by a minus 
quantity produces a positive quantity. 

& Given — - (a; + 8) = ^ + — - 1 7f , to find ic. 
3 ^ * ^ 9 7 

o. Given — -5 f- 2a? =^ X — , to find x. 

^ 5532 

I a Eesolve zVe — 6V(? — (?d into two factors. 

11. Besolve ^ochi — ^a^z — iSa;^^^; into two factors. 

12. Besolve a** — J3» into two factors. 

13. Besolve 8a — 4 into prime factors. 

14. Eesolve cfi — i into prime factors. 

15. Divide 31 into two such parts that 5 times one of them 
shall exceed 9 times the other by i. 

16. Make an algebraic formula by which any two numbers 
may be found, their sum and diflference being given. 

17. Two sportsmen at Creedmoor shoot alternately at a 
target; A hits the bull's-eye 2 out of 3 shots, and B 3 out 
of 4 shots; both together hit it 34 times. How many shots 

did each £re ? 
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i8. Find two quantities the product of which is a and the 
quotient i. 

19. Reduce -^ — r to its lowest terms. 

20. Eeduce » ^o to its lowest terms. 

oa — 53 

21. Eesolve gx^y^ + i2xyz + 45? into two factors. 

22. Eesolve 96^ — she + (? into two factors. 

23. Make a formula by which the width of a rectangular 
surface may be found, the area and length being given ? 

24. A square tract of land contains \ as many acres as 
there are rods in the fence inclosing it. What is the length 
of the fence ? 

25. A student walked to the top of Mt. Washington at 
the rate of \\ miles an hour, and returned the same day at 
the rate of 4 J miles an hour ; the time occupied in traveling 
being 13 hours. How far did he walk ? 

26. Given J ^^— = o, to find x. 

I — X 

27. Prove that the product of the sum and diflference of 
two quantities, is equal to the difference of their squares. 

28. Prove that the product of the sum of two quantities 
into a third quantity, is equal to the sum of their products. 

29. Eeduce I ^lr)\ -r y; — ^ ^ .^^ lowest terms. 
^ {pfi + 2xy + f){x^y) 

QJk J4 

to. Eeduce 7-= . mv / o . mx to its lowest terms. 

31. Eeduce --^—, 5 to a single fraction having 

the least common denominator. 

32. Find a number to which if its fourth and fifth part 
be added, the sum will exceed its sixth part by 154. 

33. Two persons had equal sums of money; the first 
spent (30, the second 140 : the former then had twice as 
much as the latter. What sum did esuciti Viias^^ ^^t^\ 
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34. A French privateer discovers a ship 24 kilometers 
distant, sailing at the rate of 8 kilometers an hour, and 
pursues her at the rate of 12 kilometers an hour. How 
long will the chase last ? 

35. Given !l±i2 = 7 and ll^^y = o, to find 
r and y. 

36. Given x = ^"^ J- 5 and 4y ^ — = 3, to find 

X and y. 

37. Make a rule to find when any two bodies moving 
toward each other will meet, the distance between them and 
the rate each moves being given ? 

38. A steamer whose speed in still water is 12 miles an 
hour, descended a river whose velocity is 4 miles an hour, 
and was gone 8 hours. How far did she go in the trip ? 

39. Find a fraction from which if 6 be subtracted from 
both its terms it becomes i, and if 6 be added to both, it 
becomes J. 

40. Required two numbers whose sum is to the less as 8 
is to 3, and the diflference of whose squares is 49. 

41. Given iox+6y = 76, 4y— 2« = 8, and Sx-^Sz = 88, 
to find X, y, and z. 

42. Given 2a? + 3^ + « = 24, 3a? + y + 2« = 26, and 
a? + 2y + 3« = 34, to find rr, y, and z. 

43. Three persons. A, B, and 0, counting their money, 
found they had $180. B said if his money were taken from 
the sum of the other two, the remainder would be $60 ; 
said if his were taken from the sum of the other two, the 
remainder would be J of his money. How much money 
had each P 

44. The fore-wheel of a steam-engine makes 40 revolutions 
more than the hind-wheel in going 240 meters, and the 
2ircumference of the latter is 3 meters greater than that of 
the former. What is the circumference of each ? 

4^. A man has two cubical piles of wood ; the side of one 
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IB two feet longer than the side of the ofcher, and the differ- 
ence of their contents is 488 cubic feet. Required the side 
of each. 

46. RcHjuired a formula by which the height of a rectan* 
gular solid may be found, the contents and base being given. 

47. Divide 126 into two such parts that one shall be a 
multiple of 7, the other a multiple of 11. 

48. A tailor paid $120 for French cloths ; if he had bought 
8 meters less for the same money, each meter would have 
cost 50 cents more. How many meters did he buy ? 

49. A shopkeeper paid $175 for 89 meters of silk. At 
what must he sell it a meter to make 25 per cent ? 

50. Make a formula to find the commercial discount, the 
marked price and the rate of discount being given. 

51. A man pays $100 more for his carriage than for his 
horse, and the price of the former is to that of the latter as 
the price of the latter is to 50. What is the price of each ? 

52. Make a formula to find at what time the hour and 
minute hands of a watch are together between any two 
consecutive hours? 

53. A father bequeathed 165 hektars of land to his two 
sons, so that the elder had 35 hektars more than the younger. 
How many hektars did each receive ? 

54. What number is that, the triple of which exceeds 40 
by as much as its half is less than 51 ? 

55. A butcher buys 6 sheep and 7 lambs for $71 ; and, at 
the same price, 4 sheep and 8 lambs for 164. What was the 
price of each ? 

56. At a certain election, 1425 persons voted, and the 
successful candidate had a majority of 271 votes. IIow 
many voted for eacli ? 

57. A's age is double B's, and B's is three times C's; the 
sum of all their ages is 150. What is the age of each ? 

58. Reduce the V^H to its simplest form. 
39. Reduce Vy^ + ay^ to its simplest form. 
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60. Eeduce a;« and yi to the common index f . 

61. Eeduce 3 (a — b) to the form of the cuhe root. 

62. A farmer sold 13 busliels of corn at a certain price ; 
and afterward 17 bushels at the same rate, when he received 
$3.60 more tlian at the first sale. What was the price per 
bushel ? 

63. A sold two stoves. On the first he lost l?8 more than 
on the second; and his whole loss was $2 less than triple 
the amount lost on the second. How much did he lose on 
each? 

64. A number of men had done J of a piece of work in 
6 days, when 12 more men were added, and the job was 
completed in 10 days. How many men were at first 
employed ? 

65. A company discharged their bill at a hotel by paying 
$8 each; if there had been 4 more to share in the payment, 
they would only have paid $7 apiece. How many were 
there in the party ? 

66. In one factory 8 women and 6 boys work for $72 a 
week; and in another, at the same rates, 6 women and 
1 1 boys work for $80 a week. How much does each receive 
per week? 

67. What factor can be removed from ^153^? 

6S. Given Vx + 12 = Va + 12, to find x. 

69. Given — - = ^ ""_ , to find y. 

70. Given ^o^ — ^ah z=a — hy to find x, 

71. From a cask of molasses J of which had leaked out, 
40 liters were drawn, leaving the cask haK full. How many 
liters did it hold ? 

72. Make a formula to find the per cent commission a 
factor receives, the amount invested and the commission 
being given. 

73. Divide 20 into two parts, the squares pf which shall 
be in the ratio of 4 to 9. 
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74. After paying out i of my money and then | of the 
remainder, I had I140 left. How much had I at first? 

75. If I be added to both terms of a fraction, its value 
will be I; and if the denominator be doubled and then 
increased by 2, the value of the fraction will be |. Eequired 
the fraction. 

76. Tiffany & Co. sold a gold watch for I171, and the per 
cent gained was equal to the number of dollars the watch 
cost. Eequired the cost of the watch. 

77. Two Chinamen receive the same sum for their labor; 
but if one had received I>i5 more and the other $9 less, then 
one would have had 3 times as much as the other. What 
did each receive ? 

78. A drover bought a flock of sheep for $120, and if he 
had bought 6 more for the same sum, the price per head 
would have been |i less. Required the number of sheep 
and the price of each. 

79. A certain number which has two digits is equal to 
9 times the sum of its digits, and if 63 be subtracted from 
the number, its digits will be inverted. What is the 
number ? 

80. Two river-boatmen at the distance of 150 miles apart, 
start to meet each other; one rows 3 miles while the other 
rows 7. How far does each go ? 

81. A and B buy farms, each paying $2800. A pays $5 an 
acre less than B, and so gets 10 acres more land. How 
many acres does eacE purchase ? 

82. Find a factor that will rationalize ^x -|- V7. 
S^. Find a factor that will rationalize V3S — V3y- 

84. Given V^ + Vi = - ,/"*" ^ ,-, , to find x. 

V(62 + Vx) 

85. The salaries of a mayor and his clerk amount to 
(13200; the former receives 10 times as much as the latter. 
Hequired the pay 01 eacn. 

86. What two numbers are those whose sum is to their 
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difference as 8 to 6, and whose difference is to their product 
as I to 36 ? 

87. What two numbers are those whose product is 48, and 
the difference of their cubes is to the cube of their difference 
as 37 to I ? 

88. Find the price of apples per dozen, when 2 less for 
12 cents raises the price i cent per dozen. 

89. Two pedestrians set out at the same time from Troy 
and New York, whose distance apart is 150 miles; one goes 
at the rate of 24 m. in 3 days, and the other 14 m. in 2 oays. 
When will they meet ? 

90. The income of A and B for one month was I1876, 
and B's income was 3 times A's. Required that of each ? 

91. A farmer bought a cow and a horse for $250, paying 
4 times as much for the horse as for the cow. Find the 
cost of each. 

92. A man rode 24 miles, going at a certain rate ; he then 
walked back at the rate of 3 miles per hour and consumed 
12 hours in making the trip. At what rate did he ride ? 

93. It costs $6000 to furnish a church, or $1 for every 
square foot in its floor. How large is the building, pro- 
vided the perimeter be 320 feet? 

94. Find 5 arithmetical means between 3 and 31. 

95. Find the sum of 50 terms of the series J, i, i J, 2, 2 J, 

3j 3i> 4j 4h etc. 

96. A dealer bought a box of shoes for $100. He sold all 
but 5 pair for $135, at a profit of $1 a pair. How many 
pair were there in the box ? 

97. Two numbers are to each other as 7 to 9, and th© 
difference of their squares is 128. Required the numbers. 

98. In a pile of scantling there are 2400 pieces, and tho 
number in the length of the pile exceeds that in the height 
by 43 : required the number in its height and length. 

99. Bertha is J as old as her mother, but in 20 years she 
will be f as old. What is the age of each ? 

100. Fifteen persons engage a car for an excursion } but 
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before starting 3 of the company decline going, by which 
the expense of each is increased by 11.75. What do they 
pay for the car ? 

loi. When the hour and minute hands of a clock are 
together between 8 and 9 o'clock, what is the time of day ? 

102. A and B wrote a book of 570 pages; if A had 
written 3 times and B 5 times as much as each actually 
did write, they would together have written 2350 pages. 
How many pages did each write ? 

103. A man and his wife drink a pound of tea in 12 days. 
When the man is absent, it lasts the woman 30 days. How 
long will it last the man alone ? 

104. Find the time in which any sum of money will 
double itself at 7 per cent simple interest. 

105. A purse contains a certain sum, in the proportion of 
I3 of gold to l?2 of silver ; if $24 in gold be added, there will 
then be $7 of gold for every $2 of silver. Eequired the sum 
in the purse. 

106. A and B in partnership gain $3000. A owns f of 
the stock, lacking I200, and gains I1600. Eequired the 
whole stock and each man's share of it 

107. In the choice of a Chief Magistrate, 369 electoral 
votes were cast for two men. The successful candidate 
received a majority of one over his rival : how many votes 
were cast for each ? 

108. Two ladies can do a piece of sewing in 16 days; after 
working together 4 days, one leaves, and the other finishes 
the work alone in 36 days more. How long would it take 
each to do the work ? 

109. If a certain number be divided by the product of its 
two digits, the quotient is 2 J ; and if 9 be added to the 
number, the digits will be inverted : what is the number ? 

no. Find 4 geometrical means between 2 and 486. 

1 1 1. A trader bought a number of hats for $80 ; if he had 
bought 4 more for the same amount, he would have paid |i 
lew for each : bow many did he buy ? 
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112. If the first term of a geometrical series is 2, the ratio 
5, and the number of terms 12, what is the last term ? 

113. A tree 90 feet high, in falling broke into three 
unequal parts ; the longest piece was 5 times the shortest, 
and the other was 3 times the shortest : find the length of 
each piece. 

1 14. The sum of 3 numbers is 219 ; the first equals twice 
the second increased by 11, and the second equals | of the 
remainder of the third diminished by 19: required the 
numbers. 

1 15. Required 3 numbers in geometrical progression, such 
that their sum shall be 14 and the sum of their squares 84. 

116. A pound of coffee lasts a man and wife 3 weeks, and 
the man alone 4 weeks : how long will it last the wife ? 

117. Two purses contain together I300. If you take $30 
from the first and put into the second, each will then 
contain the same amount : required the sum in each purse. 

118. A clothier sells a piece of cloth for $39 and in so 
doing gains a per cent equal to the cost. What did he 
pay for it? 

119. A settler buys 100 acres of land for I2450; for a 
part of the farm he pays I20 and for the other part $30 an 
acre. How many acres were there in each part ? 

120. What is the sum of the geometrical series 2, 6, 18, 
54, etc., to 15 terms? 

121. There are 300 pine and hemlock logs in a mill-pond, 
and the square of the number of pines is to the square of the 
number of hemlocks as 25 to 49 : required the number of 
each kind. 

122. A ship of war, on entering a foreign port, had 
suflBcient bread to last 10 weeks, allowing each man 2 kilo- 
grams a week. But 150 of the crew deserted the first night, 
and it was found that each man could now receive 3!^ kilo- 
grams a week for the remainder of the cruise. What was 
the original number of men ? 
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521. To Extract the Cube Root of Polynomials.* 

I. Eequired the cube root of a^ + ^aJ^ — 3a* — iia' 4 
6a«+ 12a — 8. 

OPERATION. 

a'+3a*— 30*— iia*+6a'+i2a— 8 ( a'+a— 2, Boots 
a*, the first subtrahend. 

ist Trial Divisor, 3^** ) 3a*— 30*— iia', etc., first remaiDder. 
Com. D., 3a* + yi^ + a* ) 3^^*4-3«^+ a^ 

2d Tr. D., 3a* + 6a' + 3a* ) — 6a*— 12^8+ 6a* + 12a— 8, 2d remainder. 
Complete Divisor, 

30* + 6a*— 3a* — 6a + 4 ) —6a*— 12a* + 6a' + 12a— 8 . Hence, the 

EuLE. — I. Arrange the terms according to the powers of 
one of the letters, take the cube root of the first term for the 
first term of the root, and subtract its cube from the given 
polynomial. 

II. Divide the first term of the remainder by three times 
the square of the first term of the root as a trial divisor, and 
the quotient will be the next term of the root. 

IIL Complete the divisor by adding to it three times the 
product of the first term by the second, also the square of the 
second. Multiply the complete divisor by the second term of 
the root, and stcbtract the product from the remainder. 

IV. If there are more than two terms in the root, for the 
second trial divisor, take three times the square of the part 
of the root already found, and completing the divisor as 
before, continue the operation until the root of all the terms 
is found, (See Key) 

* For Homer's Method of Approximation, see p. 269. 
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2. Required the cube root of a^ + ^a^b + ^aV^ + J*. 

3. Find the cube root ofa:^ + 6x^+ i2X + 8. 

4. Find the cube root of a;^ — 6x^y + 1 ixy^ — 8^. 

5. What is tlie cube root of 8a^ — 480^ + 96a — 64. 

6. Find the cube root of 27^8 _ 54^23: ^ 36aa^ — %7?. 

7. What is the cube root of a* — 6^^ -^ i^^^* __ 200? + 
iSa^ — 6a + I. 

8. The cube root olo^ — i^^ 8a;« — 6a;» — 6a;* + 8a;»— 

522. Factor the following JPolyno^nials :* 

1. a^ ^ gx + 20. 'J, a^ + yh + ymz. 

2. a^ + ja — 18. 8, i2a2a; __ Sa^y + 4az. 

3. a^ — 13a + 40. 9. a^ — ^aJ^x -f 3aa;2 — afi. 

4. 2aSc2 — i4adc — 6oaS. 10. i — a*. 

5. a^y^ — 2a:y + i. 11. i + 8a^. 

6. 80^^ — 32^2^ 12. a^-^b^a^. 

523. Find the ^. e. c{. of the following Polynomials: 

1. 4a^ — 4ax — 150:8 and 6a^ + yax — ^a^. 

2. 4ax^y^2p, i2a^sfi, and i6ah^z\ 

3. i6a^ — ^2^ and i6x^ — Sxy + y\ 

4. 6a2 + iiflja; +3^:2^ and dc^ +'jax — 30^. 

5. a* — S*, and a^ — i^a\ 

6. 7? — a\ and x^ — aK 

524. Required the £. c. m. of the following Polynomials. 

1. 6^2 — 4a, 40^ + 2a, and 6a2 + 4a. 

2. 4 (i + dPj, 8 (i — a), 4(1-— a^)i and 8 (i + a). 

3. a^ — 2a + I, a* — I, and a^ + 2a + 1. 

4. 12 (a^ — h^), 4 {a^ + ab), and 18 (a2 _ 52j^ 

5. 4^2 _ i^ 2a — I, and 40^ + i. 

6. 4 (i + a2), 8(1+ a), 4(1 — flf2)^ and 8(1— a). 

* The following problems are classified and may be studied in con- 
nection with the subjects to which they xete, ox >oft wdaXXkA. \SW}q!^ 
other parts of the hook are finished, at t\iei oi^t\ou oi\Jckft\.«w3si<iX» 
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525. Unite the following Fractions: 

X — 2 32? — 3 

3 5^ 

2a ^a — 2x X — a 

g — ft ft — g g — g +gg . 
ah be ac 

$. Prom a + 3A ^^— take 3a — A H — i— 

6. Prom 5a? + T take 2a; • 

c 

X I 

7. From a + a? + -7; 5, take a — a? H ; — • 

' a^ — y^ X + y 

8. From "^ take • 

a a — I 

0. From take •*• 

^ I — ic I — a' 

526. Multiply the following Polynomials: 

a — h .2ft a^ a;2 — ^.a 

1. I --7 X 2 H 7- 5- — \ — X r^« 

a + ft a — ft^'ic + y aft 

4a , 3a; 2ft , 3:1: ,2 5ft 

2. — + ^ X 1- — • 6. «« — I X — ^ — • 

3a: 2ft 3a; 4a a — 1 



X — y ' 2a 5a — 10 

4. — 5 ^-i X T — • o, y ; — X y H -^ * 

^ 2a^ — Sa^ 2ift ^ iz^ + y a?— y 

527. Divide the following Quantities: 

. 2a 2a xy 2V 



a— 3 a— 3 2^ — 2 y— I 

I j_ £ aft + ft^ ft 

'• rc"^a;y^"^^""^ ■^'y' 5- a3-ft3"^a-ft* 
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528. Shnplify the following Fractions: 

3a x^ 



2a — 2 x^ — y^ 
9- T" 



a — I a? — y 



2 



— I 



+ I 



, « 1,1 

8. iS-. 10, 



529. Solve the following li^u^itions: 

1. A house and barn cost I850, and 5 times the price of 
the house was equal to 12 times the price of the bam. 
Eequired the price of eacli. 

2. A, B, and 0, together have 145 acres of land ; A owns 
two-thirds and B three-fourths as much as C. How many 
acres has each ? 

3. From a cask ^ full of water, 21 liters leaked out, when 
i the water was left. Eequired the capacity of the cask. 

4. ^x 4 = • 

^ 4 3 12 

, 3^ + 9 _ 7^ + 5 16 + 43; , ^ 

5. — J- 0. 

2 3 5 

, ic + 8 x — 6 

0. [- X =: X + 2. 

4 3 

. a: + 8 ic — 6 

7. a; — 2 = a; + 



8. 



4 
2a; -f- 



--(=^)=- 



3 

9. The hour and minute hands of a watdi are together 
at 12 M. At what time between the hours of 7 and 8 p. m. 
will they again be in conjunction ? 

10. A merchant supported himself 3 yrs. for £50 a year, 
and at the end of each year added to that part of his stock 
which was not thus expended, a sum equal to.^ of this part. 
At the end of the third year his original stock was doubled. 
What was that stock ? 
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530. Solve the following Sitnultaneotis Equatiansf 

I. 4i±^=,6. 3. ^-^ =9. 

6x 6y 20? — 2y 

«2 3 4 ^ 

•. 5 + ^ = 8. 4. ? + 2 = S. 

32 23 

— I — = 7* — — = c. 

23 3 4 

5. A man bought a horse, buggy, and harness for $400 ; 
he paid 4 times as much for the horse as for the harness, 
and one-third as much for the harness as for the buggy ; 
how much did he pay for each? 

6, What number consisting of two figures is that to 
which, if the number formed by changing the place of the 
figures be addedy the sum will be 121 ; hut it subtracted, 
the remainder will be 9 ? 

10. xy = 600 ; 
xz = 300 ; 
yz = 200. 

«• i+r=i; II. a? + ^- I = 19; 

2^34 ' 

X z 

- + y -f - = 33- 

12 w + 50 s= a?; 
X + 120 = 3y; 
y + 120 = 2z; 

z + 195 = 3^- 

13. A's age added to 3 times B's and C's, is 470 yrs. ; 
B's added to 4 times A's and C's, is 580 yrs. ; and C's added 
to 5 times A's and B's, is 630 yrs. What age is each r 

14. What 3 numbers are those whose sum is 59 ; half the 
difference of the first and second is 5, and half the differ- 
ence of the first and third Ib 9? 



X 


+ y-^z = 


0; 


X 


+ z — y = 


2; 


y + z-^x^ 


4- 


X 

l 


+ f=i; 




X 

b 


+ 5 = t; 




y 

6 


, z 

+ 5 = 1. 




to 


+ x + y = 


6; 


W 


+ X+ z = 


9; 


w 


+ y + « = 


8; 


X 


+ y + 11 = 


7- 



/ 
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531. Generalize the following Problems and translate the For- 
mulas into Rules* 

1. A dishonest clerk absconded, traveling 5 miles an 
hour ; after 6 hours, a policeman pursued him, traveling 
8 miles an hour. How long did it take the latter to over- 
take the former ? 

NoTB. — Substitute e for clerk's rate, p for policeman's nXe, n ioi 
oamber of hours between starting, and x for the time required. 

Formula. x = • 

2. A can do a piece of work in 2 days, B in 5 days, and 
in 10 days ; how long will it take all working together 
to do it? 

NoTB. — ^Let a, b, and e represent the numbers. Then x ^ dbe-^ 
(06 + ac + be). 

Formula. x = -^ — ; r-£— 

ab + ac + be 

3. Divide I4400 among A, B, and C, in proportion to the 
numbers 5, 7, and 10. 

Note. — Put «, 6, and c, for the proportions, 8 for the sum of the 
proportions, and n for the number to be divided. 

4. A father is now 9 times as old as his son ; 9 years 
hence he will be only 3 times as old : what is the age 
of each? 

532. Expand the following by the Binomial Theorem s ^ 

1. {2a — 36)^ 4. \x^ + f)\ 

2. (32? + 2yY. S- (« + «"^)** 

3. (i + 3«K 6. (a« - 2a)\ 

533. Find the Product of the following Powers / 

1. dbor^ by a?. 3. ar^ by ar^. 

2. M'-^ar^ hj cr^VhrK 4. y-^hjy\ 

534. Divide the following Powe^^s: 

J. 6a^hj;icrK 3. i2Q(r^\s3 a?c^- 
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535. Transfer Denominators to Numerators, thus forming 
entire Quantities. 

536. Unite the following Radicals: 

1. \/48 + V27 + V243. 4. X A/25^ + Vz^o. 

2. Vsic — ^962: + \/24a:. 5. VSoa^ — ^2odh:. 

537. Find the Product of the following Madicals: 

1. (a + y)« X (* + h)n^ 3- (^* + y)^ X {x + y)i. 

2. 4 + 2 V2 X 2 — Vz. 4- 3^ y^d + y X 4 Va. 

538. I>ividing one Radical by Another. 

1. (a%)i -^ (aa;)^. 4- (* + y)* -^ (* + y)** 

2. 24a; Voy -T- 6 \/a. 5. 4a Vab -h 2 V^» 
3." Vi6a8— I2a2a; -1-20. 6. 70 v^ -5- 7 'V^. 

539. Required the Factors which will Rationalize the fol* 
lowing Radicals: 

I. 2 V« + \/7. 4. \/s — Vi. 

2. x+Vy. 5. 4^2^ — sVy. 

3. The denom. of — ;= • 6. The d. of '^ — • 

2V3 V3 + V2 + I 

540. Solve the following Radical Equations: 

1. Given Vx + i = Vn + ^, to find x. 

2. Given Vx + 18 — ^5 = ^/x — 7, to find a?. 

3. Given a/o?* — iF =5. 5. (13 + ^23 + tj'^t = v 

6 ^ ^ , 

-^ y = V3 +«. 6. 2 va = V X -V ^o- 
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541. Solve the following Quadratics i 
3^ — 3 .3^ — 6 

i6 loo — gx 

afi ofi _^ I 

V4^ + 2 _ 4 — \/ 5 

4 + V^ V5 

5. Find two numbers whose difference is 12, and the sum 
of their squares 1424. 

6. Eequired two numbers whose sum is 6, and the sum 
of their cubes 72. 

7. t)ivide the number 56 into two such parts, that their 
product shall be 640. 

8. A and B started together for a place 150 miles distant. 
A's hourly progress was 3 miles more than B's, and he 
arrived at his journey's end 8 hrs. 20 min. before B. What 
was the hourly progress of each ? 

9. The difference of two numbers is 6 ; and if 47 be 
added to twice the square of the less, it will be equal to the 
square of the greater. What are the numbers ? 

10. The length added to the breadth of a rectangular 
room makes 42 feet, and the room contains 432 square feet. 
Eequired the length and breadth. 

11. A says to B, the product of our years is 120 ; if I 
were 3 yrs. younger and you were 2 yrs. older, the product 
of our ages would still be 1 20 ? How old is each ? 

12. v^ 4- V^ = 6 Vx. 

13. X + Vx + 6 = 2 + 3 Vx + 6. 

14. A man bought 80 lbs. of pepper and 100 lbs. of 
ginger for £65, at such prices that he obtained 60 lbs. more 
of ginger for £20 than he did of pepper for £10. What 
did he pay per pound for each ? 
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542. I. Divide 150^ — ^ by a; — • 

2. Divide a* — J* by (a — b). 

3. Solve the equation x + = 12 — - — — ^• 

4. Multiply 3 a/4S — 7 a/? by V^ + 2 Vpf • 

5. Divide a^i^ by a^bk 6. Divide xy~^ by x^y^i. 

7. Given ^a>^ + 2X — 9 = 76, to find x. 

8. Given ^x^ — |a; + yf = 8, to find a?. 

9. Find two numbers, the greater of which shall bw to 
the less as their sum to 42, and as their difference to 6. 

10. Find the value ofi+J + ^ + ^ + etc. to infinity. 

11. Find the third term of (a + J)^. 

12. Expand to four terms (i + x^)~'i. 

543. I. Divide . ^ + - by — ' — ^ ; — • 

^ + y y y « + y 

2. Find the product of a^, at, a^ and a~A. 

2a^ 



3. Solve the equation x + V^^ + a;^ = 

4. Solve 2£ ^ ^=a 

a; a;+i a? + 2 



VoM-^ 



5. Solve Va: — i = a: — i. 

6. Find the value of f + i + f +, etc., to infinity. 

7. Given x-\-Vxi a;— Vi :: 3 \/a:+6 : 2 Va?, to find x, 

8. Expand to four terms {a^ + a;)^. 

9. Expand to four terms (a^ — y^)"^. 

544. I. Find the g, c. d. and the I. c. m. of (2/^^^^^^ + 1 ) 
and (8ia8j4 _ i) by factoring. 

,. Diyide -^ by ^5^- 
25 va^ 2\abv<j? 

3. Solve the equations 2a; — y = 21, 23;* + ^'= 153. 
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4. A person buys cloth for $90. If he had got two yards 
more for the same sum, the price would have been 50 cts. 
per yd. less. How much did he buy, and at what price ? 

5. Expand {a — b)^ by the binomial theorem. 

6. Factor 4^? — 9^*. 

7. Multiply 3 Y I by 2 y g. 

8. Given x+2y = 7 and zx+^y = 12, to find x and y, 

9. Eeduce a V^^cfi^ and Vjf to their simplest forms. 

^. X — 5. a? X — 10.^, 

10. Given + - = 12 , to find x. 

32 3 ' 

X OS "~— (Z 

645. I. From 3a? + -? subtract x • 

2. Multiply together j^y^ j^, and i + j~ 

3. Extract the square root of SaJ^ + a* — ^b + 4^*. 

4. From 2 'V^320 take 3 V40. 

5. Divide a"*?! by a4s~i 6. Solve a;* + 4a? = 12. 

7. Solve a? — a: V3 = a? — -J V3. 

8. What two numbers are those whose sum is 2«, and the 
sum of their squares is 2J? 

9. What two numbers are those whose difference, sum, 
and product are as the numbers 2, 3, and 5 respectively ? 

10. Find three geometrical means between 2 and 162. 

11. Expand to four terms • 

Va;« + c? 

646. I. Divide 12a;* — 192 by 3a? — 6. 

2. Divide sfi -{ 7 by 7 — m. 

3. Solve the equation 21 + ?^^ = 5^ + 2Ill2f . 

4. Find the product of a^^ a*, a*, and a"*. 

5. Solve the equation — — -—^- = 2. 

X 23/ 

6. Find 6 arithmetical means between i and 5a 
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7. How many different combinations may be formed of 
eight letters taken four at a time ? 

8. Expand {a — b)~^ to four terms. 

9. Divide 150 into two such parts that the smaller may 
be to the greater, as 7 to 8. 

10. Given 52? + ay = 29 and 2^ — re = — i, to find 
z and y. 

2 I 

547. I. Solve the equation — : 1- 4 = a 

2. What is the relation between a, op, and cr^ ? 

3. Find two numbers such that the sum of J the first 
and f of the second equals 11, and also equals three times 
the first diminished by the second. 

/ J\® 

4. Give the first three and last three terms of 1 2a ] • 

5. Find the ff. c. d. of a^ — S^ and a? — zdb + V. 

6. Find the I. c. m. of (a' — a^), and 4 (a — x), and 
(a + x). 

A jj 13^ — 29J yb — 2ia J 9J — ii« 

7. Add -^~ ^ , — ^ =T, and ^ TTn* 

8. Find the value of x in V^*^ + a = Vx + a. 

548. I. Eeduce — -^- — 5 5 to its lowest terms. 

a^ — ic3 

2. Multiply ar^V by -jp: ; and divide flr^J* by -j;= 

3. Solve the equation 7 — Hi— = -. 

^ 35 6a? — loi s 

4. Given7^-(:r-^^=-^) = 7. 

5. Solve the equation 1- 7I = 8. 

6. It is required to find three numbers such that the 
product of the first and second may be 15, the product of 
the first and third 21, and the sum of the squares of the 
second and third 74. 
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7. Find the sum of n terms of the series i, 2, 3, 4, 
S, 6, etc. 

8. Expand to five terms (o^ — ^yi. 

9. Find the sum of the radicak V300 and VJs* 

X 21 

xo. Solve the quadratic - A = V^ 

7 ar + s ^^ 

549. I. Find the sum and difference of ViSS^and 

2. Multiply 2 V3 — V^ by 4 \/3 — 2 V— 5. 

3. Solve the equation —^ — |- ^ "" = 7 — . 



4* Solve the equation 



7 s • 4 

a? — 3 a? — 4 7 



a; — 2 X — 1 20 

5. The sum of an arithmetical progression is 198 ; its 
first term is 2 and last term 42 ; find the common differ- 
ence and the number of terms, 

6. Expand to four terms (cfl — J^)i 

7. Simplify the radical {cfi — za^ + aV)^. 

8. A and B together can do a piece of work in 3I days^ 
B and C in 4f days, and C and A in 6 days. Required the 
time in which either can do it alone, and all together. 

9. Find 3 numbers such that the prod, of the first and 
second may be 15, the prod, of the first and third 21, and 
the sum of the squares of the second and third 74. 

550. I. Given - + - = 2, - + - = 3, - + - = 35 find 

X y ' X z y St 

X, y, and z. 

^. 3 8 — a; a:— 11,^, 

2. Given tr-^ = , to find x. 

8 — a? 3 12 ' 

3. Find the I. c. m. and g. c. d. ot a? + 4X ^ 21 and 
jc^ — a; — 56. 

4. It takes A 10 days longer to do a piece of work than 
it takes B, and both together can do it in 12 days. In how 
many days can each do it alone ? 

5. Substitute y + 3 for a: in r/:^ — a:^ + 2a:^ — 3 ; simplify 
and arrange the result. 



AIsrSWERS. 



INTRODUCTION. 



Bage 15, 

I, 2. Giyen. 

3. 2 cts. A, 6 cts. 0. 

4. $8, h. ; I32, c. 

5. 9 and 27. 

6. 4^,0; 8/?, B; i6j9, A. 

7. i2y, son ; 36^, father. 

Page 16. 

8. $20, B's ; $80, A's. 

9- IS. 30. 45- 

10. I7, calf ; I56, cow. 

11. I5.25, bridle; 
$10.50^ saddle; 
li 10.25, horse. 

12. $3000, daughter; 
$6000, son ; 
I27000, wife. 

13- 234, 702, 936. 

I^age 19. 

1-3. Given. 

4. 98^. 

5. 18. 



6. 10. 

7- 34- 
8. 17. 



I'age 21. 



I. 60. 



2. 40. 

3. ac + 8J. 

4. s5 — 2d. 

5- 35- 

6. 24. 

7. 3^ + 2y + aJ. 

8. 6^ — *jcx + 3a. 

9. T)xy + ca;y. 



10. -^^-^ + a. 



II. 



2Z 

b ^a 



+ 2«. 



xy 

12. 3X + xy + 6yz. 
ax — ay — Ix + by 

'^' 5 

14. 92. 

15. 120. 
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SUBTEACTION. 







ADDITION. 








Page ;?^. 




JPage 26. 


2. 


16 cts., b; 


h 


2. Given. 


I. 


24^+2 J— 3d 




30 ets., k. 


3- 


2iad. 


2. 


i6r/iw— a:y+Jc 






4. 


i7^y. 


3- 


i6Jc+a;y— w^7^ 




Page 28. 


5- 


i5«^. 


4. 


4ab — 3//m + 2i2; 


3- 


26 peaches ; 


6. 


— 2 3 Jed. 


s. 


isxy+ab+b. 




49 pears. 


7. 


— 167^. 


6. 


Given. 


4. 


15 and 70. 


8. 


45aJ2. 


7. 


21 {a + i). 


5- 


IS b., 25 g. 


9- 


— 39aAa;2y*. 


8. 


igc{x—y). 


6. 


I. 


10. 


2()li^dm\ 


9- 


^a^/xy. 


7. 


7. 


II. 


Given. 


10. 


6Va. 


8. 


7- 


12. 


4. 


II. 


\o^x—y. 


9- 


356, A; 94, R 


13- 


S- 






10. 


36 and 141. 








Page 27. 


II. 


8. 






12. 


Given. 


12. 


9 cts., top; 




Pai/6 ;?5. 


13- 


a(7— 6J + 3d 




23 cts., balL 


14, 


15. Given. 




—3m). 


13- 


l9^b; I31, s. 


16. 


8a:. 


14. 


y(«^+3— 2C 


14. 


26 cts., A. K.; 


17. 


aJ6?. 




-5w). 




74 cts., p. M. 


18. 


— 1 2 J. 


IS- 


m(9 + aJ— 7c 


15. 


Given. 


19. 


— i2y. 




+ 3^). 


16. 


14. 


20. 


— 2m. 


16. 


^(i3«— 3*+^ 


17. 


7. 


21. 


I. 




— 3d+w). 


18. 


12. 


22. 


75; 


17. 


a:y(a+5— c). 


19. 


60. 


23- 


Given. 


I. 


Given. 


20. 


20. 



Pagre 31. 

1, 2. Given. 

3. i^yz. 

4. — 62^^. 

5. igab. 



SUBTRACTION. 

6. 272;^. 

7. 43ac. 

8. 37aa^. 

9. <fia%, 
10. — 44.'^J/^. 



11. 38^2^. 

12. o. 

13. — 77wi^. 

14. 53^y- 



MULTIPLICATION. 
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IS- ^150- 

16. 25°. 

17. $420. 

18. 4a;y— 6a. 

19. isi^+i6am. 

20. i8a^ + y2+6a. 

21. i3aJ + rf— a? 

—5^ + 3^- 

22. gcd — ab — 2m 

23. iSm— 23. 

24. 120^ — 13a;. 

25. i6ab+i^c+d. 

26. a — i + c. 

27. 6(a+J). 



28. 9 (a— J -I- a;). 

29. 5 (a + 5). 
3c. — 7(a«— y). 

31. $600, A's. 

32. 60°. 



Bags 33. 

33. Given. 

34. {2l) — C'\-d)x^. 

35- {ab'-c—d 

36. ^2(7— 5+c). 

37. a;(aJ— 36?— c? 

— m). 



38. a:y(8— aJ + c 

39. c(2a+Jw+d). 

Page 34. 

1-3. Given. 
4. J— c+d— w. 
5- 5^+y— «5 
+ 4* 

6. 2a—b—c+x 

+y+d. 

7. a— 5+<?— a 



MULTIPLICATION. 



jPage 36. 

1-4. Given. 

5. 42abc. 

6. ssabcxt/. 

7. Sdmxy, 

8. S^bcdxyz. 

9. $6abxy. 

10. 42acdx. 

11. 54Jct?m. 

12. 6$adfxyz. 

r<ige 37. 

13. Given. 

14. — 4Sa&a:y. 

15. 42aJcrf. 

16. i$2abcxy. 

17. — 4140^6^^. 

18. 945Jc&y. 



19-21. Given. 

22. i^^y^. 

23. 24a^^. 

24. ah^y\ 

25. a2Jm+n^ 

26. 6xhJ^z. 

27. i8a5^46'2. 

28. 18. 

29. 240. 

30. 6ar^y. 

31. — i8a*^c. 

Page 39. 

32. 4a:8y2 

33. 2iaW. 

34. ^ochfy. 

35. — 28aW 



36. -^Soi^i^. 

37. 2iaW^c^. 

38. — 28a8c*. 

39. a:2y22«. 

I, 2. Given. 

3. 6flCic2+8c2eZ. 

4. i^aWx — 6acdx 

+ 3«^- 

5. _8a2Jrf 

+6aV^d—2bdm^ 

6. — i5a*c 

+ 2oa2J2c+ioaV 

7. 8. Given. 



JPagre 40. 

I. 6ax-\-^bx 
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DIVISION. 



J*aj/e 40. 

2. S^x+4at/ 

3. izM^^cd 
— 4ab+ac. 

4. 6bxt/ — 2ab 

+ 6cxy — 2ac. 

5. ^ax+4bx — ex 

6. sax+$at/+az 
+ Six+^ii/+bz. 

7. i4cdmx — 6abm 

— 2icdnx+gab?i. 

8. 24abcx+i2mx 

— Z2abcy — i6my. 

11. ^dbifxyz'^. 

12. iidb(M'^^\ 

13. ah?^. 

14. cx{a+l)\ 

15- S^(«— ^)^* 
16. afc(a;+y)*»^-". 

20. a^+¥. 

21. a*+a%^+J*. 

22. a;*+a;2_|_i^ 

«3- z^+^y 

— 13x2 — 43^y^ 
+ 222:^—30. 



I, 2. Given. 



24. 24ah^'—6d^y\ 

25. 6^+5rfa?+cda? 

26. Given. 

27. d^—yK 

2Z. a*4-a8+a+i. 

+3a2/®+jA 

30. a*"+2a"*J» 

31. a;2+2a:y+2a:j!P 

Pagre 43. 

1. a^+2a+i. 

2. 4a^+4a+i. 

3. 4o2_4^_^j2^ 

4. ic2+2a:y+y2. 

5. x^--2xy-\-yK 

6. 1— a?^. 

7. 49^— i4/+y^ 

8. i6m2 — 9/^2. 

9. a^—f. 

10. I — 49ic2^ 

11. iSos^-^^tX+i. 

12. 25J2_|-io5+i. 

13. i^2X+a^. 

14. i+4ic + 4a^. 

15. 6462—480} 

DIVISION. 

S- 5- 

6. 20. 



16. a^l^+2aicd 

+ (?d^. 

17. 9a^^4f. 

18. re*— ^. 

19. iK^ — 2Xj^+y^. 

20. 40* — a;2. 

I, 2. Given. 

3- 36. 

4. 24 chickens. 

5. Given. 

6. 48. 

7. 196a 

8. 196a 

9- 25. 

10. 16). 

11. 56. 

12. 77. 

13. 36 apples. 

14. 70 sheep ; 
100^ both. 

15. 16 and 12 

16. 24 plums. 

17. 42. 

18. 144. 

19. 2if ; i4f 

20. i4i^ bu., one; 
6^ bu., other. 



7. 5^ 

8. 3Jft 

9* ^mn. 



lo, II. Giyen. 

12. ^^c. 

13. 7*. 
14- 5^- 

15. —6b. 

16. jd/. 

Piige 48. 

t8. Given. 

19. dK 

20. cfi. 

22. jA 

23. 4& 

20? 

y 

25. Given. 

26. 8aZ>c2. 

27. — 6xz, 

28. 5^5. 

29. 7ic2y. 
abc. 
2abc. 

I2a?3 

36. i2a?A 
37* wnfin. 

Bage 49. 

1-3. Given. 
4. J^+^+d*. 



30 
31 
32. 

33- 

34. 

35. 






Divisioir. 

6. 3*^—1 +4J. 

7. 2jy8 — ^. 

8. — 2a?+y. 

9. ^+^-_i. 

10. — 5a— 4J + 6. 

11. 3^5— 3a. 

12. — 4a?J— 3^ 

13. a8_j^^2j. 

14- i+sa-^gad. 

15. 2a— 45— 5c. 

16. 2(a+5)2 

+32? (a +5)2. 

17. 9^— 9y- 

18. a? (*—£?) 

19* Sf^^—^a. 
20. a— a^^^^ 
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I, 2. Given. 

3- i»+y. 

4» a— J. 

5. a^— 2a5+J3, 

6. £?+rf. 

7. 2?— et 

^ 2«+3y- 
9' «— J. 

10. a:+y. 

11. a*+«J+8l 

12. sa+2b. 

13. a+a. 



1 14. Cfi^2aXr^SI^. 

15. 2a,'8+ 40^^+82: 
+ i'6. 

16. x+s. 
17- a;— 2. 

18. c — X. 

19. a +5. 

20. 2 (a— 5). 

1. 10 yrs., son ; 
46 yrs., father. 

2. 15, F.*s m. ; 
45^ J.'s m. 

3. 12 and 60. 
4- 12 and 45 p. 
5. 31 cts., ist; 

62 cts., 2d; 
97 cts., 3d. 






rage 52. 

6. 20 cows ; 

180 sheep. 
7* i3j^ less; 

43i> greater. 

8. 9. 

9. 5 hours. 

10. 8. 

11. 7. 

12. 5 of each. 

13. 4 hours. 

14. 33J. 
IS- 10. 

16. 7 m., A's No. ; 
14 m., B's ; 
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FACTOBIKG. 



17, 12a?, A'sm.; 
$4X, B's m. ; 
tSx, Cb m. ; 
I142;, alL 



iS. s, 15, and 20. 
19. 10, A^s; 

20, B*s ; 

30, C's. 



20. 8^ 16, 24. 

2t. 24. 



FACTORING. 



I, 2. Given. 

3- 2, 3, 3, aa55. 

4. 2, 2, ^bxxxyy. 

5. 5, 7, aadbhcc. 

6. 3> 7. iryy^;^;;?. 

7. \ixxyyyz. 

S« 5^ 5> ahbcxxx. 

9. 7, uadbccd. 

io« S> iZyinmnnnx. 

Puge 55. 

1-3. Given. 

4. 5 (y + c + 3a:). 

5. 2a (a; + y — 2i2;). 

6. 3^6? (a; — 2X — a). 

7. Mm {n — 3). 

8. 7a (5m + 2a;). 

9. 2'jd(dx — 27wy). 

10. 3a2(2j + 3c). 

11. 7«^y(3^ + 5)- 

13. x{i -\- X + a^). 

14. 3 (a: + 2 — sy). 

15. 19a' (a; — 1). 

Page 56, 

I, 2. Given. 

J. ('^ + i)(a + i). 



4. 

5- 
6. 

7. 
8. 

9- 
10. 

II. 

12. 

13- 
14. 



I. 

2. 

3. 

4. 

5- 
6. 

7. 
8. 

9- 
10. 

II. 
12. 

13. 
14. 

35- 



(7/1 + 2w) (m + aw), 
(4a + i) (4a + i). 

(7 + s) (7 + 5). 

{2a — 3J) (2a — 35) 
(y + i) (y + i). 

(l -c2)(l-c2). 

(af* + y") (a:^ + y«). 
(2a»— i) (2a'»— i). 

{ax^ + y) (aa^J + y). 



jPage 57* 

Given. 

{a + a;) (a — a;). 

(3« + 4y) (3^ — 4y) 
(y + 2) (y - 2). 

(3 + ^0 (3 — x)' 
{a + i) (a — i). 
(i + ^) (i - b). 

(5« + 4*) (5« — 45). 
(2^ + y)(2a; — y). 

(i + 4«)(i — 4«). 

(5 + i) (5 - 0- 

(a^ + y2) (a4J _ y8). 

(a.r + 5y) {ax — 5t/) 
(m2 -i- w2) (7?l2 — w2). 



MULTIPLES. 
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Page 59. 

I. Given. 

7. (a:— i)(a;' + a?+ i). 

4. (a:— i){x + i). 

5. (i_6y)(i +6y), 

6. Giyen. 

7. (J — ir) (J + x), 

9. (« + *) («* ~ «*5 + «^^ 

10. {x+i){oi^'-'X^ +X-' i). 

11. (i + a) (i — a + a^ — a^ 
+ a* - a*). 



12. (a + i)(a^ 
— a* + a8 

13. Given. 



(f + a^ 



Page 60. 

14* (a? + y) (a:* — a:8y + a^V 

IS- (« + i)(a* — «4- i). 
16. (a + 1) (o^ — a^ + a* —a 

+ 0- 

18. {1 + a){i — a + a^^cf 

+ «*). 

19. (i + J)(i-J + J»-5« 

20-28. Given. 



I, 2. Given. 

3* ^ 

4. & 

5. «c. 

6. 2a^ 

7. 7WI. 

8. 6a& 



Bage 68. 

I, 2. Given. 

3. 560*52^8^. 

4. Soofiyhfi. 

5. goa^b^(fi. 

6. 4200*^. 



DIVISORS. 

Pagre 65. 

I, 2. Given. 
3- 3^0. 

4. 2aa;y. 

5. 4ah^z\ 

6. 6fla^A 

1-5. Given. 

6. X — y. 

MULTIPLES. 

7. z^S^y^^' 

8. 84^^7*2^, 

Pagre 69. 

9-11. Given. 
12. a* -l-a^J — alfi 



7. a + J. 

8. b + 2. 

9. a; + 3. 

10. a — 2. 

11. a + 3. 

12. a: + I. 

13. « — J. 

14. a — b. 

15- «* + 3^+3«^ 
+ 1. 



13. a^ + a?» — X — I. 

14. 6cfi + iia' 
— 3a — 2. 

15. m* f 2m' — ill 

— 2. 



I 
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EEDUCTIOK OF FRACTlO*rS. 



REDUCTION OF FRACTIONS. 



J^age 74. 



1-3. Given. 

I 

4. — • 

sac 

6. h 

*jab(? 



7 
8. 

9- 



• — I 
a + b 



10. 



zy — z^ 



2a;— 2% 



I 
II. — 
X 



12. 



14. 

IS- 



^J^f 


X 


a + X 


I 


a— I 


I 



i^ + y 



J^age 75. 

1. Given. 

2. a — a;. 

4. 5 ^ c. 



5- 


' + '' + l>-c 


6. 


a — b. 


7- 


2ab 
* + 7. 


9 


« 1 -»• 1 



a — x 



I. 2. Given. 
2^ 



6. 

7. 
8. 



io^<i + a — c 

lb 
a^+ 2ab + i^ + 2a 
a + b 

a^ — X 

• • 

X + I 

i2ac — a + b 

39^J2_3?. 
S^ 



rage 76. 



I. Given. 
1 27nx 



6m 
24a^x 



4ab 
iSaa^ + 24fi<? 

x^ — f 
x + y' 

6a^a^y — 462:^^ 
3a^ — 2 J 



jPaflrc 77- 
I, 2. Given. 

210? 



49a 

a;^ — y^ 
^' a:^ — 2a;y + y*' 
32^8 (a; + y) 

8aH^ + yK 



BEDUCTION OF FRACTIONS. 
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3- 



rage 78. 

2. Given. 

zhd dhi 



2 ex 



4. —r. 



idx^ 2dx^ 2dx 
a(hf 2hxy 2(?qi>^ 



2&xy^ 2(?xy^ 2&xy 
20^ + 2ab ^hx 



6. 



S. 



ID. 



II. 



3«^ + 3^' 3«* + 3*^ 
a^ — 2xy + y^ 

^ — f ' 
a? + 2 xy + y^ 
^— ^ 

a^ + ab i5g — 3 
3« ' 3« * 
irfa; 2arf be + b 
'bd' W ~bdr' 

2¥c—2l^d z^c^^ad 

z^c±zm 

3^c — ^d 

2bxy bz 4az 
2bz ' 2bz^ 2bz 

ax + ay 6x + 6y 



12. 



2X + 2y 2X + 2y 

2X^ + 2yg 
2X + 2y 

c? — 2ax + ^ 

C? + 2flKg + g^ 



I. 
2. 



6. 



8. 



lO. 



II. 



12. 



13- 



Given. 

2acx ^W(? bxy 
/^bcx^ ^bcx^ 4bcx 

Z(?d 2bcx 2fixy 

————— , ■ • 

Zabc z^^^ 3^^^ 

6ay ^by z^V i^aj 
\2y^ i2y^ i2y' \2y 

^abc^ Scd bx^y 

i6a^b iSa^c 240? 
24a^c^ 24a^c^ 24^%' 

Za^c 
24^2^? 

ac 2cd 2xy 
2bc^ 2bc^ 2bc 

{a-hby {a^bf a^^V 

^yjx+y) 6a(x-hy) 
6xy{x+yy 6xy{x+yy 

abxy 
6xy{x^y) 

ad bx 
aW' aW 

Wcdx acdm alhf 
W&d' W^' W&K 

cc^z ayz+byz dy^ 
xyh^ xyh ' xy^z 

4cmx^ + 4cn3^ 
i2a^cx^ ' 

Sacm — 6acn z^^^ 



i2a^cx^ 



i2a^cx^ 
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ADDITION OF FRACTI0K8. 



ADDITION OF FRACTIONS. 



rage 80. 

I, 2. Given. 

270^ 

3- — — 
2xy 

Sgdxz 

Sabc 

5- r 



6. 



7^ + 2b 



7. Given. 

Pagre 81. 

8. Given. 

45a + 12a; 4- 2oy 

8aa; + 6 -f gay 



10. 
II. 
12. 

13- 
14. 

IS. 
16. 



12a 
aS — ac + 5ic + ca: 

3^ — y 

2a;y 

2a -f 202: + 3 

ay 

ax^ay + abx + aby 
a:? — y2 

SccP -f 3oa:y + 36^0^ 

^aJi — 2dn — ^ 
3^A 



17^ 



18. 



am — dy 

my 
wa; — mx — Ay 



my — ny 
19. — 6. 

4arfa; + 6bcx — bdm 



20. 



bdx 



1. Given. 

2. a + c + 



bx + 2d 

2X 



3' ^ + 



am — ay — bx +bd 



bm — by 



4. sd +a+ b — c 



xy+z 



5' 5^ + 



2a — by 



rage 82. 

6. Given. 
^bd + 2a 



8. 





h 




a 


+ *- 


■Acy 




c 




X 


+ y- 


■ d» 



10. 



a 

^a? — 2a:y — y^ + a-— ft 

a; — y ' 

a: — y — a^ -f- 6aJ — 5S* 

II. ^ 7 • 

a — ft 

2a^4-2a:y— 2a;— 2y+a+ft 



12. 



MULTIPLICATION 0^ FRACTIONS. 
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SUBTRACTION OF FRACTIONS. 



Page 83. 

I, 2. Given. 
gahc 

4* — — — — • 
a 

5, 6. Given. 

ay — dm + hm 

?• ' • 

my 

g iy — dy + bm 

my 

lyd — ga 
o, • 

^ 12 



hy + hm + dm 

io« "^ • 

my 

A — my 

y 

. M + cA 
i2« a + 



13^ 



cd 
6a + sb — 26? 



ad + ay -- be + ex 
bd — d/x-^-by-^xy 



15. « — 



2X'\- zdy 
2y 



a^ — y8 — log -{- loft 

loic + \oy 
6 



17 



MULTIPLICATION OF FRACTIONS 



Bage 85. 

1-4. Given. 
5- A + 3A 

, ab 
o. — • 

4 

Ccx — gey + 4dfo 



-.66?y 



15c + 4rf 



8. 2abe. 
a + b 



10. 



4 + Sy 
2a^ + 2a^ 



13. a^A 



14. 

IS- 
16. 



5 

5 

9^ — si 



17- 3^ + 3^ 



18. 



a? — « 



* + I 

11. ^a? + 120?. 

12. 200? — 2Ja? + 3a 



-3 J. 



Page 87* 

I, 2. Given. 
3. 6xy. 
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MULTIPLICATION OF FRACTIONS 



dx 

4* — • 

ay 

c, ^— • 

6. —3 

7. 21^. 

9, I a Given. 
II. ^ — ^ 

J — 2a 

12. r— 



»3« 



14. 



3«* 
g2a. ^ fl^a ^ fl3 

fl?y + 23? + ^ + 2y 



re* — V* 

i6« 2b + 4. 

Page 88. 

X. Given. 
dbdx 



2. 

3- 
4- 



y 

dbd + gg<? 

a?y 
iwa? + nx 



4ae + 4ch 
5- d 

y 



8. 7a? — 7flKR 

3 

3«^ 

■ > 

2 
200:^ + zax 



9- 

lO. 

II. 



12. 



13 



32^ — 3 
8a^ 



a + J 
dam 



a? + I 
2g&a;ff + Way 
4a + A 
15. I — w. 
9ca; — 3ete 



2. 


3a; (y+ i). 


<9 


ary + 2a; + jr^ + 2jf 


3' 


xy 


4* 


9a; 




a 


5- 


6' 


6. 


«. 




i«« 


7. 






a? — « 


8. 


6ay. 


9- 


a?-»». 


la 


2a? + y^ 

a^ — y* 


It. 


12. 


2J + 4. 


13- 


2a(c + d)s 




y — z^ 


14. 


• • . 




2a;y 


IS- 


S2. 


^16. 


2 (-2^ + y) 

Oft 



DIVISION OF FRACTIONS. 
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DIVISION OF FRACTIONS. 



:Pajge 90. 

1-4. Given. 

2X 

^ n 



6. 



2a 



7. I+-. 



8. 



« + y 



X 



4. Given. 
a^hy 
cdx 



6. 



2y' 



a 

a^ + «^ + e^ 



10. 



II. 



12. 



a •\' c 

X + 2tf 



Page 92. 

1. Given. 

2. 3 times. 

3- S- 

8, 9. Given, 
a^ + 2a + I 



8. 


2 

a;— I 


n 


a^ — a 


9« 


2 


10. 


2o?y 
3 


II. 


6. 


T 2 


aV> 


X ^. 


2a + 2b 


1 ^ 


3^ + 3^ 


^3» 


abcxy 


14. 


X — a 
6bt^ 


T r 


Sf 



sax + say 



10. 



II. 



a^ — 2a + 1 



sfi — xy^ + ofiy — ^ 



a — b 



13 






16. 



4^y® 



3ai2J + 3S« 



18.4^. 
o 



19 
20. 



4dy 
b ' 
I. Given. 
abdn^y 



2. 

3- 
4. 



mx + wa; 

4 
ax + 0^ 



5< 



5^ 

y 

rr + I 
I 7' 3^ — 3«^- 



Pa^e 9^. 



I. 



5« 



2. 



4xyz 
SS^cd 
24sxy^' 

, 24^y 
3» 



2S(CZ 
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SIMPLE EQUATIONS. 



6. «H^-y) . 

C 

7. Given. 
a 



8. 



fo. 



a + x 

c + 2 



II. 



12. 



2(; 



-* . 



fl^ — ac 4- c^ 
4 (g^ — 2ax + a?) 

3^ ' 



13. 
14. 

IS- 


(a + hf 

X 


a^ + 20; + I 

— • 

X 



SIMPLE EQUATIONS. 



rage 97. 

• 


S- 24f 




12. 24. 


I, 2. Given. 


6. Given. 




13. 14. 


3. a — b-\-c — d. 




^ad 


14. — i^. 


4. a + &— ai + c. 




15. Given, 




8. '°« 


2J — c 






] 


[6 




Pagre 9^. 


9- ih' 






5. Given. 


i6t? 




Page 10'^. 


6. 2 — a + b. 


10. — • 
IS 




16. 12. 


7. ^ + c — a — 3. 






17. 60. 


8. ad — bc+ 27n 






18. 4. 


— 8. 


Pcitflrc . 


101. 


19. 20. 


9. 17 — ^db — d. 


I. 8. 




20. aJ) + CLC 


10. ^cd + d — ^bh 


2. 50. 




dn 
21. — • 


— I. 


3- 30- 




a 


II. 32 — c + J. 


4. 9. 




6c 


12. II. 


s- 7. 




3a + 20 




6. 9. 




ad-— be 
23. • 




7. 72. 




^ ac 


Pagrc 100. 


8. 30, 




2ab 


I, 2. Given. 


9- S- 




24. • 

flC — 2(? 


3. 15- 


10. 28. 




S«+ i3Si 


4. 12. 


II. 12. 




^' 24 



ONE UNKNOWN QUANTITY, 
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26. 
27. 

28. 
29. 



24 J -f 1 50c — 20a 



45 



3a — 6 



4 
I 



2a — I 



a — I 

32. 7*« 
33- 84. 



rage 103. 

34. 20. 

35- 24. 

36. I. 

37. if 

38. i6f 

39- i^V 

40- 36. 
'41. II. 

42. 1 200. 

43- I4f 
44. 5- 
45- 4f 

46. - (i — a^). 
2a — 2^ + c 

3« — 6 



47. 
48. 



66? 

51. --2. 
4 



1. Given. 

2. 18, Test; 
$32, coat. 

3. I1500, A; 
I3000, B ; 
$4500, C. 

4. 40 men ; 
80 boys; 
880 women. 

5. 40 miles ; 
80 miles. 

6. 1 33 J barrels. 

7. 12 p., ist; 
24 p., 2d ; 
60 p., 3d. 

8. 28f feet. 

9. I? 1 20. 

10. $50, B's sh. ; 
$100, A's sh.; 
1 1 50, C's sh. 

11. 18 yrs., w. ; 
^6 yrs., m. 

12. I53000. 

13. 16 and 41. 

14. $6000. 



Page 106. 

IS- 13- 

16. 30. days. 

17. 240 m., one; 
180 m.^ other. 

18. 12 in., one; 
16 in., other. 

19. $25, H, ; 

*i75. 0. 

20. 8h. 24m. A. M. 

21. 9:^jdays. 

22. 32 of each. 

23- 30^ 75? and 45. 

24. 25 cts., ch. ; 
75 cts., goose; 
$1.50, turkey. 

25. 8 ft. 8 in. 

26. 40 and 60. 
ad 



27 



, less. 



c+ d 
ac 

7+1' «^**'- 
28. $1128. 
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SIMPLE EQUATIOKSt 



Pcige 107. 

29. Given. 

30. 60 lbs., b.; 
120 lbs., HL 

31. isyrs., B's; 
30 ** A's. 

32. 32jyrs., C's; 

374 " B's; 

40J « A's. 

33. 1175 votes d.; 



1325 



(i 



s. 



34. 164 artillery; 
472 cavalry; 
564 infantry, 

35. «533iB's; 
$633f, A's; 

I8334, O's. 

36. $56.25, one; 
$93.75, other. 

Page 108. 

37- Hz^y pr. one. 

$280, ** other 
38. i4yrs.,y'ngest; 

16 " next; 

18 « eldest. 

i6| days. 

550- 

30 and i8. 

12a 

13' 
225 acres. A; 

315 '* R 



39 
40 

42 
43 



44* 2f hrs. 

45. 5, istpart; 
8, 2d '* 

a, 3d " 
24, 4th ** 

46. 9. 

47. 47 sheepi 

48. $i2a 

Page 109. 

49. 60 min. 

d 

50. . 

m — n 

51. 300 leaps. 

ab 

52. , one. 

, other. 

a — c 

53. 72 lbs. 

54. 36 honrs; 
312 miles. 

55. 2oyrs., s.; 
40 yrs., f. 

56. 280. 

57. $324, ist; 
$108, 2d ; 
$144, 3d. 

58. Given. 

Page 110. 

59. 8, istpart; 
12, 2d ** 
16, 34 *♦ 



60. 9 in. and 12 in 

61. $75. 

62. 27 days. 

63. $iS7S>one; 
$2625, other. 

64. 12 days. 

65. $720. 

66. $384, snm; 
$162, A's sh.; 
$118, B's *' 
$104, C's *• 

67. Given. 



Page 111. 

68. 6 and 8. 

69- 3456, one; 
2304, other. 

70. 3 m. an honr. 

71. 400 in., 

or 33i ft- 

72. 8 k. of one name 
6 k. of another; 
3 k." '* 

2 k. « " 

73. 7 and 8. 

74. 240 leaps of d. 

75. 100 days; 
30000 m., ist; 
24000 m., 2d ; 



SIMPLE EQUATIONS. 
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TWO UNKNOWN QUANTITIES 



Page 114. 

1. Giyen. 

2. x=S, y=4. 

3. ar=i2, y=6, 

4. a:=i8, y=2. 

5. x=i, y=3. 

6. a:=i6, ^=35. 

8. Giyen. 

9. a;=4, y=s. 

10. 2;=6, y=i2. 

11. aj=5, y=6. 

12. a?=io, y=3. 

13. a;=:ii, y=9. 

14. a:=3, y=2. 

15. 16. Giyen. 

17. ^=3y y=s- 

18. a;=4, y=7. 

19. a:=7, y=2. 

20. a?=i6, y=35. 

21. a:=3, y=2. 

1. a:=4, y=s. 

2. a:=8, y=2. 

3. x=Sf y=3' 

4. a;=:3, y=4. 

6. a:=i2, y=3. 

7. a?=3, y=s- 

8. ar=4, y=3. 



JPage 117. 

9. a?=34, y=46. 

10. a;=:49 y=2. 

11. a?=i6, y=7, 

12. a:=8, y=i. 

13. a:=6o, y=36. 

14. Xz=zlOy y=2o. 

15. a?=s, y=2. 

16. a?=2, y=4. 

17. a;=8, y=:^6. 

18. a:=:4, y=9. 

19. x=z6, 
y=i2. 

20. a?=i8, y=i4. 

1. iP=43^ y=27. 

2. 4 cts., lemons ; 

6 cts., oranges. 

3- 233 ▼• ; 142 V. 

4. 21 and 54. 

5. $48, cow; 
$96, horse. 

6. 40 L; 50 g. 



7. 3 and 2. 

8. mil m.^ one; 
9999 m.^ other. 

9. 56. 

10. $320, B*s; 
$250^ A's. 



II. 


A. 


12. 


$900, A's; 




$2400^ B's. 


13. 


31 and 17.' 


14. 


$6000 h. ; 




$2500 g. 


15- 


30 and 2o. 


16. 


$560, B's ; 




$720, A's. 


17. 


25 y. and 35 y. 


18. 


$180, ist; 




$115/ 2d. 




Fcige 119. 


19. 


140 m.^ ship ; 




1 60 m., steamer 


20. 


12 and i8. 


21. 


108 fL 


22. 


3oyrs.; 




13 verses. 


23. 


10 L ; 30 g. 


24, 


3 oxen ; 




21 colts. 


«s- 


53' 


26. 


$5000, B's cap.; 




$4800, A's " 


27. 


$21 or63g. 




an 


28. 


x = — r— * 



y = 



a 



w + I 



Z12 



OEKEBALIZATION 



THREE OR MORE UNKNOWN QUANTITIES. 



rage 121. 
1. Given. 



3. .ir=2, 
5- i*^=4. 






I. 12 yr&y ist; 
IS " 2d; 
17 ** 3d. 



«=s. 

iB=2. 

4. 630 men^ ist; 
67s « 2d; 
600 " 3d. 



$20y C 

J. 5, Zy and ii. 



50 cts., ist; 
60 ** 2d ; 
80 « 3d. 



6. 105 min.. A; 
210 *" B; 
420 « 0. 



6. Xz=z2^ y=6, ^=23. 
7' a:=7, y=io, ^=9. 
8. a;=24^ 9=60, je;=i2o. 
9-1 1. Given. 

12. «^=2, a:=3, y=4, ^=5 

13. a?=2, y=3, «=4. 

7. 18= ist; 
22 = 2d; 
10 = 3d; 
40 = 4th. 

8. 46 m.^ A's; 
9 « B's; 
7 ** C's. 

9. $64, A's; 
$72, B's; 
$84. G's. 



^age 125. 

1. 3 chickens. 

2. 30 rods. 

3« 12- 

5- 7 ft. 

6. 34. 

7. $205, $187. 

Fages 127, 128. 

8. $961^ A's; 
16 1 4, B's. 

0. 1248, g.; 
902, L 
10. 4fdaya. 
1^* Sihj% 



GENERALIZATION. 

24. 
25- 



12. 22f hrs. 

13. $67.32. 



rage 129. 

14. 9077. 

1 5* $1036.12}. 

16. 587.19 bu. 

17. i2f per cent. 

18. 40 per cent. 

19. 60 per cent 

20. $3000. 

Pages 130-133. 

21. I37500. 

22. $31250. 

23. $2700, B'a\ 
12300* 0'^ 



26. 

27. 
28. 
29. 

30- 
31. 
32. 

33- 
34. 

35- 
36. 

37. 
38. 



$5625. 
1842} A. 
$55.80. 
$190.32. 
$1253. 
$41 8.6a 
$5250. 
$3865.86. 

$i339-29' 

$222,224-* 

2}yrs. 

Given. 

3h. i6T^m.P.iL 

6h.32-^m.P.M. 

9h.49-^in.P.H. 



\ 



INVOLUTIOJ^ 
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rage 137* 

2. aW(?' 

3. ^252^. 

4. 0(^9?. 

6. i6ofiy^. 

7. 2i6aW 

8. 625ai2j8^. 

9. 64a^J«A 



INVOLUTION. 

12. (a+S)«>. 

13. {a + b)\ 

14. (a? — y)"»". 

IS- (^ + y)^' 

16. (a8 + J8)3. 

17. a^b%^. 
2'ja^b^ 



'W 



19 



20. 



8a« 



21. -^^ 



49g^y 
2* 



a* 



x» 



26. a;®+6a^+ 6a^ 
+ i2a;^+24a;y 
+ I2a;+8y8 
+ 24yJ+24y 
4-8. 



I. o< + 4a8J + 6a8J3 ^ ^^^js + J4. 

3. c^ + 7C<^rf + 2ic«d2 + 35c<d3 + 35c8dH2ic2d»+7«?+{P. 

4. a;* + 6a^y + I52:*y2 + 2oa;8y8 + 152^ + dxtj^ + ^. 

6. y^^ + loyH + 45^;?!® + i2oyV + 2\oy^i^ + 2$2jf^s^ 
+ 2ioy^sfi 4- i2oyV + 45y^;2!® + loy^;^ + ;2;^. 

7. a» — 9a8J + 36^''^ — 84a«68 + i26a«S* — i26a*J«+84a8y 

8. m^^ + iim% + 55m%2 -j_ i65m^* + 3307nW+4627w*w* 
+ 462m*^/i^ +33om^i''+i65m^^-f 55^12^9+ nmw^^+wH 

9. x^ — i2a;^^y + 66x^^y^ — 22oa^y^ + 4952^8^ — yg2x''t/^ 
+ 9240;^^ — 7920^^'' + 4952:*^® — 22o:)^'i^ + 662;^^^ 
— 120;^^^ + y^. 



n— I 71 — 2 
•*- w X 

9 



X ^^ — ^a"-<*« + etc. 
3 A. 
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EVOLUTIOK. 



13- a^ + 3^ + 3^ + 1- 

J4. J4 — 4^3 ^ 6^^ _ 4J + I, 

15. I — sa + loa^ — loa^ + 50* — eft 

16. 1 + na + n a^ + n x 

22 3 



a*+ eta 



rages 143, 144. 

«;• a^+3^y+3^«+3^y*+6^V^+3^^+y'+3^^+3y^+^' 
18, 19. Given. 

to. x^ + 2x{y + z) + j^ •\' 2yz + z\ 

81. a^ — 2a (J — c) + ^ — 2hc + c^. 

22. a^ + 2a (a; + ^ + 2;) + a?^ + 2a: (y + 2;) + ^ + 2yz + ^, 



23. Given. 

pa^ + 12a + 4 



24 



25- 



40^ — 4ac + ^ 



26. 



27. 



36 — i6Zahc + igGaWf^ 

49 
^ — 6hmxy + gnMy^ 



m^ 



zZ^ 29. Given. 



MULTIPLICATION AND DIVISION OF POWERa 







10. a^tr^z^. 


20- 


23. Given. 


Pages 145, 


146. 


II. Given. 




a 


I, 2. Given. 




12. a^^. 


24. 


a^y 


3- cfi- 
4. ar«. 




13. ip-i^. 

14. s^. 


25- 


b' 


5. *-«. 




15. c"^. 


26 


a 


6. «*«+». 




16. x'^y-^ifi. 


« V* 


d^x^ 


7. a-75». 

8. a^c^cP. 




17. 4aSc~*. 

18. 3a;^y. 


27. 


a 


9. 22^83^8. 




19. i2a^A 
EVOLUTION. 






Pages 148, 


149. 


16. «•». ' 


19. 

20. 




I3« «*• 




17. «•«. 


21. 


yw. 


/^. ;2^'. 




18. a*. 


^22- 


■2^- Giveu 



RADICAL QUANTITIES. 
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Images 151, 152. 

I, 2. Given. 
3- «^- 

4. ai. 

5. j^ixiyK 

6. 2a^6*. 

7. 3aijici. 

8. 2ar. 

9. 3ia^a:^. 

10. da^ft. 

11. 2ix^yK 

12. 8a^^. 

RAD 
Page 156. 

1-5. Given. 

6. aVi. 

7. 2a\/2^. 

8. 6\^xy, 

9. 6v'3. 

10. i5V^5- 

11. ^Ga's/yd. 

12. saV2C. 

13. 2ia\/i — 3^. 

14. 4^\^y. 

15. sa\^b. 

16. 6a\^3C. 

17. i2flV77. 

Page 157* 

I. Given. 



13- (i3)*«V- 

14. 7a^y3. 

15. 3aiji 

10. ^— 
8y 

1. Given. 

2. X + 2. 

3- a — I- 

4. I + a:. 

5. « + f 

6. a — \, 

h 

7. a: + -. 



8. Given. 
9- a; + y + i?. 

10. a 7- 2* ^ I. 

11. 0^ H- 2 J — 2. 

12. I — 262 -j- a;, 

13. 2a^ — 4a + 2. 

h 

14. a • 

2 

15.--^- 
^ y a? 



ICAL QUANTITIES. 

4. (a«)V(l296)J. 

5. v^i5625, 

>;^8r, ^8. 



3. 'v/(2a + J)2. 

4. VC^ — 2^)2. 



5. V9^^. 

6. ^MR>. 

7. V ida:^^!^?. 

8. V^^. 

9. ^1^2 7 (a — J)^ 

10. ^fc^. 

11. v^o^V. 

12. \/(a — *)^. 

13. 'V^a"*". 

-Paflrcs i5«, J59. 

1. Given. 

2. (a8)i, (&4c^)}. 

3- 9*> (125)*. 



6. ^^^4^^, \^i25af. 

7. V^\ V4^* 

8. 7^, 7^- 

10. V^(a + b)% 

11. V ^(a? — y )^ 

I, 2. Given. 

3. (3*)*, (4")*- 

4. (a«>)t, (*«)i 

5. ia*)i, (J»)t. 

6. (ai)l, (SH)I. 
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DIVISION OF RADICALS. 



ADDITION OF RADICALS. 



Tage 160. 

1-3. Given. 
4. 5V3- 

5» ^Vs+aVs' 



6. (26 + $a) Vb. II. 3oaV^. 

7. (a2 + 3^)^30*. 12. (sbx+6x^)Ve. 

8. (9a; + 8a) V2a. 13. 43^^^^ 

9. 25^/2. 4-sa;V^. 
10. 118V3. 



SUBTRACTION OF RADICALS. 



rage 161. 

1. Given. 

2. 8\/7- 



3- 4V30 — i2V7^ 

4. 52V5- 

5. (21a: — io)\/aS 

6. 2 'V^a + b. 



7. 7V^- 

8. gbVJbx. 

1 

9. a"^. 

10. i^Vs. 



MULTIPLICATION OF RADICALS. 



rage 162. 

1-3. Given. 

4, 90'v/io« 

5. abx. 

6. V^^^. 

7, "^acxy. 



I 8. aV^. 
9. Given. 



10. V^^ 

11. 42V2. 

12. 12a. 

13. 6. 

14. 400;. 



15. Given. 

16. 'v/s. 

17. 2^/5. 

18. (m+7j)'^/w+w 

19. a' ' 




DIVISION OF RADICALS. 



Page 164. 

4. ^3^^ or 
aV^3«. 



7. i2(a«^)i 

8. 36^/2;. 

9. i^v^. 



10. 2a 



Vaj. 



11. (a + J)*. 

12. i5a;\/S- 

13. Vx — y. 

14. 16^/2. 
U5. ^2* 



BADICAL EQUATIONS. 
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INVOLUTION OF RADICALS. 



rage 164. 

I, 2. Given. 



3» a^- 



4. 18a;. 

5. 8a. 

6. V2X. 

4 



7. 8aa^V«. 

8. 9J2. 

9. a^+2a\/y+y. 



1. Given. 

2. 3V^. 

3. 2V^. 

4. -v^p^. 

5. 'V^. 

8. ac^. 

9. 2a^^. 

10. asjA-. 

11. ^/ia. 

12. an^cSJ*. 



EVOLUTION OF RADICALS. 
JPttflrc 166* 

1-3. Given. 

4. at. 

5. ai^i. 



6. (a + J)*. 

7. V^. 

8. v^a; + y. 

9. v^a + h. 



10. V« + i^ + c. 

rage 167. 

I, 2. Given. 

3. re — 4V9- 

4. 3- 

5. V7— Va- 

6. 31. 

7. V^ + V3^. 



8. a — s. 

9« 3 Va — Vs. 
10. 4\/2a + 5V^. 



Pagre 168. 

1-3. Given. 



5< 
6, 

7 
8 



a; 



x+2Vxy+y 
x — y 

\/3 — I 
2 

V3 + I 



RADICAL EQUATIONS. 



rages 169, 170. 

1-3. Given. 

4. {d^a — cy. 

5- 25. 

6. 4M. 

7. 256. 

8. I TOO. 



9- 3^- 

10. 21. 

11. 252. 



12. 



2a 



13. Given. 

I 

14. • 

I —a 



IS- ^Vh 

16. Given. 

17. 4. 

18. -1^. 



19, 



I —a 
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AFFECTED QDADBATICS, 



PURE QUADRATICS. 



Page 17 S. 

1. Given. 

2. a? = ± 5. 

4. x=z ±4. 

5- »= ±5- 

6. a; = ± 4- 

7- xz=i±6. 

8. a; = ± 4. 

9. a; = ± V6. 

10. x= ±, 7. 

11. a; = ± 2. 

12. a?= ± a. 

13. a; = ± I- 



14. a? = ± 2. 

IS- a; = ± 3. 

16. a;= ± I. 

17. X=:± 



a — I 



t8. Given. 

19. a; = ± 3. 

20. a; = Jt 2flf. 

21^ a; = ±V^T^ 

22. a?= ±i. 

23. a; = ±V^+^ 

24. a? = ± 26, 

I, a? = ± 3<5. 



2. 

3- 

4- 
5- 

6. 

7. 
8. 



10. 
II. 
12. 



a?=±a 

40 rods. 
30 rods. 
12, one; 
30, other. 
$6. 
80. 

159 less. 
60^ greater 
27 yds.; 
$1.50, price 

a; = ± i6- 
77 ft. 
a?= ± 16. 



10. 15 or — 4. 

11. 20 or — 7, 

12. Given. 

1. Given. 

2. 10 or — 7. 

3. 2 or — 5. 

4. 3 or if. 

5. 4 or — i|. 



a 



ib+d+ 



a 



2 



AFFECTED QUADRATICS. 
rages 178, 179. 

1-5. Given. 

6. a; = 6 or 2. 

7. a? = 9 or — I. 

8. a; = 3a 

± Vd + ga\ 

9. Given. 



V' 



4V^ 

8. — 2a 
±Vi + 4«^. 

9. 7 or — 5^ 

10. 3 ± 2^ — I. 

11. 6 or — 3. 

12. 2 or — 3. 
h 



^ 



Page 181. 

I, 2. Given. 

3. 3 or — 4f. 

4. 5 or — 6. 

5. J or — 2. 

6. 2 or — J. 

7. 4 or — 4|. 

8. 4 or — I. 

9. 3 or — 4|, 
10. 9 or 6, 
XI. 4 or — 3J. 

1. 3 or I. 

2. 4 or I. 



AFFECTED QTTADBATICS. 



3] 9 



4* 2 or — 12. 
S- liorf 

6. 1 1 or 3. 

7. if or — if 

8. -Jor-i|f. 

9. 4 or 2 A. 

10. i±V— fl^+i. 

11. — m 

12. I or — ij. 

13. I or — 28. 

14. 10 or — ^. 

15. _|.or-f 

16. 4 or — I. 

17. 4 or — if 

18. s or — 4f 

19. li or — f 
2a 4 or — I, 

21. i^or — f 

22. 4^ or f 

23. 3 or — if 

24. 4 or — i|. 
25- Jorf 

26. I or — I. 

27. w ± ^^ 

28. 3Jor3a— 3S. 

Page 183. 

1-3. Given. 

4- ± 2 or ± ^2. 

5« ± Vi or 

6. ^^7 = 1.91-f . 

7. J or — f 



8. I or — 8. 

9. 4jorf 

10. 4 or — 2if 

rages 184, 185. 

1. 8 or 4, one; 
4 or 8, other. 

2. $60 or $40. 

3. 6 or 4, one; 

4 or 6, other. 

4. i6s., $5 each. 

5. 5 or — 6f 

6. 16 scholars. 

7. $30 or $20 ; 
$20 or $30. 

8. 60 or 40, one ; 
40 or 60, other. 

9. 36 rds. length ; 
28 '' breadth 

10. 20 in file ; 
80 in rank. 

11. 10 lambs. 

12. 2 and 2. 

13. 4 and I. 

14. 121 yds. long; 
120 '^ wide. 

15. 6 m.,A'srate; 

5 m., B's rate. 

16. 120, A; 
80, B. 

17. 42 and 6. 

18. 4 lemons, A; 

6 « B. 

19. 14 ft., length; 
10 " breadth. 



20. 12 rows; 

IS trees in each 

21. 52. 

22. 20 persons. 

Bage 186. 

23. 8or— 10, less; 
IS or —12, gr. 

24. 16 and 20. 

25. 50 and 25. 

26. 121 and 25. 

27. 12 ft, fore-w. ; 
15 ft., hind-w. 

28. 2 or —18, one; 
18 or —2, oth. 

29. fandf 

30. 3, less; 
18, greater. 

31. 16 or 36 yrs. 

32. 28 rods, length; 
20 " breadth. 

33' IS yrs., A's; 

8 yrs., B's. 
34. 20 lbs. pepi)er. 

rages 188, 189. 

1. Given. 

2. a; = 4 or 3; 
y = 3 or 4. 

3. a; = 7ors; 
y = S or 7. 

4. a; = 8, y = 6. 

5. a;=io or — 12; 
y=i2 or —10. 

6. a; = 10 ; 

y= i2tJ{ort» 
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ARITHMETICAL PROGRESSIOK. 



7- a? = 9; 

y = 4 or }f|. 

9, a; = 5 014; 

y = 4 or 5. 
ro, a; = s or —3; 

y = 3or— 5. 
II a? = 3; y = 2. 

y=±3- 

Page 190. 

15. a?= 15 or 12; 
y= 12 or 15. 



Pa(/e 195. 

3- i 

4. i- 

6. 2(Z. 

7- 3^- 
8. lo. 

9- i- 



Paige 204. 

2. 4* 

3. 640a 

4. 12. 



16. a; = 21 or — 7^ 
y = 7 or —21. 

17. a; = 625; 
y = 16. 

18. a: = 2 or I ; 
y = I or 2. 

Paflre 191. 

1. 8 or —4, gr. ; 
4 or —8, less. 

2. 30 yrs., wife ; 
31 " man. 

3- ^ = 9a/2^ gr- ; 
y=±\/2, less. 

RATIO, 
o. |. 

!• — 

2 
2. a? — y. 

4. f 
2 

7- i 

8. T^y. 

PROPORTION. 

5. 32 and 24. 

6. 10 and 3. 

7. 16 and 12. 

8. 6 and a, 

• 

9. 48 and 9f . 



4. 40 rows ; 

25 trees in each 

5. 40 yds, length; 
24 ** breadth. 

6. 9 and 3. 

7. 1 1 and 7. 

8. 31 rds., length; 
19 " width. 

9. ± 7 and ± 4- 

10. 25 m. and 23 nL 

11. 12 and 4. 

12. 3 or —2, one; 
2 or — 3, other, 

19. Equality, 

20. Equality. 

21. Gr. inequality, 

22. Less inequal'y, 

23. il->V^ 

24. A<J*. 

25- 7- 
26. 98. 

10. 430 r., length ; 
320 r., breadth. 

11. 20 r. ; 30 r. 

12. 9 and 15. 

13. 20 and i& 



ARITHMETICAL PROGRESSION 
Page 207* 



2. 9. 
S. 6& 



4. — 5- 

5- If 
6. .91. 

8. 43. 



9- IS- 

10. 44}. 

11. 49a;. 

12. 3a/i — a. 



GEOMETRICAL PROGRESSION. 
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rage 208. 

t. 762^. 
3, 216. 
4« 1400. 

S- 2Sf 

6. 610. 

7. I7S- 

8. 8io. 

Pa(/e 209. 

1. 58. 

2. 278. 
3« !!• 

4.-43 

5- 2j- 

6. -^i. 

7* 1024. 
8. 192. 

rcige 210. 

I- 175- 

2. 1130. 

3. 6. 
4« 6, 

5- «59- 



6. 13. 
y. — II. 
8. o. 

9- 255- 
lo. 62, 

II 61. 

JFage 212. 

I. i> 7>i3^i9>2S> 

31- 
«• 3^ 7j> 12, i6j, 
2 1, 25}, 30,34 j, 

39> 43i 48- 

1. 47. 

2. —6, 

3. 102. 

4. 2, ii|, 21J, 31, 
4o|, 5oi> 60. 

5- 16831. 
6. 98^. 

7- 5776* 
8. loioa 

9- 5- 



10. 6, 13I, 20|, 28, 

35i 42i, So> 
5 7 J. 64 J, 72. 

11. 12, 21.6, 31.2, 
40.8, 50.4, 60, 

69.6^ 79*29 88.8| 
98.4, io8. 

12. 975. 

14. 3> 5^ and 7. 

15. loioo yards, 01 
5i mi., nearly. 

Page 2 14. 

16. 156. 

17. $62.50. 

18. $667.95. 

19. 300. 

20. $1.20, int.; 
I2.20, amt. 

21. 20, 40, and 6a 

22. 16.61 -I- days. 

23* 3o> 4o> So> 6o- 

24. 3 days. 

25. 140. 

26. $i78,Iastpay't; 
$5370, debt. 



GEOMETRICAL PROGRESSION. 



rage 216. 

t. 160. 

2. 4374. 

3- 44. 

4. 32a 

5. 112. 

^» — 3^2sa 



rages 217-221. 


3- 2. 


2. 11718. 


4. 3. 


3- 9999- 


5- 6. 


4. 27305. 


6. 5. 


5. 3885. 


I. 242. 


6. 8525. 


2. 2. 


I. 30C00. 


3- 500 


2. 15625. 


4. 5- 
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BUSINESS FOBMULAS. 



5- 215. 


6. 43046721. 


Page 223. 


6. 567. 


8. $4095. 


14. $120, $60, $30 


2. 1, 2, 8, 32, 128. 


9. $196.83, 1. c; 


15- 3> 155 75. 37S' 


I. 4371- 


$295.24, wh. c. 


1875. 


2. im- 


10. $10.23. 


16. $108^ I1449 


3- 7174453- 


II. 2, 6, 18. 


$192, $256. 


4. 2{^m' 


12. $4294967.295. 


17. ii, ori.i. 


s- 9565938. 


13* 10^ 30^ 90> 270. 


18. 8, 4y 2y 1. 


INFINITE SERIES. 


Page 231. 


5- 2- 


9. f 


I. i|. 


6. 9. 

7. la 


I 


«. h 


a— 1 


3- I- 


8. }. 


Ti. 50 rods. 


4. li- 


LOGARITHMS. 




rage 237. 


II. .1814. 


20. a.504. 


2. 1548.86. 


12. ^4.619. 


21. 2.124. 


3- I-973- 
4. Ill 

6. 78. 


rage 239. 

14. .0003321, 


Page 240. 


7- •0375- 


IS- 33-335- 


23- -342 +• 


8, 14.38. 


16. 191. 77, 


24. .546+. 


9. 2,723. 


i8, 5.23. 


25- .324+. 


10. 2906.3. 


19. 1.0836. 


26. Given. 


BU! 


5INESS FORMUI 


-AS. 


l»af/e« 245-260. 


17. $2010.14. 


29. $8.83+. 


2. $349.60. 


19. $5414.28. 


31- 5fwPerceLt. 


4. i6f per cent 


21. $2769.23, pr.w.; 


32. 12^ per cent 


6. $12600. 


$830.77, disc. 


33- 9A P^r cent 


8. $840. 


22. $6000, pr. w.; 


34. 0. 8 per cents. 


10. $600. 


$1800, disc. 


36. $24630.54, in.; 


12. 1 6f years. 


24. $1718.75. 


$369.46, com. 


13. 10 years. 


26. $2125. 


38. $1332. 


ijf. 2J per cent 


28. $2.33^. 


l<^. $6290.15, 



TEST EXA.MPLES. 
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40. Ipos.So. 

41. $3278.69. 

42. $2278.48. 

44. $6130.67. 

45. $2767.60. 
47. $2336.25. 
49. $14166.67. 

SI. $14775- 
S3. $249.77. 



Pages 265-^268. 

2. +Vxy. 

3. —6. 

4. 6^— I- 

5. V— a;y. 
7. I. 



'■V^,- 



la 5^2. 



^ 

"•3' 



2. Impossible. 

3. Impossible. 



1. 75a. 

2. 572? + 7. 

3. 3aa;-|-3a5+2£?rf 

4. ybc + zed 



TEST EXAMPLES. 
rage 275. 

18. ±V«*; 

± 



5- ' 

6. . 

7- • 

8. 8. 

9- 31. 

la c {zV — 6 J2e? 

— cd). 

11. 3a^(y — 3« 

— 6y^) 

12. (a"+i")(a"— &") 

13. 2x2 (2a— i). 

14. (a»+i)(a+i) 

X (a — i). 

15. 20, II. 

16. • 

17. 24 8bot& 




19. 



20. 



a + 1 

■■■■ < 

b 

I 



21. {z^y + 2z) 

x(3a:y+22j). 

22. (3S— c)(3^— ^)- 
23- . 

24. 640 rods. 

25. 29I miles. 
*-i 



34- 

35- 

36. 

37. 

38. 

39- 
40. 

41. 
42. 

43- 



Page 276. 

6 hours. 

^ = s; y = 3* 

^ = 5 ; y = 2. 



26. 

27. 
28. 



i + I 



29. I. 

« + s 

31. 3-^. 

^ I — a* 

32. 120. 

33- ^So- 



44. 

45- 
46. 

47. 
48. 

49. 

SO- 
SI- 



85 J miles. 

8ig.;sil. 
aj = 4; y = 6, 
0=8. 

a?= 2; y = 4; 
5? = 8. 
a; = $40 A, 
y = $60 B, 
z = $80 C. 
3 meters f. w. 
6 " h. w. 
8 ft. one; 10 ft 



49 and 77. 
48 meters. 
$2.46 a meter. 



$100 horse, 
$200 carriage. 
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TEST EXAMPLES. 



52. . 

53. 65 hectares y. 
100 " elder. 

54. 26. 

55. $51.; $6s. 

56. 577 v.; 848 V. 

57. 9oyrs.A;45y. 
B; isy. 0. 

58. 9 Vs- 

59. y Vi + «. 
Page 278. 

60. {7^) K (f)K 

61. V27 (a — J)®, 

62. 90 cts. 

63. $10; $18. 

64. 15 men. 

65. 28 persons. 

66. $4 b. $6 w« 

67. 9. 

68. 0. 

60. •• 

^ I — a 

70. a + J. 

71. 240 liters. 
72. . 

73. 12 and 8. 

Page 279. 

74. $180. 

75. A. 

76. $9a 



77- ^21. 

78. 24 s. I5 pr. 

79. 81. 

80. 45 m. ; 105 m. 

81. 80 A; 70 B. 

82. Vx — V7. 

83- V3a? + V3y. 

84. dJ^ + 6d-' 2m 
+ 9^652 + J*. 

85. $12000 Mayor; 
$1200 Clerk. 

86. 216 g. ; 3of 1. 

Page 280. 

87. 8 and 6. 

88. 8 cts. 

89. 10 days. 

90. $1407 B; 
$469 A. 

91. $50 cow; 
$200 h. 

92. 6 miles. 

93. 1 00 ft. x6oft. 

94- 7h i2j, 17, 

2 if, 26f. 

95- 637i. 

96. 50 pair. 

97. 18 and 14. 

98. 32 h.; 75 1. 

99. 10 y. B ; 
30 y. M. 

too. $105. 



Page 281. 

loi. 8:43-jVo'eik 

102. 250 pp. A ; 
320 " B. 

103. 20 days. 

104. i4f yrs. 

105. $30. 

106. $9000 wholes 
$4800 A ; 
$4200 B. 

107. 184 V. and 
185 V. 

108. 24 d.; 48 d. 

109. 45. 

no. 6, 18, 54, 162. 
III. 16 bats. 

Page 282. 

1X2. 97656250. 

113. 10 ft; 30 ft.: 

50 ft. 

114. 95; 42; 82. 

115. 2, 4, 8. 

116. 12 weeks. 

117. $180; I120. 
n8. $30. 

119. 45 A.; 55 A 

120. 14348906. 

121. 125 p. 175 i 

122. 375 men. 



To avoid fine, this bode should be returned on 
or before the date last stamped below 
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